CONDUCTORS AND MINIMAL DISCRIMINANTS OF HYPERELLIPTIC
CURVES: A COMPARISON IN THE TAME CASE
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ABSTRACT. Let C be a hyperelliptic curve of genus g over the fraction field K of a discrete
valuation ring R. Assume that the residue field k of R is perfect and that char k > 2g+1. Let
S = Spec R. Let X be the minimal proper regular model of C over S. Let Art(C/K) denote
the Artin conductor of the S-scheme X and let v(A¢) denote the minimal discriminant of C'.
We prove that — Art(C/K) < v(A¢). The key ingredients are a combinatorial refinement
of the discriminant introduced in this paper (called the metric tree) and a recent refinement
of Abhyankar’s inversion formula for studying plane curve singularities. We also prove
combinatorial restrictions for — Art(C/K) = v(A¢).

1. INTRODUCTION

The goal of this paper is to prove an inequality between two measures of degeneracy for a
family of hyperelliptic curves, namely the Artin conductor and the minimal discriminant. Let
(R, v) be a discrete valuation ring with perfect residue field & of of odd characteristic. Let K
be the fraction field of R. Let C' be a smooth, projective, geometrically integral curve of genus
g > 1 defined over K. Let S = Spec R. Let X be a proper, flat, regular S-scheme with generic
fiber C'. The Artin conductor of the model X is given by Art(X/S) = x(X%) — x(X3) — 0,
where y is the étale Euler-characteristic and 0 is the Swan conductor associated to the /-
adic representation Gal(K/K) — Autg,(HL (X7, Q¢)) (¢ # chark). The Artin conductor is
a measure of degeneracy of the model X; it is a non-positive integer that is zero precisely
when either X/S is smooth or when g = 1 and (Xj),eq is smooth. Let Art(C'/K) denote the
Artin conductor of the minimal proper regular model of C over S.

For hyperelliptic curves, there is another measure of degeneracy defined in terms of minimal
Weierstrass equations. Assume that C' is hyperelliptic. An integral Weierstrass equation for
C is an equation of the form y? = f(x) with f(z) € R[x], such that C is birational to the
plane curve given by this equation. The discriminant of such an equation is defined to be the
non-negative integer v(Ay), where Ay is the discriminant of f, thought of as a polynomial
of degree 2[deg(f)/2]. A minimal Weierstrass equation is an equation for which the integer
v(Ay) is as small as possible amongst all integral equations, and the corresponding integer
v(Ac) is called the minimal discriminant of C'.

When g = 1, we have — Art(C/K) = v(A¢) by the Ogg-Saito formula [Sai88, p.156,
Corollary 2]. When ¢ = 2, Liu [Liu94, p.52, Theoreme 1 and p.53, Theoreme 2] shows
that —Art(C/K) < v(A¢). In the author’s thesis [Sril5], Liu’s inequality was extended
to hyperelliptic curves of arbitrary genus assuming that the roots of f are defined over an
unramified extension of K. In this paper, we extend [Sril5] assuming only that char(k) >
2g + 1 (in particular, the roots of f are defined over a tame extension of K).

Date: August 29, 2021.



Theorem 1.1. Let C' be a hyperelliptic curve of genus g > 1 over a discretely valued field K
with ring of integers R and perfect residue field k such that char(k) > 29+ 1. Let v(A¢) be
the minimal discriminant of C' and let Art(C/K) denote the Artin conductor of the minimal
reqular model of C'. Then

—Art(C/K) <v(Ag).

1.2. Combinatorial criterion for equality. The techniques in this paper enable us to give
a purely combinatorial explanation for why the Ogg-Saito conductor-discriminant equality
in genus 1 is sometimes only an inequality when g > 2. The reason for bad reduction in
hyperelliptic curves in odd residue characteristic is because distinct roots of the polynomial f
reduce to the same element in the residue field. Roughly, the difference in the two invariants
comes about because the discriminant keeps track of not just the collision of roots, but how
many roots collide at the same point. However, if we have a large number of roots coming
together to order 1 that can still be separated with a single blowup, then the conductor is
still small. The inequality between the conductor and the discriminant in this case boils
down to the inequality 2 < n(n — 1) for any integer n > 2. This analysis is accurate if the
roots of f are rational and we have an even number of roots coming together, and every pair
comes together to order 1.

More generally, even when the roots of f are non-rational, for every closed point P in
div(f) on PL, one can look at the multiplicity of f in the local ring at P — this is a positive
integer that can be viewed as a weighted sum wtp of the roots of f specializing to P. (See
Definition 6.1 and Lemma 6.2). For example, for P as above, we have wtp = 1 exactly when
f does not vanish identically along the special fiber and exactly one irreducible factor of f
specializes to P, and this factor is either linear or a translate of an Eisenstein polynomial.
For equality to hold, it is necessary that all points P in div(f) have wtp < 3. More precisely,
for every polynomial f € R[z] (for example, a polynomial f such that v(A;) = v(A¢)),
our techniques produce an explicit proper regular model X/ for the hyperelliptic curve with
equation y? = f(z), which is sometimes the minimal model, and we can show

Theorem 1.3. —(Art(X/)) = v(Ay) if and only if every P in div(f) is either a good weight
3 point (see Definition 6.2) or has wtp < 2. In particular, we have —(Art(X')) < v(A;) if
there exists P in div(f) with wtp > 4.

We also prove the following corollaries to this theorem in Section 10, by showing that
the conditions in this theorem are automatically satisfied in the setting of the minimal
Weierstrass equation for an elliptic curve, thus explaining the Ogg-Saito equality in genus 1
and inequality in higher genus.

Corollary 1.4. Assume that deg(f) is 3 and that y*> = f(x) is a minimal Weierstrass
equation. Then — Art(X7) = v(Ay).

Corollary 1.5. We have strict inequality —(Art(X7)) < v(Ay) whenever four or more
irreducible factors of f specialize to the same point in the standard model P}, (“non-generic
collision of roots”).

Using Theorem 1.3, we are able to produce examples of hyperelliptic curves with bad
reduction in every genus where we have equality and inequality.

Example. Let ay,as, ..., a1 be any 2g —1 elements of R with pairwise distinct reductions
mn k.
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o IfC is the genus g hyperelliptic curve given by y* = 12972 —t, then we have —(Art(C/K)) =

V(Ac).

e Let C be the genus g hyperelliptic curve y* = (z — a1)(z — a; + t)(z — az)(x — ag +
t)...(x —ay)(x —a,+1). Then —(Art(C/K)) = v(Ac).

o Let C be the hyperelliptic curve y* = (x — a1)(x — ay + t)(x — ay — t)(z — az)(x —
as)...(x —agy_1). Then —(Art(C/K)) < v(A¢).

When g > 2, since both the Artin conductor and the minimal discriminant are nonzero
precisely when the curve C has bad reduction, one might also ask if there is an inequality
between the conductor and the discriminant in the other direction. The difference between
the two invariants can be as large as a quadratic function in g. (See Example 10.9.)

For our explicit proper regular possibly non minimal model X7 for the hyperelliptic curve,
we can show v(Ag) < (g + 1)(2g + 1)(— Art(X7)). (See Remark 10.10.) An analogous
inequality with a different notion of discriminant is proven in the semistable case in [Mau03,
Théoreme 1.1], by proving effectivity of a certain Cartier divisor on a moduli space. This
leads us to the following question which we do not answer in this paper (since we have not
analyzed how many contractible components our model X/ might have).

Question 1.1. Is there an explicit quadratic function c(g) such that v(A¢) < ¢(g)(— Art(C/K))?

1.6. Summary of earlier work on conductor-discriminant inequalities. In genus 1,
the proof of the Ogg-Saito formula used the explicit classification of special fibers of minimal
regular models of genus 1 curves. In genus 2, [Liu94] defines another discriminant that is spe-
cific to genus 2 curves, and compares both the Artin conductor and the minimal discriminant
(our v(A¢), which Liu calls Ag) to this third discriminant (which Liu calls Ap,;,). This third
discriminant A, is sandwiched between the Artin conductor and the minimal discriminant
and is defined using a possibly non-integral Weierstrass equation such that the associated
differentials generate the R-lattice of global sections of the relative dualizing sheaf of the
minimal regular model. It does not directly generalize to higher genus hyperelliptic curves
(but see [Liu94, Definition 1, Remarque 9] for a related conductor-discriminant question).
Liu even provides an explicit formula for the difference between the Artin conductor and
both Ag and A, that can be described in terms of the combinatorics of the special fiber
of the minimal regular model (of which there are already over 120 types!).

Since these invariants are insensitive to unramified base extensions, we may assume that
k is algebraically closed. We also fix a polynomial f € R[z]| such that v(A¢) = v(Ay). The
common starting point of [Sril5] and this paper is to produce an explicit regular model X/
admitting a finite degree 2 map to an explicit regular model Y/ of PL.. It suffices to show
— Art(X7) < v(Ay), since — Art(C/K) < — Art(XY). The model Y7, which we call the good
embedded resolution of the pair (Pk,div(f)), is a blowup of P} on which all components
of div(f) of odd multiplicity are regular and disjoint (Definition 3.2). The normalization of
Y/ in the function field of the hyperelliptic curve X7 is an explicit regular model for C. In
[Sril5], the assumption that the roots of f are defined over K ensures that all irreducible
components of div(f) are already regular in the standard model P}, and we only have to deal
with making the odd multiplicity components of div(f) disjoint. The conductor-discriminant
inequality for f is then proven by decomposing both — Art(X/) and v(Ay) into local terms

indexed by the vertices of the dual tree of Y/. When the roots of f are not defined over
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K, this analysis is much more involved, since we now need to carry out explicit embedded
resolution of div(f) in Pk.

1.7. Outline of this paper.

1.7.1. Ezxplicit regular models. In Section 4, we show that we may reduce to the case R =
k[[t]] by producing a polynomial f* € k[[t]][x] such that v(Af) = V(Agc) and — Art(X/) =
— Art(X/"). Our assumption that char(k) > deg(f) ensures that the roots of f are defined
over a tame cyclic Galois extension. This allows us to write down Newton-Puiseux expansions
for the roots of f with bounded denominators. The continued fraction expansions of a
finite set of special exponents in these Newton-Puiseux expansions, called the characteristic
exponents (see Definition 8.11) control the combinatorics of the special fiber of the model Y/,
and in turn — Art(X/). The dual graphs of these embedded resolutions can be computed
using the explicit resolution algorithm described in [Wal04, Theorem 3.3.1,Lemma 3.6.1].
For the rest of the paper, it is assumed that R = k[[t]].

1.7.2. An inductive argument and the base case. The proof of the conductor-discriminant
inequality is an induction on the ordered pair of integers (deg(f),v(Ayf)). The base case of
this induction is when f factors as a product of linear and shifted Eisenstein polynomials
with distinct specializations in PL. Here Y/ is PL and X7 is the Weierstrass model, which
is regular in this case. A direct computation then shows that we have — Art(X/) = v(Ay)
(Section 5). When f is not of this form, we study the equation of the strict transform of f
after a blowup of Pk at the images of the nonregular points of the Weierstrass model. We
use this equation along with a change of variables to define a set of replacement polynomi-
als for the polynomial f (Definition 6.4). The key calculation is to compare the conductor
(and respectively the discriminant) of the polynomial f to the sum of the conductors (and
respectively the discriminants) of its replacement polynomials. We show that the change
on the conductor side is less than or equal to the change in the discriminant side (Theo-
rem 6.7). Adding the conductor-discriminant inequalities for the replacement polynomials
(which we know from the induction hypothesis) to the key inductive inequality then proves
the conductor-discriminant inequality for f.
Section 6 is devoted to defining the replacement polynomials.

1.7.3. Change on the conductor side during induction. In Section 7, we use the
inclusion-exclusion property of the Euler-characteristic along with the Riemann-Hurwitz
formula to compute the difference between the conductor of f and the sum of the conductors
of its replacement polynomials. This difference is the left hand side of the key inductive
inequality.

1.7.4. The metric tree. The right hand side of the key inductive inequality, which is the
difference between the discriminant of f and the sum of the discriminants of its replacement
polynomials; is harder to compute. For this, we first replace the discriminant f by a combi-
natorial refinement of it, which we call the metric tree of f. The metric tree is introduced
in Section 8. See Figure 1 for an example.

The metric tree keeps track of the relative t-adic distances between all pairs of roots of
f. It is easy to recover the discriminant of f from its metric tree (Lemma 8.3). The Galois
action on the roots of f extends to a Galois action on the whole metric tree. For example, if

f is irreducible and its roots have valuation a/b < 1 with gcd(a,b) = 1, then the metric tree
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t2/3 + t5/6, t2/3 _ 255/67
Wt/ — 2516 p2/3 4 25/6
w2t2/3 + wt5/6, w2t2/3 _ wt5/6
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w2t2/3 _ Wt5/6

Figure 1: Metric tree of the minimal polynomial of ¢2/3 + t%/6 over C((¢))

of f has b identical subtrees glued onto one end of a segment of length a/b, as in Figure 1
and the Galois action permutes these subtrees, keeping points on the line segment fixed.

1.7.5. The change on the discriminant side and Abhyankar’s inversion formula.
We exploit this symmetry of the metric tree, along with a refinement of Abhyankar’s inversion
formula from [GBGPPP17] to describe the metric tree of the replacement polynomials from
the metric tree of f (Theorem 8.5 and Theorem 8.17). Continuing with the same setup as
before, if f is irreducible with roots of valuation a/b, its replacement polynomial g is also
irreducible with deg(g) = deg(f)a/b. Furthermore, Abhyankar’s inversion formula can be
used to prove that the metric tree of ¢ is obtained by gluing a identical subtrees to one
end of a line segment of length b/a — 1. The subtrees in the replacement polynomial are
identical to the subtrees in f, except that the metric gets scaled by a factor of b/a. When f
has multiple irreducible factors, we compute the replacement polynomials of each irreducible
factor separately and use a recent refinement of the inversion formula to show how to glue
them together appropriately. Once we have the metric tree of the replacement polynomial, we
can use Lemma 8.3 once again to compute the discriminants of the replacement polynomials,

and in particular the difference in the discriminant of f and its replacement polynomials
(Section 9).

1.7.6. Termination of induction. Finally, in Section 10, we put together the results of
the previous three sections to prove the key inductive inequality (Theorem 6.7). We prove
that the induction terminates (Corollary 10.3), and study the exact combinatorial restrictions
needed for equality to hold (Theorem 1.3).

1.8. Related work. In the semistable case, work of Kausz [Kau99] (when p # 2) and
Maugeais [Mau03] (all p) compares the Artin conductor to yet another notion of discriminant.

Concurrent to and independent of our work, the authors of [DDMM18] introduced the
cluster picture of a polynomial f, which is the same as the metric tree introduced in this
paper. The authors compute many arithmetic invariants attached to hyperelliptic curves
in terms of the cluster picture of f in the semistable case. In contrast, our results do not

require the semistability hypothesis.
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Figure 2: Metric tree of an irreducible f ~» Metric tree of its replacement polynomial

In [Koh19], Kohls compares the conductor exponent ¢ for the Galois representation
Gal(K/K) — Autg,(HL (X%, Q)) with the minimal discriminant of superelliptic curves,
by studying the Galois action on the special fiber of the semistable model as in [BW17].
In [BKSW19], the authors define minimal discriminants of Picard curves (degree 3 cyclic
covers of PL-) and compare the conductor exponent and the minimal discriminant for such
curves. Our results are stronger than these results in the case of hyperelliptic curves, since
—Art(C/K) = n — 1 + ¢, where n is the number of irreducible components in the special
fiber of the minimal proper regular model of C.

In [FN19], Faraggi and Nowell describe the special fibers of snc models of hyperelliptic
curves when the splitting field of f is tamely ramified. Their approach is to resolve the tame
quotient singularities that show up when you take the quotient of the semistable model
(which they explicitly describe using the cluster picture/metric tree) by the Galois action.
We cannot directly use their constructions, since the conductor-discriminant inequality does
not hold with the minimal snc-model in place of the minimal regular model. This inequality
already fails in genus 1 when the minimal regular model does not coincide with the minimal
snc-model.

