
A VIRTUALLY AMPLE FIELD THAT IS NOT AMPLE

PADMAVATHI SRINIVASAN

Abstract. A field K is called ample if for every geometrically integral K-variety V with
a smooth K-point, V (K) is Zariski-dense in V . A field K is virtually ample if some finite
extension of K is ample. We prove that there exists a virtually ample field that is not ample.

1. Introduction

In the paper [Pop96], Pop identified a class of fields, which he called large fields, over
which a certain Galois theoretic problem (the regular solvability of finite split embedding
problems) could be solved. Since their introduction, these fields have played an important
role, not only in Galois theory, but also other fields such as arithmetic geometry, valuation
theory and model theory.

Definition 1.1. ([Pop96, p. 2],[Jar11, Chapter 5]) A field K is called ample (or large or
anti-Mordellic) if for every geometrically integral K-variety V with a smooth K-point, V (K)
is Zariski-dense in V .

Pseudo-algebraically closed (PAC) fields and Henselian fields are ample; see [Jar11, Chap-
ter 5] for more examples. See [BSF13] for a survey of the theory of ample fields.

Definition 1.2. [BSF13, p. 5] A field K is called virtually ample if some finite extension of
K is ample.

In [BSF13], Bary-Soroker and Fehm ask if every virtually ample field is ample. We prove
that there exists a virtually ample field that is not ample (Theorem 3.7). Our proof is
modelled after the following result of Jarden and Poonen; however, there are difficulties in
directly adapting their strategy, which we explain in our construction.

Lemma 1.3. [JP15, Lemma 5.3] Every field K admits a regular extension K ′ such that

(i) Every smooth geometrically-integral K-curve X has a point over an at most quadratic
extension of K (possibly depending on X).

(ii) For every smooth geometrically integral K-curve C of absolute genus > 1, we have
C(K ′) = C(K).

2. Notation

Let K be a field. Let K be an algebraic closure of K. For an automorphism σ : K → K,
let Kσ = {x ∈ K : σ(x) = x}. A K-variety is a separated scheme of finite type over K. A
K-curve is a smooth, geometrically integral K-variety of dimension 1. The absolute genus gC
of a K-curve C is the genus of a smooth projective model of CK . Let CK denote the set of
isomorphism classes of K-curves C with gC ≥ 2 and let VK denote the set of isomorphism
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classes of positive-dimensional geometrically integral K-varieties. We will abuse notation
and often let C ∈ CK and V ∈ VK denote specific representatives of the corresponding
isomorphism classes, when it is clear that the statement in question is independent of the
particular representative chosen.

For a K-variety V and an extension of fields L ⊃ K, let VL denote the base extension
V ×K L; similarly for a K-rational map ϕ, let ϕL denote its base extension to L. Given a
finite extension of fields L ⊃ K and a quasi-projective L-variety V , let ResL/K V denote the
quasi-projective K-variety obtained by restriction of scalars.

Given an extension of fields L ⊃ K and a geometrically integral K-variety V , let L(V ) de-
note the function field of the L-variety VL. Given a field L and a finite set S = {V1, V2, . . . , Vn}
of geometrically integral varieties defined over subfields of L, let L(S) := L(V1 × · · · × Vn).

3. Proof

Definition 3.1. An extension of fields L ⊃ K is a good extension if C(L) = C(K) for
every C ∈ CK.

Lemma 3.2. Let L0 ⊂ L1 ⊂ L2 ⊂ . . . be a tower of finitely generated field extensions of Q,
and let L = lim−→Ln. Assume that Ln+1 is a good extension of Ln for every n. Let C ∈ CL.
Then C(L) is finite.

Proof. Since C is of finite type, C is defined over Lk for some k. Since Lk is a finitely
generated extension of Q and gC ≥ 2, the function field analogue of the Mordell conjecture
[Lan91, Theorem 2.3] implies that C(Lk) is finite. Since Ln+1 is a good extension of Ln for
every n, it follows that C(Lk) = C(Lk+1) = . . . = lim−→n≥k C(Ln) = C(L). �

Lemma 3.3. Let K be a field of characteristic 0, let V,W ∈ VK and let C ∈ CK. Let
ψ : V×W 99K C be a rational map. Then ψ factors through either the projection π1 : V×W →
V or the projection π2 : V ×W → W .