The conductor-discriminant inequality also holds in the wild case when § # 0 in genus 1
and genus 2 due to Ogg, Saito and Liu. In [OS19], in joint work with Andrew Obus, we
extend the conductor-discriminant inequality to all hyperelliptic curves when char(k) # 2,
using the so-called “Mac Lane valuations”. These give an explicit way of describing the
entire regular resolution directly in terms of lower degree approximations of the roots of f,
without having to write down Newton-Puiseux expansions of the roots of f first. Our results
in [OS19] reprove the results in this paper using different techniques and also covers wild
ramification. However, the combinatorial criterion for equality —(Art(X/)) = v(A;) is more
transparent and easier to analyze using the techniques in this paper, since we analyze the
the difference in the two sides of the inequality after each blow up instead of writing the
entire regular model all at once. We also hope that the inductive argument on metric trees
would be of independent interest to the more combinatorially-inclined reader.

1.9. Notation. The invariants — Art(X/S) and v(A) are unchanged when we extend scalars
to the strict Henselization. So from the very beginning, we let R be a complete discrete
valuation ring with algebraically closed residue field k. Assume that chark # 2. Let K be

the fraction field of R and K be a separable closure of K. Let v: K — QU {co} be the
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unique extension of the discrete valuation on K to K. Let t € R be a uniformizer; v(t) = 1.
Let S = Spec R. Let C' be a hyperelliptic curve over K with genus g > 2.

Let y*> — f(z) = 0 be an integral Weierstrass equation for C, i.e., f(z) € R[z] and C
is birational to the plane curve given by this equation. The discriminant of a Weierstrass
equation d; equals the discriminant of f considered as a polynomial of degree 2¢g 4+ 2. A
minimal Weierstrass equation for C' is a Weierstrass equation for C' such that v(dy) is as
small as possible amongst all integral Weierstrass equations for C'. The minimal discriminant
v(Ac) of C equals v(dy) for a minimal Weierstrass equation y* — f(z) for C. Fix such an
equation.

For any proper regular curve Z over S, we will denote the special fiber of Z by Z, the
generic fiber by Z, and the geometric generic fiber by Zz. We will denote the function field
of an integral scheme Z by K(Z), the local ring at a point z of a scheme Z by O, and the
unique maximal ideal in O, by m,. For f € K(Z), we will denote the divisor of f by div(f)
and the divisor of zeroes of f by divo(f). The reduced scheme attached to a scheme Z will
be denoted Z,.q. If Z is a smooth divisor on a smooth scheme Z’, then we will denote the
corresponding discrete valuation on K(Z') by vy.

We will let IP’lL’Berk denote the Berkovich projective line over the field L, and let ( denote
its Gauss point.

2. THE ARTIN CONDUCTOR/DELIGNE DISCRIMINANT

Let X be an integral proper S-scheme of relative dimension 1. Fix ¢ # char k. Let y denote
the compactly-supported Euler-characteristic for the f-adic étale topology. Let & be the
Swan conductor associated to the f-adic representation Gal (K/K) — Autg, (HX (X5, Q)
(¢ # char k) [Sai88, p.153].

Definition 2.1. The (negative of) the Artin conductor of X, or alternately, the Deligne
discriminant of X, denoted — Art(X/S) is given by

— Art(X/S) == x(Xs) — x(X5) + 0.

Let Y be a regular integral 2-dimensional S-scheme and let f be a rational function on
Y that is not a square. Assume that the residue field at any closed point of Y is not of
characteristic 2. Let X be the normalization of Y in K(Y)(v/f). Let div(f) = ..., m;[},
and let B =3}~ 4T

el

Lemma 2.1. Keep the notation from the paragraph above. Assume char(k) # 2.

— Art(X/5) = 2(x(Ys) = x(¥g)) — (x(Bs) = x(By)) + 6.
If X5 is a hyperelliptic curve with equation y* = f(x) and char(k) > deg(f), then § = 0.

Proof. This is the Riemann-Hurwitz formula applied to the finite branched tame degree 2
covers Xz — Y5 and X; — Y;. Let R be the inverse image of B in X; then the map
Vi=X\R — U : =Y\ Bis étale. Since x(V) = dx(U) for any tame étale degree 2
cover V' — U of varieties over an algebraically closed field of characteristic # ¢ and since
char(k) # 2, we have x(X; \ Rs) = 2x(Y;s \ Bs) and x (X7 \ Ry) = 2x(Y5 \ Bg). Since k is
algebraically closed and ¢-adic étale cohomology satisfies the same dimension and exactness
axioms as singular cohomology, the proof of the formula now follows from excision. If X5 is

hyperelliptic and char(k) > deg(f), then char(k) > 2g + 1 and hence 6 = 0. O
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3. AN EXPLICIT REGULAR MODEL

In this section, we construct a good regular model of a hyperelliptic curve with minimal
Weierstrass equation y? = f(x) by first constructing a suitable embedded resolution of the
pair (PL,div(f)) (Lemma 3.1), and then taking its normalization in a degree 2 extension
of its function field (Lemma 3.3). We also prove a lemma about when two such embedded
resolutions of pairs (Y,I") and (Y’,I") are isomorphic (Lemma 3.2), which we will use in
Section 6 for inductive arguments.

Definition 3.1. Given a regular arithmetic surface Y and a Weil divisor I' = > m;T;, define
the underlying odd divisor I'oqq by odaa := D, oqq Ml -

m;od

Definition 3.2. Let Y — S be a regular arithmetic surface, let f € K(Y'). A good embedded
resolution of the pair (Y, div(f)) is another regular arithmetic surface Y’ such that Y’ fits
in a sequence Y’ :=Y, — VY, 1--- > Y] = Yy =Y, where each Y; is obtained by blowing
up the nonregular points of the closed subscheme [div(f)oqdlrea On Yi_1, and such that the
divisor [div(f)odd)rea On Y is regular.

Lemma 3.1.

(a) A good embedded resolution exists for every pair (Y,div(f) as above.
(b) If Y = Y is a good embedded resolution of div(f) and div(f)eaa = > m;[; on'Y’, then

I'; is reqular for every i and I'; and I'; do not intersect if i # j.

Proof.

(a) Since R is assumed to be a complete discrete valuation ring and therefore excellent,
we may use the results of [Liu02, Chapter 9]. The construction of Y’ is analogous
to the proof of embedded resolution in [Liu02, p.404, Chapter 9, Theorem 2.26] and
we sketch the details. We first blow up closed points of Y to make the irreducible
components of div(f).qq regular as in [Liu02, p.405, Chapter 9, Lemma 2.32|, and
then do some further blowups to separate components of div(f).qqa C Y as in the
construction of a normal crossings model in [Liu02, p.404, Chapter 9, Theorem 2.26].
The main difference is that we do not care about making horizontal components of
div(f)oaa transverse to exceptional curves that appear with even multiplicity. Once
we get to the point that at most two irreducible components I" and I of div(f)oqq pass
through any point P, then one further blowup at P produces a curve that appears
with even multiplicity in div(f) and separates I' and I ([Sril5, Lemma 2.3]).

(b) The reduced curve [div(f)odd|rea On the regular surface Y’ is locally given by the
vanishing of a single function by [Liu02, p.117, Chapter 4, Proposition 1.12]. By
[Liu02, p.378, Chapter 9, Proposition 1.8], the zero locus of a single function on
a regular surface is regular at a point P if and only if the function is not in m3.
Putting these two facts together, it follows that [div(f)edd]rea is regular if and only if
its irreducible components are regular and pairwise disjoint. 0

Remark 3.3. From the local nature of the construction, we see that we may also talk about
the good embedded resolution of a pair (O,div(f)), where O is a regular 2-dimensional
R-algebra and f € O.

We record the following corollary which will be useful for inductive arguments in Section 6.
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Corollary 3.2. Let O be a reqular 2-dimensional k-algebra. Let u,q,g,h € O be such that
g =uq®h and u is a unit in O. Then the good embedded resolutions of the pairs (O, div(g))
and (O,div(h)) are isomorphic. Furthermore div(g)eaa = div(h)eaa on the resolution.

Proof. Since g = ug®h implies that div(g)oqqa = div(h)oad, it follows from Definition 3.2 and
Remark 3.3 that the good embedded resolutions of the pairs (O, div(g)) and (O, div(h)) are
isomorphic. 0]

Definition 3.4. Let Y/ be a good embedded resolution of the pair (PL,div(f)), and let
the branch locus B/ := div(f)eaq on Y/. Define X/ to be the normalization of Y/ in

K(2)lyl/(y* = f(=)).
Lemma 3.3. The model X7 is reqular.
Proof. This follows from [Sril5|[Lemma 2.1]. O

4. REDUCTION TO THE EQUICHARACTERISTIC CASE

The goal of this section is to show that we may assume R = k[[t]] without any loss of
generality. Fix a (set-theoretic) section k& — R of the natural surjective reduction map R — k
sending 0 to 0. (If £ C R, fix the identity section.) Elements in the image of this section will
be called lifts. Let n be a positive integer coprime to p. Every element a € R[t'/"], has a
unique expansion of the forma =3 _, amt™™ (the Newton-Puiseux expansion) such that
every a,, is a lift.

We will let v denote the discrete valuation on both U, 1 ¢, enar k=1 BIEY"] a0d Uy21 (1 char i1 EIE"]]-

Ifa=3% 1. amt™'™ is the Newton-Puiseux/t-adic expansion of an element in one of these
rings, then v(a) = m/n, where m is the smallest integer with a,, # 0.

Proposition 4.1. Let f € R[x] be a separable polynomial with deg f < char k if chark > 0.
Then there exists a separable polynomial f* € k[[t]][x] of the same degree with the following
properties.

(a) There is a bijection of the roots {ay,...,a,} of f with the roots {B1, B, ..., B} of f*
that satisfy
e v(ay) =v(B;) for alli, and
o v(a; —ay) =v(B; — By) for alli #17'.
In particular Ay = Ay,
(b) The special fibers of the models Xy and Xy from Definition 3.4 are isomorphic. In
particular Art(Xy) = Art(Xp).

Proof. Since chark > deg(f) and k is algebraically closed, the splitting field of f is a to-
tally ramified tame extension of K, and therefore cyclic [Ser79, Chapter IV ,§ 2 Proposi-
tion 7,Corollary 2|. Since K is complete and k is algebraically closed, by Kummer theory, we
may further assume that this splitting field equals K (#'/™) for some integer n > 1. Since f is
monic and integral, it follows that all roots of f are contained in R[t'/"]. Let g1, g, ..., q be
the irreducible factors of f, and let f = ut’g; ...g for some b € {0,1} and unit v € R. For
each irreducible factor g;, pick a root o of g; and write down its Newton-Puiseux expansion

o = ZmEZZO aﬁntm/ ", Since f is separable, there exists an integer M such that

e for every i, we have deg g; = lem(denom(m/n) | m < M, al # 0), where denom(m /n)
is the denominator of the rational number m/n when written in lowest form.
9



e whenever i # j, we have a; mod tM/™ £ a; mod tM/™ in R[tY/"].
Define

M
¢} := The minimal polynomial of Z ai t™™ in k[[t]][2]

m=0

l
e
i=1

(a) For every i with 1 <i <, fix a primitive (deg g;)*® root of unity ¢; € R (degg; < deg f
and is therefore prime to char k if char k > 0). Since the splitting field of g; is K (¢!/d¢89)
with Galois group generated by t!/dee9 s (;t!/dee9% every root of g; has the form
D meZey ¢I™al t™/™ for a unique j such that 1 < j < degg;. (This may not be the
Newton-Puiseux expansion of the element using the chosen lifts, since we only fixed
a set-theoretic section k& — R, but that is okay since we do not need this for what
follows.) Since the splitting field of g is also k((t'/9°89)), it follows that every root of

g? has the form )’ C-jmaﬁntm/” for a unique j such that 1 < j < degg;. Extend

1
the list {a1,..., i} to a complete set of roots of f, and set 8 = >, CImai tm/n if

mEZZO

o = Zm€Z>O Cijmafntm/ ™. Since the (; are units in R, it follows that for any two indices

i,7, we have ¢/"a! = 0 if and only if ¢/"ai = 0. This implies that

v( Y ¢Ma,t™m) = min(m/n | ¢"a), # 0) = min(m/n | "ah, #0) = v( Y Mai ™).
mEZZQ meZZO
Similarly, if «; = ZmGZZo G™al t™m and ay = Y ¢ al tmm ) then v(o; — ) =
min(m/n | ¢"al, # ¢, ™a’). Since ( # 1 for any root of unity ¢ # 1 of order

prime to chark, it follows that ¢/"a! = Cij;/mai' if and only if ¢/™ai, = ¢J™a?, for

TI’LEZZO

any choice of indices m,i,4’, j, 7. This shows v(a; — o) = v(B; — By) since v(5; — By) =

min(m/n | ¢/™ai, # ¢™ai). Finally, we have

Af = Zu(ai — ozz-/) = Zy(ﬁ, — 61’) = Afu.

i i

(b) Since f and f* have the same degree, the generic fibers of X; and X ¢ have the same
(-adic Euler characteristic (= 4—deg f or 3—deg f depending on whether deg f is even or
odd). It suffices to show that the same is true of the special fibers. Since char k& > deg(f)
if chark > 0, it follows that 6 = 0. The Riemann-Hurwitz formula Lemma 2.1 implies
that it is enough to prove the following three things.

e The special fibers of Y and Y} are isomorphic.

e The order of vanishing of f along any irreducible component of (Y}), is equal to the
order of vanishing of f* along the corresponding irreducible component of (Yie)s.

e There is a bijection between the horizontal components of div(f) and those of div( f¥)
such that the points where these divisors intersect the special fiber also correspond
under the above isomorphism, and the multiplicities of f and f* in the local ring at

the point of intersection are also equal.
10



Let Y] and Y7, be the minimal surfaces with a map to PL and ]P’,i[[t]] respectively such

that all horizontal components of div(f) and div(f*) respectively are regular. The special
fibers of YJZ and Yf/n, and the incidence of the horizontal components with the special
fiber are algorithmically determined by the exponents in the Newton-Puiseux expansions
of roots of f and f*, and the positions where any two such Newton-Puiseux expansions
differ — this can be seen by using the explicit resolution algorithm as described in [Wal04,
Theorem 3.3.1,Lemma 3.6.1] using the continued fraction expansions of the exponents
appearing in the expansions. For instance, the above described algorithm in the case
when f is irreducible shows that the dual graph of the minimal resolution of div(f) is
a tree that consists of a single horizontal main segment, with finitely vertical segments
attached at specified vertices that are determined by the characteristic exponents of the
expansion of a root, i.e., the ‘jump positions’ in the l.c.m. of the denominators of the
exponents of partial truncations of the Newton-Puiseux expansions (See Definition 8.11
for a definition of characteristic exponents, and [Wal04, p.61, Figure 3.5] for a picture of
a typical dual graph). (The L.c.m. of the denominators of the exponents is initialized to
be 1, and it increases to n by the time we get to the truncation of a root mod tM/™; it
stays n thereafter). The number of components in each segment of the dual graph can
likewise be determined by suitably normalized ‘Farey sequences’ of rational numbers.
The same algorithm applies in both the equicharacteristic and mixed characteristic
cases, once we are guaranteed the existence of Newton-Puiseux series with exponents of
bounded denominators. The proof even shows that the resolution is completely deter-
mined by the M-truncations of the roots of f and f* respectively, where the integer M is
chosen as in part(a) of this Proposition. It is obtained by gluing together the embedded
resolutions of the divisors corresponding to the irreducible factors g; of f appropriately.
The gluing data is determined by the positions where the Newton-Puiseux series differ.
The explicit resolution algorithm also show that the multiplicities of the strict trans-
forms of irreducible components f at their points of incidence with the special fiber of
the blowup is determined by the exponents appearing in the Newton-Puiseux expansion
[Wal04][Proposition 4.3.8]. These multiplicities in turn determine the order of vanish-
ing of f along any component of the exceptional curve by [Liu02][Chapter 9, Proposi-
tion 2.23]. [Srilb][Lemma 2.2] can now be used to show that the additional blowups
required to separate intersecting odd vertical components to produce Y; from in, and to
produce Yy from Yjﬁu also coincide. This gives the required isomorphism of special fibers
of Yy and Y}, preserving the required incidence data. [l

Remark 4.1. Another way to justify these claims is using the theory of Mac Lane valuations
as in [OS19]. Mac Lane valuations give a way of “labelling” the irreducible components
that appear in the resolutions Yy and Y. as a valuation on K(Pj). These labels are in
terms of certain “key polynomials ;” and rational numbers \;, and in our case come from
the minimal polynomials of truncations of Newton-Puiseux expansions just before a jump
position, and the essential exponents at the jump position. (This is explained in [OS19,
Remark 5.26]) Since the labels for the components of Y and Y}: can be paired up, we see
that the corresponding components are in bijective correspondence (see [OS19, Section 5.4]).
The order of vanishing of f along these components can be directly computed from the
corresponding Mac Lane labels of the irreducible components, and agree for f and f*. The

11



specialization of horizontal components are also completely determined by the Mac Lane
descriptions of these irreducible components (see [0S19, Corollary 5.4]).

This Proposition shows that we may assume R = k[[t]] for proving — Art(Xy) < Ay
without any loss of generality. In the rest of the paper, let R = E[[t]].

5. BASE CASE OF INDUCTION

Lemma 5.1. Let g := Y c;z' € R[x] be a monic irreducible polynomial with degg > 2. Let
[ :=div(g). Assume that T intersects the special fiber of Pk at the origin. Then T is reqular
if and only if v(cy) = 1.

Proof. The curve I" has a unique closed point P corresponding to x =t = 0. The point P €
P}, corresponds to a maximal ideal m in the regular local ring Op1 p, and Or.p = Op1 p/(9)
. The curve I is regular if and only if Or p is a regular local ring, which happens if and only
if the defining equation g ¢ m?. Since deg g > 2, this happens if and only if v(cp) =1. O

Lemma 5.2. Assume that f = ug1gs...g, where u € R is a unit, and the g; € R[x] are
pairwise distinct monic irreducible polynomials of degree n;. Let T; = div(g;) on PL. If
n; > 2, assume that g;(x) = hi(x + a;) for some FEisenstein polynomial h; and for some
a; € R. Assume that the T; intersect the special fiber of Pk at distinct points. Let Y/ and
X7 be as in Definition 3.4. Then Y =PL and X7 is reqular, and,

!

— Art(XT/S) = v(Ap) =) (n; = 1).

=1

Proof. Since translation by a; is an isomorphism of P}, Lemma 5.1 tells us that all the T
are regular. Since we also assumed that the T'; intersect the special fiber of P at distinct
points, it follows that Y/ = PL B = div(f)oqqa and X7 is regular by Lemma 3.3. Since we
assumed that the g; are pairwise distinct irreducible polynomials, it follows that By C IP’% is
a sum of deg f or deg f + 1 distinct closed points depending on whether deg f is even or odd.
Similarly, our assumption that the I'; intersect the special fiber at distinct points implies
that B, C P} is a sum of [ or [+ 1 distinct closed points depending on whether deg f is even
or odd. Since Y/ = P} and Yﬁf = PL and the f-adic Euler characteristic of a closed point
over an algebraically closed field is 1, it follows that

— Art(X7/S) = 2(x(YS) — x(Y)) — (x(Bs) — x(By))
—2(2-2) — (I - deg f)

!

i=1
Assume that n; > 2. Since chark > deg f > n; and k is algebraically closed, any root
of g; generates a tame totally ramified Kummer extension of K and v(4A,) = n; — 1 by
[Ser79, Chapter IV, § 1, Proposition 4]. Since the I'; intersect the special fiber Y,/ at distinct

points, it follows that
! l

v(Ap) =) v(Ag) =) (ni—1). D

i=1 i=1
12



6. THE INDUCTIVE STEP: REPLACEMENT POLYNOMIALS

In Lemma 6.3 and Corollary 6.4, we first prove that the conditions in Lemma 5.2 are
in fact necessary and sufficient for regularity of the the standard Weierstrass model. In
Section 6.6, we describe an inductive proof strategy to prove — Art(X7) < v(Ay), where X/
is the regular model from Lemma 3.3.

6.1. Setup. Recall that R can be assumed to be the ring k[[t]]. Let f = ut’gigs...g; be
the prime factorization of the squarefree polynomial f in R[z|, where u is a unit, b € {0,1}
and the g; are pairwise distinct monic irreducible polynomials in R[x]. Let n; := deg(g;).
Let T'; be the irreducible horizontal divisor corresponding to g; in Yy := Pk. Let P; be the
closed point of P}, where T'; intersects the special fiber of Yy, and let (z — ap,) C k[x] be the
corresponding maximal ideal. Let \; := v(g;(ap,)).

Let oo be the closed point at infinity on the special fiber of Y. Let I'y, be the scheme-
theoretic closure in P}, of oo € P.. Let

PR, B} if deg f is even, and,
" {P,P,...,P}U{cc} if deg fis odd.

For every P in A\ {oo}, let
Cpi={gi|1<i<I, Pi=P},
Cpti={g: € Cp | \i/n; < 1}, and,
5li={g € Cp | Ni/n; > 1}.

Note that C'5' consists precisely of those irreducible factors specializing to P that have roots
of valuation < 1 after we move P to x =t = 0 by a change of variables, and likewise 01%1
are those factors whose roots have valuation > 1 after a change of variables.

Definition 6.1. [Weights| Let P in A. Define
S {Zgiecp min(n;, A;) = Zgieclgl A+ Zgiec? n; if P # oo,

th =
parity of deg(f) if P = oc.
Define the weight wtp of P to be
wtp = b+ wtp.

We also define the notion of good weight 3 points appearing in the statement of Theo-
rem 1.3.

Definition 6.2. P € A is a good weight 3 point if b = 0, wtp = 3 and we are in one of the
following cases:

(a) the irreducible polynomials in Cp specialize to at least two distinct points after a
single blow up.
(b) Cp consists of two irreducible polynomials fi, fo that specialize to the same point in
the exceptional curve Ep such that min(nq, A1) = 1 and (n2, A2) € {(2,3),(3,2)}.
(¢) Cp consists of a single irreducible polynomial f; such that (ny, A1) € {(3,4), (4,3),(3,5),(5,3)}.

Lemma 6.2. For any P in A\ {oo}, the multiplicity pp(f) of f in the local ring of Pk at
P is th.
13



Proof. Since pp(T;) = N if g; € Cp' and pup(l;) = n; if g; € C’El, it follows that the
multiplicity pp(f) of div(f) at P is given by

pp(f) = pp(ut’grgs ... gi) = bup(t) + ZMP(!%) =b+ Z Ai |+ Z ni|. O

gieclgl giEC’El
Let
Apad = {PGA‘ thZQ}.

Let X, be the normalization of Yy in K (z)(v/f). Let my denote the associated finite map
Xo — Y. Let B C Yj be the branch locus of .

Lemma 6.3. Let Xging, B8 pe the (pogsz‘bly empty) sets of nonregular points of X, and B
respectively. Then Apyq = B8 = mo(Xone).

Proof. As a Weil divisor B is the sum of the odd components of div(f), and therefore it
follows that if deg f is odd, then B = b - div(t) + > . T; + ', and if deg f is even, then
B=b-div(t) + >_T;.

We will first show that B¢ = A,,q4. Note oo € Ap.q precisely when b = 1 and deg(f) is
odd. If b = 1 and deg f is odd, then oo lies on two different irreducible components of B,
namely div(t) and I'. In this case [Liu02, p. 129, Chapter 4, Corollary 2.12] implies that
oo is a nonregular point of B. Since div(t) and I'w, are both regular at oo, and oo ¢ I'; for
every i, it follows that oo is a regular point of B in all other cases. Since B is cut out by f
at P when P # oo, [Liu02, p. 129, Chapter 4, Corollary 2.12] implies that P € B8 if and
only if f € m%/(), p, 1.e, if and only if the multiplicity pup(f) > 2. Lemma 6.2 now completes
the proof of Ap.q = B, ) .

Let P € Xy and mo(P) = P € Y. We will now show that P € X" if and only if P € BS"&,
Since Yj is regular and mo: Xo\ 7,1 (B) — Yy \ B is étale, it follows that X\, *(B) is regular
by [BLR90, p. 49, Proposition 9]. If P € B is regular, then f ¢ mj, p by [Liu02, p. 129,
Chapter 4, Corollary 2.12], which in turn implies that b = 0 and that P lies on a unique
irreducible component of B. By [Liu02, p. 129, Chapter 4, Corollary 2.15], it follows that
f is part of a system of parameters for Y, at P, i.e, there exists another rational function
g such that f and g generate the maximal ideal my, p. Since Oy, 5 = Oy, rlyl/(y* — f),

it follows that the maximal ideal at P € R is generated by y and g, and is therefore also

regular. If P € B¢, then f € mj, p, which in turn implies that y* — f € mifo 5 Since
Ox,.p = Ovo.plyl/ (> — f), it follows that dim(mXOJ—:,/mi(Oj,) > dim(my, p/my, p) +1 =3
and therefore P is not a regular point of Xj. O

Corollary 6.4. The scheme Xy is reqular if and only if f satisfies the hypotheses of Lemma 5. 2.
Proof. The set Apaq is empty if and only if f satisfies the hypotheses of Lemma 5.2. O

Let Y/ — -+ — Y] — Y be the good embedded resolution of the pair (P, div(f)) and
let X/ be the normalization of Y/ in K (Y;)(v/f). By Definition 3.2 Y] is the blowup of Y
along the closed subscheme Ap,q = B of B. For P € A.q, let Ep be the exceptional

curve for the blowup Y} — Y, at P.
14



Corollary 6.5. The order of vanishing vg,(f) of f along Ep is wtp if P # oo and even if
P = 0.

Proof. First assume P = co. By Lemma 6.3, the exceptional curve Fp is defined if and only
if b = 1 and deg(f) is odd. In this case, the corollary follows since oo ¢ T';, and i (div(t)) =
too(lso) = 1. Now assume P # infty. The order of vanishing of f along Ep equals the
multiplicity pp(f) of div(f) on PL at P. The corollary follows from Lemma 6.2. OJ

6.6. Outline of inductive proof strategy. We now outline an inductive strategy for
proving — Art(X//S) < v(A;); we shall henceforth refer to this inequality as the conductor-
discriminant inequality for f. We will prove the conductor-discriminant inequality for f by
induction on the ordered pair of integers (deg(f),#(A;)). The case Ap,g = 0 is Lemma 5.2.

If Apaq # 0, for every P € Apaq \ {00}, we will construct a new pair of squarefree poly-
nomials f5°, f7°° in R[z] (see Definition 6.4). We call {f2° | P € Apag \ {00}, deg(f°) >
LJU{fp™ | P € Apaa \ {00}, deg(f7™) > 1} the collection of replacement polynomials for
f. These replacement polynomials come from the equations of the strict transform of div(f)
after one blow up at P (see section 6.8). In Section 10, we prove the key inductive inequality

Theorem 6.7.

(a)

A9 — | —AnxFS) - Y A TS | <
PeApaq\{oo} PeApaq\{oc}
deg (/)21 deg(f7>)>1
v(Ap) = Y v(Apge) = > V(A pe).
PEApaq\{oo} PeApaa\{oo}
deg(fp)>1 deg(f7>)>1

(b) Equality holds if and only if we have wtp € {2,3} for each P € Apag.
(c) The left hand side of the inequality in part(a) is nonnegative. The right hand side is
strictly positive except when b= 0,wtp = 3 for every P € Apaq.

We will show in Corollary 10.3 that either the degree or the discriminant decreases after
at most two such replacement steps. The induction hypothesis then gives the conductor-
discriminant inequality for the replacement polynomials of f. Adding all these inequalities
to the one in Theorem 6.7 then proves the conductor-discriminant inequality for f. In
Section 10, we also prove Theorem 1.3, by analyzing when the condition for equality in
Theorem 6.7 holds for f and for all its replacement polynomials.

The rest of this section is devoted to defining the main objects for the inductive step, the
replacement polynomials.

6.8. Replacement polynomials f3° and fffoo and equations for the strict transform
of div(g;). In this section, we prove Lemma 6.10 which gives an explicit equation for the strict
transform of the irreducible components of div(f) passing through a given P € Ay.q after
one blowup. We will use these equations along with the Weierstrass preparation theorem
and a change of variables to define the replacement polynomials mentioned in the outline

above (Definition 6.4).
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6.8.1. Notation. Let f,g;,b,ap,, \i,ni, Yo, Xo, Cp, C;l,C’El be as in subsection 6.1. Fix P €
Apaa \ {oo}. Let Y3 — Yj be the blowup of Yy := PL at Ayp.q, and let E be the exceptional
curve for the blowup at P, and let H be the strict transform of the divisor of zeroes of
gi- Let @ € (Y1)s(k) be the point where E meets the rest of (Y;),. By replacing g;(z) by
gi(z) = gi(x + ap,), we may assume that the point P corresponds to the origin x = ¢ =0
on the special fiber of Yj. Since g; is irreducible, all its roots in K have valuation \;/n;. Let
P, € (Y1)s(k) be the intersection P, := H N E. We omit the proof of the following lemma.

Lemma 6.9. If \;/n; > 1 (or equivalently, if i € C3'), then P; # Q and the ideal mp, of
functions on Yy vanishing at P; is generated by § —c and t for some c € R. If X\j/n; <1 (or
equivalently, if i € C5'), then Py = Q, and the ideal mg is generated by % and x.

Definition 6.3. Define

~new .__ gz/x)\z if ¢ € C;l
R P itie ol

Lemma 6.10. The strict transform H of the divisor of zeroes of g; is cut out by g’ in the
local ring Op, and vg(§re¥) = 0. If i € C3', then §i/x™ is a unit in the local ring Og.

Proof. 1f we let pup(g;) denote the multiplicity at P of div(g;) C Pk, then we have div(g;) =
wp(gi)E+ H in Div(Y7). We now compute up(g;). Let g;(z) = Z?;Bl cjx? + ™. Since g; is
irreducible and all its roots in K have valuation \;/n;, a Newton polygon argument shows
that v(c;) > (n; — j)A;/n; for all j. Since mp is generated by x and ¢, these bounds show
that when i € C5', i.e., when \;/n; < 1, we have ¢y € m}i and all the other terms of g; are

in m}\fH and therefore pp(g;) = A\;. Similarly, when i € C’%l, i.e., when \;/n; > 1, we have

2™ € my and all the other terms of g; are in m}?“ and therefore pp(g;) = n;.
Finally in the local ring Op,, we have div(z) = F when i € C5' and div(t) = E when
i € C3'. When i € Op', since t/z € Og, we also have (§; — 2™)/z™ in mg, which in turn

implies that g;/z" € O is a unit. O

We now obtain the replacement polynomials f3° and flfoo by doing a natural change of
variables on the defining equation §;"®" of the strict transform of H. The idea behind the
change of variables is to replace the triple PL with coordinate z and the divisor of zeroes
of g;, with P} with coordinate =/t (and ¢/x respectively) and the divisor of zeroes of g;"*"
rewritten in new coordinates when i € C3' (and when i € C'5! respectively). Recall that Q
is the point where the exceptional curve at P € Y} for the blowup Y; — Y meets the rest
of the special fiber of Y;. The reason we replace z by ¢ when i € C5' is that x = 0 cuts out
the exceptional curve Ep in the local ring Oy, just as ¢t = 0 cuts out the special fiber (Y;)s
in the local ring Op.

Recall in Section 4, we proved we may assume R = kl[[t]] for our purposes. In this case,
since x and ﬁ generate mg, we have a canonical isomorphism of the completed local ring

O = K[z, L]] by the Cohen structure theorem. For i € C§', view the germ of the function
gi € Og — Og as a bivariate power series via this isomorphism.