Proof. By replacing V,W,C by VK ,WK , CK and ψ by ψK , we may assume K = K (if ψK
factors through one of the projections, then so does ψ). We may view ψ as an algebraic
family of rational maps W 99K C parametrized by an open subvariety U of V . Let U ′ ⊂ U
be the open subvariety that parametrizes non-constant rational maps W 99K C.

If U ′ is empty, then ψ factors through π1. Now assume that U ′ is non-empty. Then U ′

is irreducible, since V is irreducible and U ′ is open in V . Since C(K(W )) \ C(K) is finite
(by the de Franchis-Severi theorem [Lan91, p. 13]) and U ′ is irreducible, the rational maps
induced by elements of U ′ are all equal, which implies that ψ factors through π2. �

Lemma 3.4. Let K be a field of characteristic 0, let V ∈ VK be a quasi-projective variety
and let L/K be a separable quadratic extension. Let W := ResL/K VL. Then K(W ) is a good
extension of K.

Proof. Let C ∈ CK . Let σ be the nontrivial element of Gal(L/K). Then,

C(K(W )) ∼= {rational maps ϕ : W 99K C}
∼= {rational maps ϕ : WL 99K CL such that σϕ = ϕ}.

(?)

Let ρ : VL×VL → WL be the isomorphism coming from the universal property of the restric-
tion of scalars (since V is defined over K, we get σVL ' VL). Let s : VL×VL → VL×VL be the
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involution that swaps the two factors. Then σρ = ρs. Given any rational map ϕ : WL 99K CL,
let ψ = ϕρ. Since σψ = σ(ϕρ) = (σϕ)(σρ) = (σϕ)ρs, it follows that σψ = ψs if and only if
σϕ = ϕ. Thus ? can be rewritten as

C(K(W )) ∼= {rational maps ψ : VL × VL 99K CL such that σψ = ψs}.
Lemma 3.3 tells us that any rational map ψ : VL × VL 99K CL factors through one of the
projections to VL. Let π1 and π2 be the two projection maps; these are defined over K.
Without loss of generality, assume ψ = ψ′π1 for some ψ′ : VL 99K CL. Also assume σψ = ψs.
Then, σψ = ψs = ψ′π1s = ψ′π2 and therefore by applying σ once again to σψ, we get
ψ = σ(σψ) = (σψ′)(σπ2) = (σψ′)π2. Since ψ factors through both projections, it is constant.
Therefore C(K(W )) = C(K). �

Definition 3.5. An involuted field consists of a pair (K, ι) where K is a field and ι : K → K
is an automorphism such that ι2 = 1K (Note that we allow ι = 1K). An extension of an
involuted field (K, ι) is an involuted field (L, τ) such that L ⊃ K and τ extends the involution
ι on K. A finitely generated involuted field is an involuted field (K, ι) where K is a finitely
generated field extension of Q.

Lemma 3.6. Let (K, ι) be an involuted field. Let F = Kι. Given a quasi-projective V ∈
VF , there exists an extension (M, τ) of (K, ι) such that M τ is a good extension of F , and
V (M) 6= V (K).

Proof. Let M = K(V × V ). Let s denote the involution on the F -variety V × V that swaps
the two factors. Let (s, ι) : (V × V ) ×Spec F Spec K → (V × V ) ×Spec F Spec K denote the
product involution and let τ be the map on function fields induced by this morphism of
F -varieties. Then (M, τ) is an extension of (K, ι).

Let W = ResK/F VK . There is a natural isomorphism between M τ and F (W ), since WK

is naturally isomorphic to VK × VK and the Gal(K/F ) action on K(W ) coincides with the
involution τ on M under this identification. The extension F (W )/F is good by Lemma 3.4.
Let π : V × V → V be one of the projections. The restriction of π to the generic point gives
rise to an element of V (M) \ V (K). �

Theorem 3.7. There exists a field L of characteristic zero and a quadratic extension M of
L such that

• C(L) is finite for every C ∈ CL, and
• V (M) is infinite for every V ∈ VM .