Definition 6.4. If i € C5', let hY € k[[t,2]] be the power series obtained by making the

change of variables z — ¢ and £ x in the power series §;(z, 1)/2% € Og = k[[z, L]}, i.e.,
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he (t,z)/t*. Use the Weierstrass preparation theorem to write hY = u®h; for some unit
O

9i
k[[t, 2] and monic polynomial h; € k[[t]][z]. If i € C3', let h;(x ) = g;""(tx). Let

b 0 if vg,(f) is even
P 1 ifvg(f) is odd.

u” €

2z —tbpxb H hi(z), and,
91€C<1
Ry =t T ha
9L607

The replacement polynomial for g; is defined to be h;, and the replacement polynomials for f
is the set {fp° | P € Apaa \ {00}, deg f3° > 1} U{f7™ | P € Apaa \ {00}, deg f77° > 1}.

Lemma 6.11. Fiz i € C5' with degh; > 1. Recall \; = vi(Gi(0)). Then h; is irreducible

Proof. Let g; = Z:Llo c;x' + 2™. In the proof of Lemma 6.10, we showed that ¢y € méj
and ¢; € mz\jﬂ for i > 0. Rewriting ;"% = g;/2* € O = k[[z]][[t/z]] as Yooy Gilt/x)" for
¢ € k[[z]] and using ¢y € mgi and ¢; € mgﬂ for i > 0, we see that ¢}, € k[[z]] \ zk[[z]] and
¢ € xkl[z]] for i < A\;. The Welerstrass preparation theorem then shows that if we write
Gi/x> = u®h; for a unit u® € Oy and monic polynomial h; € k[[z]][t/z], then deg;, hi = \i.
Since h; is obtained from h; by the change of variables x — ¢,t/x — x, we get deg, h; =
deg,/, hi = \;.

The h; are irreducible for each i € C5! since Lemma 6.10 shows that h; up to a change of

variables equals ¢;"°" and ¢;"°" cuts out the irreducible divisor corresponding to the strict
transform of div(g;) after we blow up P. O

Let (n;, )TZ) be the pair of integers associated to the replacement polynomial h; the same
way (n;, A;) is associated to f;.

Remark 6.5. Let i € Cj 2! Then the polynomials h; and §; are monic irreducible polynomi-
als of the same degree, and furthermore, division by t gives a bijection from the roots of h;
to the roots of ;. In particular, (n;, Al) (ns, A — n;) and therefore min(n;, )\Z-) < (ng, Ai).

Remark 6.6. When i € C’;l, the relation between the roots of h; and the roots of g; is
more complicated than in Remark 6.7; for instance in Lemma 6.11 we proved that degh; =
Ai < n; = deg g;. However, Theorem 8.14 lets us relate certain coeflicients and exponents
of the Newton-Puiseux expansions of the roots of h; to those of g;, which in turn lets us
compute Ag, — Ay,. We will show in Corollary 8.15 that (n;, \;) = (A, n; — A;) and therefore

Remark 6.7. From the definitions of Ap.q (§ 6.1) and the replacement polynomials f2° and
/7% (Definition 6.4), Lemma 6.11 and Remark 6.5, it follows that if P € Apaq \ {o0}, then
we cannot have deg(f3°) = deg(f7>) = 0.

Lemma 6.12. The replacement polynomials are squarefree.
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Proof. Fix P € Aypaq \ {0}, and let @ be the point where the exceptional curve Ep for the
blowup of PL at P meets the strict transform of the special fiber of P,. If i,5 € C’%l and
© # 7, then h; # h;. Combined with the previous remark, this proves f;foo is squarefree.

A polynomial g € R[z] is squarefree if and only if div(g) = > I'; for pairwise distinct
irreducible Weil divisors I';. In Og, by Lemma 6.10 g;/z* cuts out the strict transform of
g; after the blowup at P for every i € C'5', the function ¢/ cuts out the strict transform of
the special fiber of Pk, and the function z cuts out Ep. It follows that {div(t/x),div(z)} U
{div(g;/z*) | i € C5'}is a collection of pairwise distinct irreducible Weil divisors in Spec Og.
Up to the relabelling = +— ¢ and t/x — =z, this shows div(fp°) is a sum of pairwise distinct
irreducible Weil divisors, and therefore f3° is squarefree. 0

7. COMPUTING CHANGE IN CONDUCTOR

In this section, we compute the left hand side of the key inductive inequality Theorem 6.7.
The main idea is to relate the good embedded resolutions of the replacement polynomials
to that of f (Lemma 7.4) and use the additivity of the ¢-adic Euler characteristic combined
with the Riemann-Hurwitz formula (Corollary 7.5 and Theorem 7.6).

7.1. Relating good embedded resolutions and branch loci of f and its replace-
ment polynomials. We continue to use the notation from Section 6.1, Definition 3.2 and
Definition 6.4.

Definition 7.1. Define the parity integer d to be 0 or 1 depending on whether deg(f) is even
or odd. For each P € Ap,q \ {o0}, when deg(fg°) > 1 define d? to be 0 or 1 depending on
whether deg(f2°) is even or odd. Similarly when deg(f7™) > 1 define d3" using the parity
of deg(f7>).

Lemma 7.2. The closed point oo is in A precisely whend =1, and 0o € Apaq whenb=d =1
(or equivalently, when bd =1).

Proof. This follows from the definitions of the sets A and Ayp.q in Section 6.1. ]

Lemma 7.3. Let f = utbg,...q € R[z] be the irreducible factorization of a squarefree
polynomial, and let Y and Z be the good embedded resolutions of the pairs (P, div(f)) and
(AL, div(f)) respectively and let B, B® be div(f)oaa on'Y and Z respectively. Let d be as in
Definition 7.1. Then

fb=1andd=1

otherwise.

X(Ys) = x(Zs) = 1+ bd = {i

2 ifb=1landd=1
X(Bs) —x(B;)=b+d=<X0 ifb=0andd=0
1 otherwise.

Proof. From the definition of good embedded resolutions, it is clear that Z, C Yy and B® C B
and to analyze the complements, we have to understand the behaviour of f at the closed
point at co on the special fiber of Pk. Definition 3.2 and Lemma 6.3 imply that the blowup
7: Y — P} is not an isomorphism in a neighbourhood of co € P, C P, if and only if b = 1

and deg f is odd, and in this case let E., be the exceptional curve for the blowup at oo,
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and let @ be the point where it meets the strict transform of the special fiber of Pj. Let
', be the scheme-theoretic closure in Y of the point at infinity on the generic fiber P, let
00 = (I'w)s and let T be the strict transform of the special fiber of P} in Y. Then I'y, C B
if and only if deg f is odd, and I' C B if and only if b = 1. We consider four cases based on
the parity of b and deg f.

If b =1 and deg f is odd, then vg_(f) = peo(div(f)) = 0 and therefore E,,N B = {Q, oo}
and div(f)oqq is regular at these points. Therefore the map from Y to this blowup is an
isomorphism in a neighbourhood of E., (i.e. points of E,, are not blown up any further
on passing to the good embedded resolution Y). In this case, we have Y, \ Z, = E,, = P}
and B, \ B2 = {Q,c0}. Since k is algebraically closed, it follows that x(P}) = 2 and
x(k —rational point) = 1. Since y is an additive functor, we have x(Ys) —x(Z;) = x(Pi) = 2
and x(Bs) — x(B?) = x({Q}) + x({o0}) = 2. Similarly, one can check that if b = 0 and
deg f is even, then Y; \ Z; = oo and B = B° and in all other cases Y; \ Z; = B, \ B = 0.
Since x(00) = 1, the lemma follows. O

Let Y =Y, = Y, 1--- = Y] = Y, =P} be be the good embedded resolution of the pair
(PL,div(f)) as in Definition 3.2. Fix P € Ap.q. Let Ep be the exceptional curve for the
blowup Y; — Yy at P, and let I" be the strict transform of the special fiber of Y; in Y. Recall
in Definition 6.4, we defined bp € {0, 1} as the parity of vg,(f).

Let Qp :=T' N Ep € Ys(k). For P # o0, let a € R such that = — a specializes to P in Yj,
and let Q% = divo(x —a) N Ep € (Y1)s(k). (These are the points co and 0 respectively on
Ep = P in the coordinate (z — a)/t.) If 0o € Apaq, let Q' be the closed point where the
scheme-theoretic closure of the point at infinity in Pk meets the special fiber of Y/,

Let B = div(f),4q C Y. For P # oo, let Z3*, Z%4 denote the good embedded resolu-
tions of the pairs (AL, div(f3™)) and (AL, div(f5°)) respectively and let B$®, B%4 denote
Aiv(f7°)oad, div(f)oqa on Z3", Z29 respectively.

Lemma 7.4. Keep the notation from the three paragraphs above.

(a) (Z3")srea and (Z%Y) g ea (and similarly (BE")eq and (BY)eq respectively) are naturally
isomorphic to closed subschemes of Ys ea (and Bieq respectively).

(b)

Y:e,red \ U (Z]SDm)s,red U U (Z}I;Od>s,red

PEAbad\{OO} PeAbad\{oo}
degf?ooZl deg f3°>1
equals
ExU(M\ 4w | {Qptu U {@r} if b=1and d =1, and,
PeApag\{oc} PEApag\{0}
deg fffoo:() deg f3°=0
MAw | {@Qpru U (@} otherwise.
PEAbad\{OO} PGAbad\{OO}
deg f;foo:(] deg f3°=0
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For P € Ayag\ {00}, the left hand side of the intersection below inside Yy ea is nonempty
if and only if deg fffoo > 1 and deg fz° > 1, and in this case we have

(leDm)s,red N (Z?D()d)s,red - EP \ {QP7 QZD} = Pllc \ {07 OO} C Pllg = EP C }/s,red~
(c)

Bs,red \ U (B?Dm)s,red U U (B]r;Od)s,red

PEApaa\{oo} PeApaq\{oo}

deg f2°>1 deg fpr>1
equals
M\ ) U{QLY U {@ptu U (e} if b=1andd=1,

PEAbad\{OO} PeAbad\{oo}

bp=1,deg f7°°=0 deg f3°=0
[\ Apad U {Qp}U U {Qpr} if b=1and d = 0, and,

PeAbad\{oo} PEAbad\{oo}

bp=1,deg f3°=0 deg f=0
A\ Apad U {Qp}U U {Qr} it b=0.

P€Apaa\{oc} PEAyaq\{o0}

bp=1,deg f}f‘x’:o bp=1,deg f3°=0

The left hand side of the intersection below inside Bsyeq @5 nonempty if and only if
bp=1,deg f2°° > 1 and deg [ > 1, and in this case we have

(B?DOd>S,red N (B;’m)s,red = EP \ {QP, QIP} = IP>11: \ {07 OO} C Pllf = EP - Bs7red'

Proof. Fix P € Apaa \ {oc0}. For i € Cp, if we let ap, be as in Section 6.1, since we are
working over the equicharacteristic ring R = kl[[t]], we have ap, = ap, for all i,j € Cp.
We move P to the origin by the map = +— = + ap, and work with g; instead of g; for all
i € Cp. We will construct h=! € Spec R[z/t] (and h<' € Og respectively) with the properties
that the special fiber of the good embedded resolution of the pair (Spec R[z/t],h=!) (and
(Og, div(h<1)) respectively) is naturally a subset of (Y),.q. We will then show that up to
a change of variables and multiplication by a unit, the function A=! equals fffoo (and h~!
equals @ respectively).

The reason we only get isomorphisms of the underlying reduced subschemes is that the
change of variables to go from h<! to fg° uses the isomorphism of complete local k-algebras
k[z,t/x]] = K[[t, z]] given by z — ¢ and t/x + x, which is not an isomorphism of k[[t]]-
algebras. Hence, we do not expect the multiplicities of the components in the special fiber of
a good embedded resolution to agree, and we only get equalities of the underlying reduced

subschemes.

(a) We first show that (Z3")srea is a closed subset of Y .q. Using the formula for vg, (f)
from Corollary 6.5, we get

f=ut | TT /@/e™) | TT ey | = (o IT @oi@se™) | e=o | T @)

ieCpt iecz! i€Cp! iccz!
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By Lemma 6.10, vg,(gi/2*) = 0 for i € Cp'. Since vg,(z/t) = 0 and since (g;/z™)
specializes to the point at oo on FEp, it follows that uHiecgl(I/t))\i (g]/x’\l)) is a unit

on the affine patch Spec R[z/t] of the blowup Y; — Yj. By Definition 3.1, it also follows
that the good embedded resolution of (Spec R[x/t], div(f)) is a closed subset of the good

embedded resolution of (Yp,div(f)). Let h=! := tor (Hiecg1(§¢/t”i)). Since bp = 1

when vg,(f) is odd and bp = 0 when vg,(f) is even, Lemma 3.2 implies that the good
embedded resolutions of the pairs (Spec R[z/t],div(f)) and (Spec R[x/t],div(h=!)) are
equal, and furthermore div(f)oqq = div(h=1)eqq on the resolution. Since h=! is ff_foo up to
the change of variables z/t — x, it follows that these two pairs have the same embedded
resolution as the pair (Spec R[z], div(f7")). Let I' .o be the strict transform of the
special fiber of AL in the good embedded resolution of the pair (AL, div(f7>)). From
the definition of f7°, it follows that I' .o, C By" if and only if bp = 1, or equivalently,
if and only if Ep C div(f)oaa = B C Y. Putting the above identifications together, and
identifying (I'zoo)red With (Ep)red, we get that (Z3%)srea (and (BE)rea respectively) is a
closed subset of Yy eq (0f Byea respectively).

We now show that (stlgo )red 18 @ closed subset of (Y),.q. Recall that Q € (Y7)s(k)
is the point where the exceptional curve F for the blowup at P meets the rest of (Y})s.
For each i € C3', Lemma 6.9 shows that §;/z™ is a unit in Og for every i € C3'. As
before, we can now factor f as

f=ut | TT @) | [ TT @y ) = (o T @em | e [ TT @/e)

ieCst iccz! iccz! icCst

Let h<! := (t/x)bxPF (Hiecsl(g]/m)‘i)). As before, when combined with Lemma 3.2 and

the definition of bp, this yields that the pairs (Og, div(f)) and (Og, div(h=')) have iso-
morphic good embedded resolutions, and that div(f),qq = div(h~!),qq on the resolution.
The reduced special fiber of the good embedded resolution of (Og, div(f)) is a closed
subset of (Y)eq, with Q identified with the point at oo on the exceptional curve Ep.
Let I'y, be the strict transform of the special fiber of P} in the good embedded resolution
of the pair (P%, div(f&°)). From the definition of f&°, it follows that 'y, C B/# if and
only if bp = 1, or equivalently, if and only if Ep C div(f)eqa = Bf c Yf. Since h<!
is f2° up to the change of variables t/x — x and x — ¢ and multiplication by the unit
u® € Og, by identifying (T's)rea With (Ep)seq as before, and using the isomorphism of
good embedded resolutions of (Og, div(f)) and (Og, div(h<!)), we also get that (Ef’o’o )red
(and (B'F"),.q respectively) is a closed subset of (Y/),eq (and (B7),eq respectively).

(b) Since Y7/ is also the good embedded resolution of (Yi,div(f)), since Ep = {Q} U Ep \
{Q}, and since (Og,div(h<!)) and (Ep \ {Q} = Spec R[z/t],div(h=')) from part (a)
above have the same good embedded resolutions as (Og,div(f)) and (Ep \ {Q} =
Spec R[z/t],div(f)) respectively, the result follows from the identifications and change
of variables in part (a) above.

(c) Since I' = div(f)oad, the component I' C B if and only if b = 1, the component Ep C B
if and only if bp = 1, the components I's,I'zo from the proof of part (a) appear
in BT, B/F™ respectively if and only if bp = 1. Since the left hand side equals the
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intersection of the left hand side of part (b) intersected with B ,eq, Wwe get part (c) by
intersecting the right hand side of part (b) with B seq. O

Corollary 7.5. For any = € {f, f£.°°, f¥}, let Y*, B* be as in Definition 3.4. Then

[ ]
I 2=
XY= > xyim) = Y xyr)
PEApag\{oo} PeApaq\{oo}
deg f3P>1 deg f7°°>1
— 24+2bd—H#(Apaa)+ > L= > (Atbpdph— Y (L+bpdd)
PeApaq\{oo} PEApag\{oo} PeApaq\{oo}
deg f°=0 or deg f7°=0 deg fp°=>1 degf;foozl
[ ]
/e 2=
X(BD = > x(BF) - Y (B
PeAbad\{oo} PeAbad\{oo}
deg fpr21 degf}foozl
equals

HA) = #(Apaa) + 02 +2d —4(A) + | D> (b+bp—bbp) |+ | D bp

PEApaq\{oo} P€Apaa\{oo}
deg fp°=0 deg ff,foo:O
— ) p+dph = > (bp+dp).
PGAbad\{OO} PeAbad\{Oo}
deg fpr>1 deg f5°°>1

Proof. We will continue to use the notation from the lemma above. Since k is algebraically
closed, and y is an additive functor that takes a disjoint union of locally closed subsets to
the corresponding sum of integers, the equalities x(P}) = 2 and y(k — rational point) = 1
imply that x(Ep) = 2, x(Pi \ {0,00}) = 0 and x(T'\ Apaq) = 2 — £(Apaq) for every P € Apag.
Since x only depends on the underlying reduced subscheme, using the additivity of x once
again with Lemma 7.4 (a,b) and the fact that d € {0,1} and d = 1 exactly when deg(f) is
odd, we get

XY= 0 x@ZEH- Y x(ZB) =20d 42— §(Ava) + > L.
PEAbad\{OO} PeAbad\{Oo} PeAbad\{oo}
deg fp°2>1 deg f}fooZI deg f2°=0 or deg f7,°°=0

The first equality now follows by applying Lemma 7.3 to (f3°, bp) and ( f;foo, bp) instead
of (f,b).

Observe that §(A) — #(Apaa) + b(2 + 2d — £(A)) equals x(A \ Apaa) When b = 0, equals
X(I'\ Apaq) when b =1 and deg(f) is even and, equals x(Fw) + x(I' \ Apaa) when b =1 and
deg(f) is odd. For P € Apaq \ {o0}, Lemma 7.4(c) shows that Qp is not in the right hand

side if and only b = bp = 0. Since b+ bp — bbp is 0 when b = bp = 0 and 1 otherwise, it
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follows that b+ bp — bbp equals x(Bsrea N {@p}). We also have that Q' is in the right hand
side of Lemma 7.4(c) exactly when bp = 1.

The proof of the second equality is now similar to the first and uses Lemma 7.4 (a,c) and
the second equality of Lemma 7.3 and the observations in the previous paragraph. U

Theorem 7.6. Keeping the notation from Section 6.1 and Lemma 7.5, we get

SAXT/S) = YD FARXIF/S) - Y [ Ar(XFTS)
PeApaq\{oo} PeApaq\{oo}
deg f°>1 deg f2°>1

equals

—b(2+d)+ Z (ni —1+b) 4+ (2+ b)i(Apaa) + Z Z (ni — \i)

PeA\Apag P€Apad g;eCs?
P#00,9,€Cp

_ So=vbp) |+ > 2p— > (b2bpdp)— Y 2bpd}

PeAbad\{oo} PeAbad\{Oo} PeAbad\{oo} PeAbad\{oo}
deg fr=0 deg f*>1 and deg fr>1 deg flfoo >1
deg f7>°>1

Proof. The idea is to combine Corollary 7.5 with the Riemann-Hurwitz formula Lemma 2.1.
Since X7 is a hyperelliptic curve for x € {f, f 7%, f&}, using Definition 7.1 we have

oo F#oo
X(X)) =4—d—degf, X(XJ7)=4—dp'—deg [, x(Xj" )=4—d —deg [}~

From Definition 6.4 it follows that

deg f = Z Zni, deg f* =b+ Z i deg f77° = Z n;.

PeAieCp i€Cp! icOz!

Putting the last two displayed equations together, we get that

(7.2)
i i
> XX+ Y X)) = x(XD)
PeApag\{oo} PeApaa\{oo}
deg(f3°)>1 deg(f7°°)>1

=d—4— > (@4b—4— D> @F-H+ D o+ Y Y (=)

PEApaa\{oo} PeApaa\{oo} PEA\Apaq PEApad g;eCst
deg(fp)>1 deg(f7>°)>1 P#c0,9;€Cp P#oo
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Similarly, combining Corollary 7.5 with the Riemann-Hurwitz formula and Remark 6.7
which says that if P € Apaq \ {00}, then we cannot have deg(f3°) = deg(f5™) = 0, we get

(7.3)
i JE
XXD= ) xxim)- Y xxt)
PeApaq\{c} PEApaq\{oc}
deg(f2°)>1 deg(f7°°)>1
I £ 2 3
S CORNG B DR ENCEL ERTEC) B D ENCEC R )
PeApaa\{oo} PeApaq\{oo}
deg(f3°)>1 deg(f7>°)>1
=2 |2+ 2bd — #(Apaa) + > L= ) @+bpdpt— > (L+bpd)
PeApaq\{c} PeApaq\{co} PeApaq\{co}
deg f=0 or deg fffoo:O deg fpr=>1 deg f;oozl

— [8(A) = #(Apaa) +02+2d = H(A) + | Y (b+bp—bbp) [+ ]| D bp
PeApaq\{oo} PeApaq\{oo}
deg fp=0 deg fIfOO:O

— ) (be+dp— D> (bp+dP)

PeAbad\{oo} PeAbad\{oo}
deg fp°>1 deg f5°>1
=4 —2b+2bd + (b— 1)4(A) — #(Apaa) + > 2—bp) | — > (b—bbp)
PeApq\{oo} PeApaa\{oo}
deg fg°=0 or deg flfoo:O deg f2°=0
— ) @=bp+2bpdpt—dpt) = > (2—bp +2pdP — d7).
PeAbad\{oo} PeAbad\{oo}
deg fp°>1 degf]foozl

By Lemma 7.2, Definition 7.1 and the definitions of the sets A and Ay,gq, it follows that d = 1
precisely when deg(f) is odd, which is precisely when oo € A, and similarly oo € Ay,q when
both b = 1 and deg(f) is odd, or equivalently when bd = 1. Using these and rearranging
terms gives the following three equalities.

(7.4)

> it (b= DHA) —#(Aa) = Y (ni—14D) + (b — 1)d — 28(Apaa) + bi(Abaa).
PEA\Abad PEA\Abad
P#00,9;€Cp P#00,9;€Cp
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(75) D @=bp)— > (2=bp)— D> (2-bp)=— D (4-2bp).

PEAbad\{oo} PeAbad\{Oo} PeAbad\{oo} PEAbad\{OO}
deg f2°=0 or deg f2°>1 deg f§°°21 deg f2°>1 and
deg f£°°=0 degf?fOOZI
(7.6)
DA+ ) 02 Awa)— Y 2= —4bd+24HD)i(Ana)+ Y 4
TS Ty dog 151 ok o 541 ot
o el dog 171 g 17731

For » € {f, fp°°, f&°}, by definition, we have — Art(X*) = x(X}) — x(X;). Combining
this with the five numbered equations above, it follows that the left hand side equals

TCHERCEI D DN e ER <3 B D < et

PeApag\{oo} P€Apaa\{oo}
deg(f3°)>1 deg(f5>°)>1
=—b(2+d) + Z (ni —1+b) 4+ (2+ b)i(Apaa) + Z Z (ni — \i)
PGA\Abad PeAbad giECEI
P#00,9,€Cp
- Sob=tbp) |+ D> 2p— > (b+2bpdpt)— Y 2bpd.
PeAbad\{oo} PeAbad\{oo} PEAbad\{Oo} PeAbad\{oo}
deg f2°=0 deg f2*>1 and deg fr>1 deg f;éle
deg f7°°>1

8. METRIC TREES OF POLYNOMIALS

8.1. Overview of this section. For P € Ay,q and i € Cp', it is hard to directly relate
the discriminant of g; with the discriminant of the corresponding replacement polynomial
h; (see Remark 6.6), and use it to compute v(Aye ). Instead, we first define the metric tree
T(f) attached to a separable polynomial f € R[z] (See Example 8.4 and Figure 1), which
is a combinatorial gadget for recording the t-adic distances between all pairs of roots. The
main results of this section are Theorem 8.5 and Theorem 8.17 that describe how to obtain
the metric tree of the replacement polynomials fffoo and fp° from the metric tree of f.

More precisely, Lemma 8.3 shows that v(Ay) can be computed from the lengths of edges
in the tree T'(f) for any monic separable polynomial f. In Theorem 8.14, we describe how to
extract certain exponents and corresponding coefficients of the Newton-Puiseux expansions
of the roots of the replacement polynomials h; from those of g;, and use them to build
the metric tree T'(f3°) of the replacement polynomial from the metric tree T'(f) of f by
appropriately gluing together the metric trees of the irreducible factors of fp°. This will
then be used together with Lemma 8.3 in Theorem 9.1 for estimating how discriminants
change under the replacement operation.

Throughout this section, we will use some basic terminology of Berkovich spaces; see

[BR10] for a detailed introduction to the subject.
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Figure 3: The Gromov product and t-adic distances

8.2. The metric tree T'(f) and the discriminant Ay.

Definition 8.1. Let S be a finite subset of ]P’%’Berk. The convex hull C(S) of S is the smallest

connected metric subtree of P%’Berk containing S, with the infinite ends towards the type 1

points in S deleted.

Example 8.2. Let K = C((t)). Let S = {¢,t2/3 + /6 12/3 — 45/6 123 — W45/6 /3 4
WP/ W2H2/3 4 witd/0 W3 — w56}, Then C(S) is the metric tree in Figure 1.

Definition 8.3. Let f be a monic polynomial in R[z]. The metric tree T'(f) of f is the
convex hull of the Gauss point ¢ and the roots of f (identified with type I points on P%Berk).
Example 8.4. Let f be the minimal polynomial of ¢5 + t& over C((¢)). Then T(f) is the
metric tree C(S) in Example 8.2.

Definition 8.5. For any two type 1 points a and 8 and a type 2 point v in P%’Berk, observe
that C({«, 5,7}) is a line segment of finite length. The Gromov product («|f), of a and

with respect to 7 is the length of C'({a, 8,7}) .

Example 8.6. In Figure 3, the metric tree C(w?t?/? — wt®/6 wt?/3 4+ w21°/6 () is coloured
red and the metric tree C(t2/3 — 5/6 ¢2/3 4 ¢5/6 () is coloured green. This shows that
(W23 — wtP5|wt2/3 1 w215/6), = 2/3 and (13 — 5042/ 1 5/6) . = 5/6.

Lemma 8.3. Let f be a monic polynomial in R[x]. Then

v(A) = > ()
o Fag
flai)=F(a;)=0
Proof. This follows from v(a; — o) = (as]oy)e and v(Af) =7 aize; V(g —oy). O
flai)=f(a;)=0

8.4. Metric trees of replacement polynomials. Our next task is to relate the metric
trees of the replacement polynomials to the metric tree of f (Theorem 8.5 and Theorem 8.17).
We make a few more definitions before stating the result.

We will continue to use the notation from Section 6.1 in the rest of this section. Let

£, 3, f5°° be as in Section 6 and Definition 6.4. Recall that type 2 points in IP’%’Berk can be
identified with divisorial valuations on K (IP'). We identify the Gauss point ¢ on P%Berk with
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the divisorial valuation corresponding to the generic point of the irreducible special fiber of
vy = PL. Recall that in subsection 6.1, we picked ap € k C R = k[[t]] for every point
P € A. The point ap can be identified with a type 1 point on P%Berk.

Definition 8.7. For any real number [ > 0, let ¢, be the point on the unique path connecting
the Gauss point ¢ to the type 1 point ap in P%’Berk that is at distance [ from (.

8.4.1. Metric tree of T(f7™). Fix P € Apaq such that CZ' is not empty. Let T = T(f).
Define a new tree 7" as follows. Since T'is a tree, T'\ {(p} = To| |, T; is a disjoint union

of subtrees T; of T, and ¢ € Ty. Let T" = {(p} | l;5, Ti- Then T" is a connected subset of T,
and therefore also a tree, and it inherits the metric d from T'.

Theorem 8.5. The metric tree T(fffoo) is isomorphic to the tree T' defined in the paragraph
above.

Proof. This follows from the following two observations:

e The tree 7" is the convex hull of ¢b and the roots of g; for i € C3'.

e From Remark 6.5, the collection of roots of f;foo are simply the collection of roots of

the polynomials g; for 7 € C%l divided by ¢.

This means that the Newton-Puiseux expansion of the roots of each factor of f7°° is obtained
by dropping the leading term and then subtracting 1 from all of the other exponents of
the Newton-Puiseux expansions of the corresponding irreducible factors of f. The effect of
dropping the leading term and shifting all exponents down by 1 on the metric tree is deleting
the initial segment between ¢ and (. U

8.5.1. Metric tree of T(f%). Fix P € Apaq such that C5' is not empty.

Definition 8.8. Let
Vp = {)\Z/nl ’ g; € C;l}
be the collection of valuations of the roots of g; for the g; € C5'.

Definition 8.9. Let a/b € Vp and assume ged(a,b) = 1. Let Sp,/, be a subset of the roots
of f defined as follows:

Spam ={X | gi(A) =0 for some g; € C5' satisfying \;/n; = a/b}.

Definition 8.10. Let a/b € Vp and assume ged(a,b) = 1. Define Tp,/, to be the metric
subtree of T'(f) obtained by taking the convex hull of Sps.

Galois action on metric trees. Let G := Gal(K/K). Since the G action on P%Berk fixes
the Gauss point ¢ and permutes the roots of any irreducible factor of f € K[x], we get
natural induced G actions on the metric trees T(g;), Tpa, T'(f) for all i and for all a/b.
These actions preserve the lengths of edges and the valency at every vertex. Let C* = | | C;
be the connected components of Tpgp \ {C;/b}, let C; = C; U {C;,/b} and let Co/% be the set
of C;.

Theorem 8.6 (Local symmetry of Tp,/;, at C;,/b). Fiz i € C5'. Let g; be an irreducible
factor of f and let g; be the shift of g; as defined in Section 6.1. Let n;, = degg;, let w be
the chosen n'" root of unity in K and let the valuation of any root of §; be \;/n; = a/b with
ged(a,b) = 1. Let d := n;/b.
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(a)
(b)

(c)

The splitting field of f is a cyclic extension of the form K(t'/™) for some integer n > 1.
Let n(t'/m) := > >0 ait'’™ be the Newton-Puiseuz expansion of one root of §;. Then for
any other root of g;, there exists a unique integer j with 0 < j < n; — 1 such that the
Newton-Puiseuz expansion of this root is of the form n(wit'/™) = 3", qut/mi,

The point C;/b of T(f) lies on the subtree Tpyy, and is fized by the natural G action.

Each C; is a rooted metric tree with root n}lg/b, and s the hull of Q;/b and a naturally

defined subset of Spayp.

The elements of C/° are in natural bijection with the coefficients of t*/° in the Newton-
Puiseux expansions of the elements of Spay,. Let o be a generator of the cyclic Galois
group G of the splitting field of f over K, and let G' be the subgroup generated by o®. For
any C; € W, the corresponding subset of Spayp is a union of G' orbits for the action of
G" on Spayp.

The G action on Tpqp induces a natural Z/VZ action on the set of connected components
celb, If f is irreducible with roots of valuation a/b, then the size ofm is b and the

natural G action on C%/’ is transitive. In general, every orbit for this action has size b,
and the connected components in any given orbit are isomorphic as rooted metric subtrees

of T(f).

For any polynomial g, let Tlgga/b denote the metric tree described above with the polynomial

g n place of the polynomial f. The metric tree Tffa/b fori € C5' is isomorphic to a
natural metric subtree of Tj;a/b, and T};a/b is the union of the images of Tlgfa/b under
these isomorphisms as we vary over all i € C5'.

Proof.