Proof. It suffices to prove the theorem with condition two replaced by the statement ‘V (M)
is infinite for every quasi-projective V ∈ VM ’, since every V ∈ VM contains a dense open
quasi-projective (even affine) subvariety. So in the rest of the proof, we will implicitly assume
that every V ∈ VM is quasi-projective, so that we may freely use Lemmas 3.4 and 3.6.

We will first explain why the theorem does not simply follow from an iterated application
of Lemma 3.6. Let (M0, ι0) = (Q, 1Q). Let V ∈ VQ. For every k ≥ 1, let (Mk, ιk) be the
involuted field that we get by applying Lemma 3.6 to the involuted field (Mk−1, ιk−1) and
the variety VMk−1

∈ VMk−1
. Let Lk = M ιk

k . Let (M, ι) = lim−→(Mk, ιk) and let L = M ι. By
Lemmas 3.2 and 3.6 and the fact that every curve C ∈ CL is defined over Lk for some k, it
follows that C(L) is finite for every C ∈ CL. By construction V (M) is infinite. Let V ′ ∈ VQ
be another variety that we want to endow with infinitely many M -points by enlarging M .
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We can now repeatedly apply Lemma 3.6 to (M, ι) and the variety V ′ to obtain an involuted
field (O, ι̃) such that V ′(O) is infinite. Let N = Oι̃. The problem is that we can no longer
appeal to Lemma 3.2 to say that C(N) is finite for every C ∈ CN ; even though N is obtained
from L by a successive series of good extensions, the field L itself is not a finitely generated
extension of Q. Another issue is that as we enlarge our field M0 to give all varieties in
VQ infinitely many points, we also inadvertently end up enlarging M , which gives us new
elements of VM . We now need to ensure that every element of VM has infinitely many points
over M , not just the varieties that come from VQ!

We resolve both issues by inductively constructing

• a tower of finitely generated involuted fields (Q, 1Q) = (M0, ι0) ⊂ (M1, ι1) ⊂ (M2, ι2) ⊂
. . . such that each successive extension in the corresponding tower of fixed fields
L0 ⊂ L1 ⊂ L2 ⊂ . . . is a good extension, and,
• an enumeration of VLk

for every k.

During each inductive step, we enlarge (Mk, ιk) in a way that gives new points to some finite
subset of the varieties enumerated thus far, in such a way that in the limit, all the varieties
in VL acquire infinitely many points over M . We now make the inductive step more precise.

To begin the induction, set (M0, ι0) = (Q, 1Q) and fix any enumeration of VQ. Now
assume that we have defined (Mk, ιk) for all k ≤ n, and that we have fixed an enumeration
{Vk,0, Vk,1, Vk,2, . . .} of Vk for every k ≤ n. Let S = {Vk,j × Vk,j | k = n or j = n} . Let
Mn+1 = Mn(S). A repeated application of Lemma 3.6 lets us extend ιn to an involution ιn+1

of Mn+1 such that the corresponding extension of fixed fields Ln+1/Ln is a good extension.
The fieldMn+1 is a finitely generated extension of Q, sinceMn is a finitely generated extension
of Q, and function fields of geometrically integral varieties over finitely generated fields are
finitely generated. Let {Vn+1,0, Vn+1,1, . . .} be any enumeration of the set of geometrically
integral Ln+1-curves. This completes the induction.

Lemma 3.2 tells us that C(L) is finite for every C ∈ CL. Fix V ∈ VL. We have to show
that V (M) is infinite. Suppose that this is false. Since M = lim−→Mi, there exists a positive
integer k such that V is defined over Lk and V (M) = V (Mk). Let p = k + 1. Then there
exists an integer q such that VMp = Vp,q. Let r = max(p, q) + 1. By the construction of
M , it follows that there exists an element of V (Mr) \ V (Mk). This is a contradiction, since
V (Mr) ⊂ V (M) = V (Mk).

So far we have proved that V (M) is infinite for every quasi-projective V ∈ VL, but we need
to prove that this holds for every quasi-projective V ∈ VM . Let V ∈ VM and let V ι ∈ VM be
the conjugate variety. Then, there exists a quasi-projective W ∈ VL such that WM = V ×V ι.
By applying the theorem to W ∈ VL and using the identification V (M)× V ι(M) = W (M),
we conclude that either V (M) or V ι(M) is infinite. Since ι induces a bijection between
V (M) and V ι(M), we conclude that V (M) is infinite. �
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