(a)

Let L; be the splitting field of g; over K. Since n; < 2g+2 < chark and [L; : K] divides
(n;)!, it follows that L;/K is a tame totally ramified Galois extension, and therefore
cyclic ([Ser79, Chapter IV, § 1 Proposition 1, § 2 Corollary 2 to Proposition 2]). This
also means that every subextension is Galois and cyclic. Since the residue field k of K
is algebraically closed and K is complete, all units in K have n{® roots in K. Therefore
by Kummer theory, it follows that L; = K (/™) is a cyclic extension and a generator of
the Galois group sends /™ to wt'/™ where w is a n{" root of unity in K. The splitting
field of f is the compositum of the L; and therefore equals K (t'/™()) wwhich by the
same argument as before is cyclic and Galois.

The Galois group of L;/K is cyclic of order n; and is generated by the element o that
sends /™ to w't!/™ . Since the Galois group acts transitively on the roots of §;, if & and
3 are any two roots of f, then there is a unique j with 0 < j < n; — 1 with ¢’ (a) = B.
If o=, @t since o7 (a) = B, it follows that 8 =Y, awi't!/m.

To show that C;/ * lies on Tpas, it is enough to show that there exist two roots of
gi for i € C5' whose Newton-Puiseux expansions start with t/* and such that the
corresponding coefficients of t%/* are not congruent modulo the maximal ideal of R.
From the previous paragraph and the fact that w*? is not congruent to w’®? if i # j
mod b (since chark > 2g + 2 > n; = db), we see that we can take any two roots of g

that begin with ut** and ww®@t®/?.
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Since the connected components of Tp,/ \ (;,/ ® are in bijection with the coefficients
of the leading terms of the Newton-Puiseux expansions of the elements of Sp,/, after
subtracting ap and the G action respects the metric tree structure of 7'(g;) and fixes
¢, it follows that the G action also fixes the point (p,/, and permutes the connected

components of Tpgs \ C;,/ ® Since C;/ ® lies in the closure of the connected component
C;, it follows that C; = C; U {Qlag/ b} is also connected and a rooted metric subtree of

Tpa. Since Tp,yp is the convex hull of Qlag/b and a subset of Type I points Sp,/, the
disjoint union decomposition T/ \ {(Z/ } = | |C; induces a corresponding disjoint
union decomposition of the Spg .

(d) The edges adjacent to (pqs in T'(g;) (not counting the edge towards the Gauss point ()
are in bijection with the coefficients of the leading order term t%/° of the roots of §;, so
in particular, there are b such edges. If we fix an irreducible factor g;, then the roots of
g; in a particular subtree (i.e, with a leading order term ut®? for a fixed u), are precisely
the roots in a given G’ orbit of a root, since uw™®® =« mod t if and only s =0 mod b.
Taking a union over all irreducible factors of f gives the desired result.

(e) The description of the G action on the Newton-Puiseux expansions shows that the action
on the coefficients of the leading order terms can be thought of as a permutation action
of the b*™ roots of unity in K and therefore factors through the group Z/bZ. From the
explicit description of the action, it follows that every orbit for this action has size b. In
particular, these connected components in any given orbit are all isomorphic as rooted
metric subtrees of T'(f).

(f) These natural identifications arise from restricting the natural identifications of 7'(g;)
(hull of ¢ and the roots of the irreducible factor g; of f) with a metric subtree of T'(f)
(hull of ¢ and the roots of f). O

8.7. Characteristic exponents of Newton-Puiseux expansions and metric trees.
We will now set up some notation to relate the Newton-Puiseux expansions of the roots of
f to the metric tree T'(f).

Lemma 8.8. Assume that the roots of f are all K-rational. Let {ay,as, ... ,a;} be the chosen
lifts in R of the reduction of the roots of f modulo t, and let f(x) = hi(x)hs(x) ... hy(x) be
a factorization of f such that for every i, every irreducible factor of h; specializes to a; in
PL. Let hj(z) = hy((x — a;)/t). Let S be the metric tree with vertices , ki, ..., K such that
there is a single edge of length 1 connecting Kk to k; for every i and no other edges. Then
T(f) = (S, T(h))/ ~ where the equivalence relation ~ glues the point k; to the point of
T(h%) corresponding to the Gauss point, and under this isomorphism the Gauss point ¢ in
T(f) gets identified with the point k of S.

: : R : . 1,Berk : -
Proof. The proof is making the canonical identifications on P “* coming from our choice

of Newton-Puiseux expansions explicit. The tangent directions from the Gauss point ( in
T(f) are in bijective correspondence with the reductions of the roots of f modulo ¢. Let
S’ is the subset of P%Berk that includes the Gauss point ¢ and the points C;Z_ at distance 1
from ¢ in the direction corresponding to a; for every 7. Then S’ = S and the roots of f
specialize to the ends k; under the canonical retraction of points of P%Berk to S’, and the
roots specializing to k; are precisely the roots of h; for every ¢. The change of coordinates

x +— (x — a;)/t maps the roots of h; bijectively on to the roots of A, and further induces an
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isomorphism of the hull of the roots of h; and (; with the metric tree of T'(h;). Since T'(f)
can also be described as the hull of (, C;Z, and the roots of h; for every 4, this finishes the
proof. 0

Lemma 8.9. Let s € K and let v(s) = 1/n for some integer n > 1. If we let (Ty(f),d;)
denote the metric tree from Definition 8.3 and let (Ts(f),ds) denote the metric tree of f
constructed by using Newton-Puiseuz expansions using s instead of t. Then T(f) and T,(f)
are canonically homeomorphic and ds = nd;.

Proof. Omitted. Similar to the proof of the previous lemma making canonical identifications
explicit. [l

We now recall certain definitions and theorems from [GBGPPP17] that will let us relate
the metric tree T'(f) to T(fp°). In [GBGPPP17], the authors relate the ‘essential exponents’
and certain coefficients of the Newton-Puiseux expansions of roots of f to those of its ‘inverse’
obtained by reversing the roles of x and ¢. Dividing the dual Newton-Puiseux expansions by
t gives us Newton-Puiseux expansions of roots of fp°. We will first recall the definition of
characteristic exponents and essential exponents and show how these are related to symme-
tries of the metric tree T'(f) in Lemma 8.6. In Theorem 8.14, we will show how the essential
exponents of each irreducible factor of the replacement polynomial can be derived from the
essential exponents of the corresponding original irreducible factor. In the same theorem, we
will also describe how metric trees for each irreducible factor of the replacement polynomial
overlap. In the setting of [GBGPPP17], the ring R = K][t]], where K is an algebraically
closed field of characteristic 0. In our setting, we may have char(K) > 0 but the relevant
results still hold since we restrict our attention to polynomials of degree < char K, which in
turn ensures that the Newton-Puiseux expansions have bounded denominators.

Definition 8.11. Let 7 € U,cz_, (np)=1 R(t'/™). The support S(n) of 1 is the set of nonneg-
ative rational numbers with bounded denominators S(n) such that n has a Newton-Puiseux
expansion of the form =} g, [n]mt™ for the chosen lifts [n],, € R\ {0}.

Assume further that 0 ¢ S(n). The characteristic exponents £(n) of n consists of those el-
ements of S(n) which, when written as quotients of integers, need a denominator strictly
bigger than the lowest common denominator of the previous exponents. That is:

En)i={l e S) | Nd ¢ Z}, where N, :=min{N € N\ {0} | (S(n)N[0,1)) C %Z}.

The sequence of characteristic exponents is the set of elements of £(n) written in increasing
order.

Remark 8.12. The sequence of characteristic exponents is finite for any 7 as in the definition
above as we assumed that the support of 1 consists of a set of rational numbers with bounded
denominators.

Example 8.13. Let R = C[[t]]. Then t>/2 +5/% and 2t — t°/2 +8/3 — 3t7/2 1-123/6 both have
the same sequence of characteristic exponents namely {5/2,8/3}.

Definition 8.14. Consider a set £ C Q. with bounded denominators and an integer p €
N\ {0}. Then the sequence ess(E, p) := (ess(E, p);); of essential elements of E relative to p is
defined inductively by:
e ess(FE,p)o := min E, and,
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e if [ > 0, then ess(E, p); is defined if and only if E is not contained in the abelian sub-
group Z{p,ess(E,p)o, .. .,ess(E,p);_1} of Q, generated by p,ess(F,p)o, .. .,ess(E,p)_1
, and in this case

ess(E,p); := min(E \ Z{p,ess(E,p)o, .. .,ess(E,p)i_1}).

In [GBGPPP17, Lemma 3.13], they prove the following lemma relating the characteristic
exponents and the essential exponents of a series ¢ € R[t'/"], that we recall for the reader’s
convenience.

Lemma 8.10. Let (o, aa,...,a,) be the sequence of characteristic exponents of a series
(IS R(tl/”). Then this sequence can be obtained from the sequence of essential exponents
(€0, €1,...,€q) of ¥ relative to 1 in the following way.

o Ifeg ¢ Z, then g=d+1 and o; = €;_1 for alli € {1,2,...,d+ 1}.
o IfecZ, then g=d and a; = €; for alli € {1,2,...,d}.
We will now state a theorem that tells us how to build the metric tree T'(f) of f from the
Newton-Puiseux expansions of the roots of f.

Definition 8.15. We will use the notation introduced in Section 6.1. For each P € A4,
let
max . Jmax{X\;/n; | i € C5'} if C3' =10
AR b it 02" £ 0.
Let Sy be the convex hull of {¢} U{(}" | P € Apaa}-

Lemma 8.11. Let r: P%Berk — Sy denote the canonical retraction map. Under this retrac-

tion, any root of g; fori € C’El retracts to Cp and the roots in Sp,yp retract to C?,/b for every

(l/b € Vp.

Proof. First pass to a cyclic extension L = K (/") to make all roots of f rational. Then
n = kb. If s = t'/", then the elements of Spasp are precisely the roots whose s-adic power
series expansions begin with s** and the roots of §; for i € C%l begin with s™ for some
m > n. We then combine Lemma 8.9 with a repeated application of Lemma 8.8 to get the
desired result. O

We will now show that the subtree C; of Tpqsp from Lemma 8.6 is naturally isomorphic to
the metric tree of a polynomial over K (¢'/*). Recall that we proved in Lemma 8.6 (d) that
every such subtree is the hull of CZ/ > and a union of certain G’ orbits of roots of f.

Lemma 8.12. Fiz a subtree C; of Tpayp at C;,/b like in Section 8.5.1, Lemma 8.6, and let ut®/®

be the corresponding leading order term like in Lemma 8.6 (d). Pick a set of representatives

a1, Qa, ..., for each G' orbit of roots corresponding to C;, and let ny (/™) ny(1/72), ... n, (t2/™)

be the corresponding Newton-Puiseur expansions of a; — ap. Let s = t'/° and let n; = n;/b.

Fizl with1 <[l <r.

(a) The minimal polynomial of oy —ap over K(s) has degree n;/b and its roots have Newton-
Puiseuz expansions {m(w¥s'/™) | 0 < j < (nz/b) - 1} In particular, if the character-
istic exponents of oy — ap over K are {b ) BobD "’bob . —2 Y with ged(b;,a;) = 1, then
ag = a,bg = b and the characteristic exponents of its mzmmal polynomial over K (s) are

ap Gg
e s bl...bg}'
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(b) Let j; be the minimal polynomial of (cy — ap — us“)/s over K(s). The characteristic
exponents of the roots of j; over K(s) are {§* —a,..., %= —a}. Let j = [],_, ji and let

(T'(j),d) the corresponding metric tree over the ﬁeld K( ) Then C; is isomorphic as a
rooted metric tree to (T(j), 3d) (i.e., the point (payp maps to the Gauss point in T(j)).

Proof.

(a) In Lemma 8.6(d) we showed that if o is the generator of i, then o is the generator
of G’ and that the subset Sp,;, of the roots of f is a union of G'-orbits. The power
series listed here are precisely the elements of the G’-orbit listed explicitly, and the
computation of their essential exponents is a direct calculation.

(b) In Lemma 8.6(e,f) we showed that the convex hull of the roots of f in Spgp is a
metric tree Tp,/ rooted at (pqsp, and that the connected components of Tp,p \
{Cpasn} are in bijective correspondence with the coefficients of the t%/% of the Newton-
Puiseux expansions of the elements of Sp,/,. Part(b) follows from part(a) and these
identifications and Lemma 8.9. O

Definition 8.16. [Dual series| Two units ¢(t), @(t) € k[[t]]* are said to be dual to each other
if we have

tp(tp(t)) =t and tp(tp(t)) = t.

Dual series exist; the dual of ¢(t) is the inverse image of ¢ under the continuous k-
automorphism of k[[t]] defined by sending ¢ to tp(t).

Definition 8.17. Given two irreducible polynomials g, ¢’ of degrees < char k, the maximal
exponent of contact x, , of g and ¢’ is defined to be

Kgg =max {v(a— ) | g(e) = ¢'(B) = 0}.

Lemma 8.13. Let g and g be irreducible polynomials in R[x] such that 2 < n := degg <
chark, 2 < n' := degg’ < chark and v(g(0)) > 0 and (g’( )) > 0. Let the essential

exponents of g and g be {eg := 2 e1,...,en} and {ef = mel,. .. e} respectively. Let
a;, b; for 0 < i < h be the positive integers uniquely defined by the relations e; = M“T and
ged(bi, a;) = 1. Assume that e, < k 1= K,y < e,41 for some r > 0. Then,
(a) eq = €, for all q such that 0 < q <,

! a1bsa...b ne n'e!
<b) gcd(r'r:,neq) - gcd(ﬁ,n’eg) - gcd(allbz.“bi,aq) and gcd(m?neq) = gcd(m’,(;z’eg) = gcd(a1b2 .bg,aq) fOT’ all

q such that 0 < q <.
(¢) Fiz a root B of g'. Then the multiset {v(a — B) | g(a) = 0} consists of
o ¢, occuring (by — 1)byr1bgsa2 ... by times for 0 < ¢ <r, and,
o 1 occuring byi1b.1o ... by times.

Proof.

(a) Let o := >~ qlalgt? and B := 37 g5 [Blgt? be roots of g; and g; respectively such
that v(o — ) = k. Then [a], = [8], for all ¢ < k and [a], # [B].. In particular,
S(a)er i=A{q | [a]g # 0, < K} = S(B)<x :=={q | [Bly # 0,q < k}. Since the essential
exponents of «a that are less than < x only depend on the set S(a), it follows that «
and 3 have the same set of essential exponents less than &, i.e, ¢, = e; for all ¢ such that
0<g<r.
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(b) By the definition of essential exponents there exist positive integers a;, b;, aj, b for 0 <
igg,Onghsuchthat
oei:blb‘lﬁ, e = bb o for all 4, j such that 0 <i < g,0<j<h,
® a; =al,b; —b’forallO<z<7’ and
o n="0bby...by,n =0b,... 0.

Since m/n = al/bl and n = blbg ... by, we have

m albg...bg

ged(m, neg)  ged(aghy .. by, biby . . byrtti—)

9 b1by...bg
B arby .. bybyiibgia ... by
—ged(arby .. bgbgiibgra - - by, byribgsa - . byay)
aby ... by

- ged(arhy ... by, a,)

A similar calculation shows o d(n’;?’n,e,) = = d(zll;, IZ, ok Since a; = a} and b; = b/, for all
9 q 9
such that 0 <4 < r, it follows that gcd(;”ne y = gcd(T:Lnn = for all ¢ < r. We can similarly
’ q
show that that for all ¢ < r we have
NEq Qg a; n’e;

ged(m, ney) a ged(arbs ... by, ay) - ged(ajby... b a

L ) N ged(m/, n'el)’

(c) This proof can also be found in [Wal04, Proposition 4.1.3], but we are reproducing it
here with our notation for the reader’s convenience. Let d be the smallest positive
integer such that all roots of g are defined over k[[t'/"]]. Since g is irreducible and
deg g < chark, it follows that d = n. By the definition of characteristic exponents, we
also have d = bgb; ... by. In the rest of the proof, we will freely use n = bgb; ... by,.

The proof of part(c) will be an inductive argument on deg(g) using Lemma 8.12 (b),
as we now explain. Since the Galois group acts transitively on the roots of ¢, it follows
that for every root 3 of ¢, there exists a root a of g such that v(a — ) = k. Fix
such an « for the chosen 3, and write down Newton-Puiseux expansions a(t'/") :=
Y gesia[@at? BEYV™) =3 o5 [Blgt?. The other roots of g have the form a(w't'/")

where w is a chosen n'® root of unity and i runs between 0 and n — 1. Since k > m/n =

m'/n’ = ag/by, we have [a]q/by = [Blag/b- This in turn implies that the roots o of g
with a leading order term different from that of 3 (i.e, have v(a/ — ) = ag/by) are those
of the form {a(w't'/™) | 0 < i < n —1,by 1 i}, and there are precisely n — (n/by) =
(bo — 1)b1bs . . . by, such roots.

For the inductive step, we see that the roots o of g such that v(a/ — ) > ag/bo
are precisely those corresponding to the subtree C; in Lemma 8.12. In the notation
of that Lemma, our assumptions guarantee that ap = 0, and v = [&ay/b, = [B]ag/bo-
Recall that we proved in Lemma 8.12 (b) that the set {(a/ — ut®/%)/t%0/% | g(a') =
0, [@ag/bo = [@ag/bo = [Blag/by } are precisely the Galois conjugates of (v — utao/%) /¢0/bo
over k[[t'/*]], and the essential exponents of the corresponding minimal polynomial

are {3t 7. gt bh} Replacing 8 by (8 — ut®/%)/t%/% and the roots o/ with
v(a' — ) > ag/by by (o — ut®/%)/t%/% and working over K (/%) combined with the
induction hypothesis gives us the desired result. U
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Theorem 8.14. Let h; be the replacement polynomial for g; as in Definition 6.4. Let the
sequence of characteristic exponents of any root of g; (which equals the sequence of charac-
teristic/essential exponents of g;) be {™* e, ..., eq} with n; = degg;.

(a) The sequence of essential exponents of any root of h; relative to 1 are {Ji- — 1, (eq +
1) = 2,..., % (eq+1) — 2}
(b) The replacement polynomials h; are irreducible. Let i # j.
o If mi/n; < my/n;, then kg, 4. = mi/n; and Kp,p; = (nj/my) — 1.
o Ifmi/n; =m;/n;, then rp, p; = - (Kg, g, +1) — 2.
(c) Let P € Apag,m/n € Vp. Fiz a subtree (C,d) of Tpymm corresponding to roots of
f(z — ap) with leading order term ut™™ for some u like in Lemma 8.6. Let v € R such

that v™ = u™. Then the subtree D of T(f°) obtained by taking the hull of Cén/m)_l and

the roots of f3° with leading order term vt™™ =1 is isomorphic to (C, (n/m)d).

(d) Fiz a set of representatives {u t™™, ... ut™™} for the Galois orbits of leading order
terms of roots of f(x — ap) of valuation m/n like in Lemma 8.6 (e). For each such u;,
let D,,, be the subtree of T(f3°) described in the previous part of the theorem. The subtree
To,(nym)—1 of T(fP°) is isometrically isomorphic to the tree obtained by gluing together
the following subtrees (Im in total) at the common point (én/m)fl: for each value of u;,

take m subtrees each isometrically isomorphic to the subtree D, .

Proof.

(a) Recall R = k[[t]]. Let n(s) € k[[s]] be such that n(t'/™) = ut™i/™ + ... € K[[t'/™]] is
the Newton-Puiseux expansion of a root of g;, and let ' € R be such that «™ = u,
and let 7'(s) € k[[s]] be such that '(0) =« and (s7'(s))™ = n(s). Note that these two
equations uniquely define the power series 1. Let u&’(u) € k[[u]] be the dual series of
s1'(s), and let &(u) = (u&'(u))™.

Let g;(z) = Z;\:O(Zz agtthIad 4+ 30 (30 ant')a? like in Section 6.8. Then

Wi (x) = 35Lo(S ana' e + 3000, L (S agatt) N Let hY'(z) = bl (/t) =
Z;‘;O(Zl ajxt) It + > a1 (O ajx )t/ Viewing b (x,t) and §i(t, z) as elements
of k[[t, z]], we see that hY'(t, ) = §;(x,t). Since Gi(n(t'/™),t) = 0 and 1 and & are dual
series, the same argument as in [GBGPPP17, Section 4.1] shows that hY (€(t'/™), 1) = 0.
Since k[[t'/™]] is a domain, it follows that h?(£(t/™)/t) = 0. Since hY = hyu for some
unit w in k[[t]][[z]], we also have h;(£(tY/™)/t) = 0.

By the Halphen-Stolz theorem ([GBGPPP17, Corollary 4.5]), we know that the essen-
tial exponents of £(¢'/™) are {ii(er+1)—1,..., 7 (ea + 1) — 1} and therefore the
essential exponents of £(¢'/™)/t are {e =1 (e +1) =2, (ea+1) — 2}

(b) Let n(t'/™) € k[[t'/™]] be a root of §;, and choose an m!® root of a € k of the coefficient
of the leading order term of . Then there exist coefficients ¢; € k for [ > n; such that

l—m;
i

n(t/m) = gmigmi/n (1 +) Clt"> .

I>m;
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If £(t1/mi) = > asn; [€]g/m:t¥™i, then we have the following formula for [£],/m, for ¢ > n;
from [GBGPPP17, Propn 4.10].

The notation [-], denotes the coefficient of ¢" in the enclosed Puiseux series. Varying
over all possible roots 7(t'/™) of §; and possible m roots a gives us all possible Newton-
Puiseux expansions &(t'/™) /t of roots of h;.

Observe that to compute the coefficient [£]q/m,, the only terms that contribute are all
integers [ in the range m; + 1 <[ < q¢ + m; — n;. Furthermore, for each [, only finitely
many ¢ contribute (which can in turn be bounded in terms of ¢ and /). In particular
for [ = ¢ + m; — n;, the only term that contributes is ¢« = 1. Let n and 7’ be two
Newton-Puiseux series for roots of g; and g; respectively, with corresponding series §
and £’ constructed as above.

If m;/n; < mj/n;, then (n;/m;) —1 < (n;/m;) — 1 and therefore v(£/t) = (n;/m;) —
Lv(E'/t) = (n;/m;) — 1 and v((§ — &')/t) = (nj/m;) — 1. In this case kg, 4,

max{v (n(wnitl/”i) — n’(wnjtl/”g')) | Wl = wy) = 1} = m;/n; and similarly Ky, p, =
(n;/m;) — 1.

Now assume that m;/n; = m;/n;. Let k = v(n —1n') = K44 There are two
possibilities:

(1) mi/ni =m;/n; =k

(ii) m;/n; = mj/n; < k.
Case (i):
If m;/n; = m;/n; = k, we will show that a™ # b™ for any a,b such that a (]2 /s
and b™ = [1'];m, /n,. This would in turn imply that v(({—¢')/t) = (n:/mi)—1 = (n;/m;)—
1, and since 1,7, a, b are allowed to vary, this would imply that j, n, = ;Ll—ii(/fgi,gj +1)—2.

Let m/n = m;/n; = m;/n; with ged(m,n) = 1 and l; := (m;/m) = (n;/n) and
lj := (mj/m) = (n;/n). First we claim that the value of a™ for a such that a™ =[], /n,
only depends on the value of a', i.e., if a,a both satisfy a" = @ = ¢ and ¢™ = [, /n:
then a™ = (a')" = ¢* = (a')" = a". Therefore it is enough to prove that a™ # a™ for
any a,b such that a™ = [n],,/n, and 0™ = [1f'];n,/n;, With the further assumption that
ged(m,n) = 1.

Ifa" = b", then ™" = b™", i.e, 1]}, =[], ,- This in turn means that if we let w be

my;

the n'™ root of unity such that w™ = [1],n/n/[7]m/m (possible since m and n are coprime,
so z — 2™ induces an automorphism of the set of n'" roots of unity), and let w’ be an
n'® root of unity such that w = w, then v(n(W't/™) — /' (tY/™)) > k = m;/n; = m;/n;.
This contradicts the definition of x since n(w't'/™) is also a root of §;. This means that
a™ # b" for any a,b such that a™ =[], /n, and 0™ =[], /n,, Which in turn implies
that rp, ;= 7t (Kg, g +1) — 2.
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Case (ii):
Now assume that m;/n; = m;/n; < k. Let

l—m;
(/) =yt = ept™ /™ (1 +) clt”i) € k[[t"/™]]

I>m;

llfmj
U’(tl/nj) = n/(tl/"d') = dotmj/"j 1+ Z dyt ™ e k[[tl/nj“

l’>mj

be roots of g; and §; respectively such that v(n — ') = x. This means that
® Gi(n) =0,g;(n') =0,
® Cy — d(],
e if [/n; < k and (In;)/n; is not an integer, then ¢; = 0 and similarly if I’/n; < k and
(I'n;)/n; is not an integer, then dy = 0,
o if [ and !’ are integers such that [/n; ={'/n; < k, then ¢, = dy, and,
L4 Cﬁni % d:‘f’l’bj'
By Lemma 8.13, there exists a unique index r > 0 such that e, < x < e,4; and

! m; _ my
e, = ¢4 for all ¢ < r, and such that wcdimime) — d(mjfnje&)

forall ¢ < r. Let

q
m;/n; = m;/n; = m/n such that ged(m,n) = 1 and let

1cm<{m}u{m 0§q§r}> zlcm({m}u{m‘ogqgr}>.

Since m | m;, m | m;, we also have m | m; and m | m;. Let ¢ € k such that ¢™ = ¢o = dy,
and choose a,b € k such that ami/m = pmi/m — ¢ Then a™ = b™ = ¢y = dy. We can
construct dual series £ and & for n and 7’ with these choices for a,b. We will now show
that because of these careful choices of a,b we have v(§ —¢') = (n/m)(k + 1) — 1. This
would imply that rp,, > v((§ —&)/t) = Z(kg4 +1) — 2.

We will first prove that a™¢ = b for all ¢ < r and then use this to prove a4 = b? for
any pair of integers ¢, ¢’ such that ¢/m; = ¢'/m; < (£)(k 4 1) — 1. Since the definition

mged(m;,niep) _ mged(mj,njer)

of m implies that is an integer for k < r, it follows that for

m; m;
such k£ we have
m; mged(m;,nier) m ged(m;,nier) w 4% ,
ang(Tni,mek) —qaqm m; =c m; =c m; =pm m;j — bgcd(mj,njek).
. . . : ng 6
Since Lemma 8.13 implies that —“— — 1 we also have
ged(mg,nieq) ged(mj,njep)’
’

n;e n;e . o "j€q
arics = oEedtminien) gty — pEedminiel) gt ey — BN sty e et
We already have

a™ =" =0b",
Similarly, we also have
. - - M o ~



Putting the last three equalities together, we have (et =mi = pri(eit)=m; for all | < 7.
For all [ < g and I’ < h, let

n;
o= Tt ) =1, and fo= Mo 1)1

m; m;
By part(a) of this lemma, we know that these are the essential exponents of ¢ and ¢’
respectively. Let ¢, ¢’ be integers such that ¢/m; = ¢'/m; < (n/m)(k + 1) — 1. Since
(n/m)(k + 1) — 1 < f.41, by the definition of essential exponents, there exist integers
Aoy .- A such that ¢ = Yo Am,fy = Do Mi[ni(er + 1) — my]. Since ¢/ = (m;q;)/mi,
we also have ¢ = >_, Am;fy, = / Yoo myfe = g Mi[nj(e; + 1) — my]. Since we
already know a™(@t)=mi — prile+)=m; for ]l | < r, this implies that

aq — azl ())‘l[nz el+1 mz] H a//\l n; eq+1 mz] H bAl[nj(e;+1)7mj] — bql'
=0

If K = e,41, then we also have x = €], and a suitable modification of the above
argument also shows that @™+ —mi = pni(etl)=m;

Now we are finally ready to prove that if £ := >, g« ()it & = Zles(g,)[g’]ltl, K =
(n/m)(k+1)—1, then [¢]; = [¢']; if | < K’ and [{]r # [¢']. These equalities/inequalities
now follow from the facts

o if [/n; < rk and (In;)/n; is not an integer, then ¢; = 0 and similarly if I’/n; < x and

(I'n;)/n; is not an integer, then dy = 0,

e if [ and [’ are integers such that {/n; = I'/n; < k, then ¢; = dy, and,

® Cin, # dnnja
the explicit formulae [GBGPPP17, Propn 4.10].

l—m

(E]g/m, = %-q 1+Z( ) <cht ) ,

i>1 I>m; iy

g

%

n;g _ m Yomg
[él]q’/mj = —CL 11 + Z ( / ]> Z dl/t nj ,

> i .
i>1 I'>m; 71+%
J

and the observation that for a fixed ¢ (respectively ¢’),to compute the coefficient [£]g/m,,
the only terms that contribute are all integers [ in the range m; + 1 <1 < g+ m; — n;,
and furthermore, for each [, only finitely many ¢ contribute, that can in turn be bounded
in terms of ¢ and [ (similar modifications for I'). In particular for [ = ¢ + m; — n;, the
only term that contributes is ¢ = 1 (similarly for [’).

We will now show that the inequality s, 5, > v((6—&')/t) = Z(kg, 4, +1)—2 is actually
an equality. Since 7 — (n/m)(r + 1) — 1 is an increasing bijection [0, 00) — [0, 00) (with
inverse bijection given by r +— (m/n)(r + 1) — 1) that maps & to (m/n)(k +1) — 1, and
since (n,1') — (£,&') can be reversed to produce roots of g;, g; from roots of h;,h;, if
there are roots , 3 of h;, h; such that v(a—3) > (kg 4, +1) —2, then we can produce a
pair of power series that are roots of g; and g; respectively such that the v-adic valuation

of the difference is higher than x, which will contradict the definition of .
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(c) Let
S = {n(t"") +ap | f(n+ap) =0,v(n) = m/n, [nmm = u}.

Then Lemma 8.6 [(c),(d)] tells us that C is the convex hull of ¢J/™ and 3.

Let (gi)ier be the irreducible factors of f such that g;(«) = 0 for some a € S, and let
n; = deg g; as before. By Lemma 8.6 [(d),(e)], the cardinality of S is [[,.,(ni/n).

We need to show that we can mimic the compatible choice of a, b for the construction
of dual branches £, £ in the previous part of this theorem, to show the following. First
pick v € R such that v = u™ as in the statement of the theorem.

Let

S = {E(Y™) | v(€) = n/m, [E)n/m = v, (Y™ )is dual to n(tY™") for some n 4 ap € 5.}

Then D is the the convex hull of (/™ " and {¢/t | € € S'}. We need to show that D
is a natural subtree of T'(f&°) that is isomorphic as a metric tree to (C, (n/m)d).

We will first show that |S| = |S’|. Let h; be the replacement polynomlal for g; for
every i € I. Let m; := degh; = (m/n)n;. Since h; is irreducible and degh; < chark,
by Lemma 8.6 (b) applied to h;, there is a natural partition of the roots of h; into m
sets of size (m;/m) based on the coefficient of the leading order term of the root. The
roots of h; as we vary over ¢ € [ with leading coefficient v are precisely the elements
of the form 3/t for some 8 € S'. Therefore the cardinality of S is [[,.,(mi/m). Since
[T, (n/n) = [T._,(my/m), it follows that |S| = |S|.

Observe that C' and D are both rooted trees with roots C}n/ " and C(() respectively
and are defined as convex hulls of the root and the sets S, S of the same cardinality of
roots of f, fp° respectively, with specified leading order terms u, v respectively. Therefore
to prove the claimed isomorphism of metric trees, it suffices to show that if there are
elements m, + ap,m2 + ap,...,n + ap € S such that [n;], = [n;], for all ¢ # j and
for all ¢ < p (this corresponds to a common segment of length p — (m/n) in C in the

n/m)—1

unique path connecting C}T/ " to 1; + ap as we vary over i — we have subtracted m/n

from p to remove the length of the initial segment between ( and Cm/ " that all roots
in S share), then there exist corresponding &,...,§ € S’ such that [§], = [¢;], for all
i # j and for all ¢ < (n/m)(p+1) — 1 (this corresponds to a common segment of length
(n/m)(p—(m/n)) in D in the unique path connecting (On/m to (&)/t as we vary over i
— once again we have subtracted n/m from (n/m)(p+1) — 1 to remove the length of the
initial segment between ¢ and ¢, /™ that all elements in S’ share; dividing all elements of

Co (n/m)=1 and does not change

S’ by t only translates the metric tree and moves ¢ AL
relative distances).

Let e; be the set of essential exponents of 7y, and assume that e, < p < e,41. By
Lemma 8.13 (a), all the series 7; have the same set of essential exponents < p, namely
€0, €1, €3, ..., e and let e; = a;/(boby ... b;) with ged(a;.b;) = 1 fori < r asin Lemma 8.13.
If nj+ap is aroot of g; and if o is a generator of the Galois group of the splitting field of g;
over K, and Gj is the subgroup generated by J?Obl“'br, then by the definition of essential
exponents and the explicit formula for the Galois action, we see that [g(n; + ap)], =
[n; + apl, for all g € G; and for all ¢ < e, 1. So at the very beginning we may replace
the set {n,...,m} by this possibly larger Galois saturated set Ué‘:1 Gjn; without loss
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of generality. Since the Galois group of the splitting field of g; acts transitively on the
degg; n;

bobl...ér) - b0b1.J..br'
First partition the set {n,...,n} based on which irreducible factor g; the elements

satisfy, and pick exactly one root for each irreducible factor to make a subset (7;);es of

{m,...,m}. Then ‘l—ljeJ Gj?h" = HjEJ bobT—Jbr =1
We will first construct dual series &; for j € J. Part(a) of this theorem tells us that
the first r + 1 essential exponents of ¢; are {Z—g, e M} and ged(b;, a; + (bg —

agby...by
ao)by ... b;) = ged(b;,a;) = 1. Using this fact and repe(jatling the count in the previous
paragraph tells us that including all Galois conjugates that share the same coefficients
up to (n/m)(e, + 1) — 1 (and therefore same coefficients up till (n/m)(p+ 1) — 1) gives
s [Lics o = [les 5 agbll...bT = [Ljcs 552, dual series, and therefore a full set of
dual series {¢1, ..., &} that is in bijection with the original set {ny,...,n}.

To construct &; from 7;, we need to make a choice of a; € k such that a;nj = [15lm/n-
To ensure [&;], = [¢;], for all ¢ # j and for all ¢ < (n/m)(p+ 1) — 1, from the explicit
formula for the dual series and mimicing the argument in the previous part(b) theorem,
we need to ensure that ajmj is independent of j for all ¢ < (n/m)(p+1)—1. Furthermore,
the same argument as in part(b) tells us that it is enough to prove this for ¢ of the form
(n/m)(e, +1) — 1 for all essential exponents e, of the 7; such that e, < p. (Recall that
by Lemma 8.13, the series n; have the same essential exponents less than p as we vary
over 7). The main observation that makes the argument work is that the condition that
we need to impose on the a; to ensure this coincidence (choosing an intermediate ¢ € R
and m € Z dividing all the m; such that ¢™ = [1],,,/» like in part(b) of this theorem)
only depends on the value of the essential exponents of these series less than p and is
the exact same condition for multiple branches as it is for two branches.

(d) The roots of f&° with valuation (n/m)—1 have a leading order term of the form vt(/™)~1
where v satisfies v™ = u" for some leading order term ut™™ of a root of f(x —ap). Since
each value of u™ corresponding to one Galois orbit for the action on the leading order
terms of roots of f(z—ap) gives rise to m distinct values of v, and the explicit formula for
the Galois action (Lemma 8.6 (b)) tells us that these m values get permuted transitively,
combining this with Lemma 8.6 [(d),(e)] gives us the desired result. O

roots of g; without fixed points, the size of the G; orbit G;n; is |G| = ¢

Let i € C5' and let (5, \;) is the pair of integers associated to the replacement polynomial
h; the same way (n;, \;) is associated to f;.

Corollary 8.15. (ﬁl,);) = (N, ni — N).

Proof. Lemma 6.11 shows deg(h;) = m;. The result now follows from Definition 8.14 and
Theorem 8.14(a). O

8.16. Metric tree of the replacement polynomial f7°.

Definition 8.18. Let D be a multiset indexing pairs (Ty,v4) for each d € D, where T} is
a rooted metric tree and 4 € R. Let Ymax = supgep 74 Let S be a directed line segment
of length . With starting point O. For 0 < r < ypax, let O" be the unique point on S
at distance r from O. The amalgamated tree Tp of the multiset D is the rooted metric tree
with root O obtained by taking (S'| |, 74)/ ~ where the equivalence ~ identifies the root

of Ty with the point O of S for every d € D.
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Definition 8.19. Given a metric tree (7),d) and a real number o > 0, the scaled metric tree
T is the metric tree (T, ad).

Now fix notation as in Theorem 8.6. Let a/b € Vp and let I, be the set of orbits for
the Z/bZ action on the collection of rooted metric trees C%/*. For each i € Iq/p, choose a
rooted metric tree T; to represent the isomorphism class of rooted metric trees in the orbit
corresponding to 7. Let D be a multiset defined as follows.

D= U @ 0/a)-1),.. (1, (ba) - 1)}

a/beVp i€l, sy a ;girs

Theorem 8.17. The metric tree T(f3°) is the amalgamated tree of the multiset D defined
in the paragraph above.

Proof. The roots of f¢° all have valuation (2 — 1) > 0 for some a/b € Vp. Since T(f§°) is

obtained by gluing together T’ i the result now follows from Theorem 8.14 (d). O

0,(2-1)’

9. CHANGE IN DISCRIMINANT UNDER REPLACEMENT

Let f = ut®g1gs ... g where the g; are distinct monic irreducible polynomials in R[z] and
b e {0,1}. Let £, 7~ be the replacement polynomials for cach P € Apaq \ {00} like in
Definition 6.4. The goal of this section is to prove the following theorem.

Theorem 9.1. The quantity

)| Y |- Y vam - Y v

PeA\Apaq P€Apaq\{oo} PEAbad\{OO}
P#00,9;€Cp deg(f3°)>1 deg(f7>°)>1
equals
I appears only if deg(f°)>1 appears only 1f deg( #00)71
2b(d+deg f—1)— Y [2bp [dE+b—14 D N |+ D 2 —N)+2p [dF -1+ >
1}3;?33? 9:€C5! 9i€Cp! g9:€C3!

Y 2+ > A( +——2>+ o2+ D mn—1)+ Y 2nn,

IlieAbad gi€CF! g:€C! <J gieCz? <j
#{oo gjec,gl gi,ngCP gi,ngCIS
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Lemma 9.2. Let P € Apag \ {00} such that deg(f5>°) > 1 (or equivalently C3" # 0). Let
= Hgiecgl gi. Then

V(Aflfoo) =2bp [ d3" — 1+ Z n; |+ Z (ala’)e— Z ni(n; — 1) + Z 2n;n;
ot aztal o2t i<j
pecr FE(@)=fF(a)=0 e 91,9;€C5"
Proof. Let hf = [1,,cczt hi(x). Then f5°° = t?h} and V(Apze) = 2bp(dp" + deg h —
1) + v(A,1). By Definition 6.4 and Remark 6.7 we have deg(h;) = deg(g;) = n; for every
g; € C3'. Combining this with Lemma 8.3 we get

) =2 (d =14 Y )+ Y @
gieC,?l B#B
hE(B)=h}f(8)=0

Remark 6.5 and the fact that §;(x) = gi(z 4+ ap) for g; € C3' imply that the map o — 3 :=
(o — ap)/t induces a bijection from the roots of f4 to the roots of h}. This in turn means
that if (o, /) maps to the pair (3, '), then (a|a’); = (8|8")¢ + 1. Therefore

V(D) =2bp [ =14+ Y mi|+ > (B8
gecs! B8
hh(8)=h}(8)=0

= 2bp dSPm -1+ Z n; + Z ((Oé|0/)< — 1)
oz afa’
S Fi (@)=1} (a')=0

=2bp [d3" — 1+ Z n; | + Z (ala’)e — Z ni(n; — 1) + Z 2n;n;

ol / o2l i<j
9:€C3 aFa 9:€C3 -
fH(@)=fF()=0 9i,9;€C5

U
Lemma 9.3. Let P € Apaq \ {00} such that deg(f?) > 1. Let fp = Hgieclgl gi- Then

V(Aje) = 2bp At 4+b—1+ Z Ai |+ Z 2b(n; — N\;) + Z (ala’),
giecgl giec’;l az#a’
fp(a)=fp(a’)=0

.S Ai()\i+%—2)+ 32,
gi€Cs! ! 1<j

9i,9;€CS"
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Proof. Let hp(x) =[], ecst hi(x). Then f3°(z) = t*7abhp(x) and v(Aje) = 2bp(dp?

deghp +b—1) + V(Ambh;)' By Definition 6.4 and Lemma 6.11 we have deg(h;) = \; for

every g; € Cp'. Combining this with Lemma 8.3 we get
O+ D> ()

3
e

(Apz) =2bp | dpt+b—1+ > N
& hp(§)=0 R
hp(f):hp(gl)zo

97;60;1

For each g; € Cp', Lemma 8.14 [(a),(b)] imply that &; is irreducible and that v(£)
A, it follows that

if h;(§) = 0. Since deg(h;) =
Do) = D 2w = > Z 2w(¢) = Y 2b(n; — \).
€ hp(6)=0 gi€CS & hi(§)= gi€Cs!

£: hp(£)=0
For integers r,s > 0, let
frr = H (x — (n+ap)), and. hps = H (x —&).
£ hp(§)=0
v(€)=s

n: fp (n+ap)=0
v(n)=r
; = \;, we have

Let s, s’ be integers with s’ < s. Since deg g;

>oEe= > [+ €]

§#E &#e!
hP,s(g):O hP,s(g):O
hp o (§)=0 hp o (§)=0
= 2 2 5 Z (€l
5,9, €CSY EF£E
’ i]] 1=s 9i(§)=0 hp, e(f)_o
3 gj (6 ) 0 hP’S/(E’):O
)\—jfl:s
( .
DD =)+ D> 2 =)+ D) () ifs=4
g;€CE" 91,9, €CF " i#] 353
"ol [ hp,s()=0
A n L hp o (€)=0
— N
Z 27 (nj — Aj) + (£|£/)gg’ if s # s'.
1,97 C<17' j '
g giie_ S S%#J hP’ﬁjg):O
o hp o (§)=0
\ Z 1=s5'
Similarly if » < »/, we have
Z Aj(nj —1) + Z 2\n; + Z (e if r =o'
gJeC<1 9i,9;EC 5L i#j n#n
A Ni o N fP,r(n):O
S oahe={ "< i s o11=0
— Z 2\n; + Z (nln')es, if r #£ 1/,
fP r(n) gi,ngClgl,i#j 77#77/
fpr(n')=0 N N fpr(n)=0
L fppr(n')=0
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Let g; € C5' and let 0, € satisfy gi(n + ap) = 0 and h;(§) = 0. If r :== v(n) and s := v(£)
then Lemma 8.14 implies that s = % — 1. Let 7,7’ be integers with » <7’ and let s := % —1
and s ;=4 — 1.

Key claim:

Z (§|£/)gg’: Z (77|77/)CE'

§£E n#n’
hP,S(é)ZO fP,r(n):o
hp o (€)=0 fp,r(n')=0

For r,r',s,s" as above we see that the claim along with some algebra implies that

Z & ()\ Y ) Z 2N A if r =o'
&ECQ 9i:9j C:I i
“L=p Ny i
Z 77|77 Z §|§ g g nj |
vl ere ST 2a —
prT (n )=0 hPPS G /): gz;fyecfjl,z%j
\ i ny

Adding these over all possible r,r’ then finishes the proof of the lemma.

Now we prove the key claim. If r # 7/, then s # s’ and both sides of the equality are 0
by Lemma 8.11. So from now on we may assume that r = ' := a/b with ged(a,b) = 1 and
s = s and that there exist roots of f(x+ap) of valuation r (otherwise both sides are 0 since
we are summing over the empty set). Like in Theorem 8.17, let I/, be the set of orbits for

the Z/bZ action on the collection of rooted metric trees Co/b. For each v € Lo/, choose a
rooted metric tree T, to represent the isomorphism class of rooted metric trees in the orbit
corresponding to v and let I' be the corresponding set of roots of f (i.e, T, is the convex hull

P&Berk

of (p /% and I'). Since the Galois action induces an isometry of , we have

o)=Y D> bl

; 777(én)’ o YELasp nfﬂ’r
Pr(N)= n,n €
fP,T" (77/):0

Theorem 8.14 (c) gives us a scaled metric D., of T'(f&°) that is homeomorphic to C., but
where all lengths are scaled by b/a. We similarly have a set of roots A of f2° corresponding
to D., of valuation (b/a) — 1. The Galois action on the subtree Tp (,/a)—1 of T(f3°) factors via
Z/aZ, and the description in Theorem 8.14 (d) tells us that the corresponding set of orbits
for the action on the subtrees are still indexed by I/, with a elements in each orbit. So we
now have

S =D a| D E | = D a/a)| D g | = D (),

e#£L! V€L E#E V€l n#n’ n#n'
hp s(§)=0 £g'eA n,m €T fpr(n)=0
hp o (£)=0 fp(n')=0

where the second to last equality relies on the scaled isomorphism between 67 and EW. U

Now we can prove the main theorem of this section.
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Since (a|a’); = v(a — o), if @ and o specialize to distinct points in P
So we can write the above formula for v(Ay) as

Ap)=2bd+degf D+ > S Y

Since

I SR
g¢601§1,gj6021

P
gi(a)=g;(e’

Proof of Theorem 9.1. Lemma 8.3 implies that

(Ap) =2b(d+deg f—1)

+ V(A9192-~~gl)
=2b(d+deg f —1)

> (afe)..
a#a’
fla)=f(a")=0

If P e A\ Apaq and P # oo, then Lemma 6.3 implies that there exists a unique index i such
that Cp = {g;} and for that i, either g; € C’%l andn; =1org € Cp,n;>1,\ =1and

> (ald)e =

a#a’
=gi(

gi(a)=0

>

gi(a)

1
viaoe —a') = Z —
a#d
gi(@)=gi(a/)=0

aFta

gi(a)=gi(

n;

/!
a’')=0

k then (a|a)¢ =

0.
(ala)e+ > > > (ale)
PeA\Apaq 9:i€CP aFa! PeApaq 9i,9;€Cp aa’
P#oo gi(a)=gi(a')=0 gi(a)=g;(a’)=0
2b(d + deg f — 1) > np—1
PEA\Abad
P=#oo

PN DY

(a]a’)e + Z 2(ala’)e + Z (ala’),
PeApaq a#d’ a#d’ a#d
9i,9;€C5" 9:€Cst g;€05"
| 5i()=0;(a))=0 g:()=g,(a")=0

9i:9j EC%1
gi(e)=g;(a’)=0

gi€C<1 gi()
)=0

E 5 v a—ap
5 gie)=0
ngCEI g]( )

g i,
giECEI gi(a ,): gi€Cs!
- ot 9)(@)=0 e
the equality further simplifies to

v(Ay) =2b(d+deg f — 1)

PEA\Abad
P#00,9,€Cp
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+ > Yoo () DD 2um+ Y (ale)

PeApaq a#a’ giecgl a#a’
9i.9;€C5" gjecz’ 9:,9;€CE’
| 9i(@)=g;(a/)=0 gi(a)=g;(a’)=0 ]
Rewriting Z Z (ala’)¢ and Z Z (a|a’)¢ using Lemma 9.3 and Lemma 9.2
PeApaq a#a’ PcAyaq az#a’
9i,9;€CH! 91,9;€C3"
gi(a)=g;(a’)=0 gi(a)=g;(a’)=0
we get that
PV B SRS B S IRV E S

PEA\Abad PEAbad\{OO} PEAbad\{OO}

P#00,g;€Cp deg(fp*)21 deg(f7°)>1
equals

appears only if deg(fjfoo)ZI
7\

Ve

2b(d+deg f—1)+ Z Z 2\n; —2bp | dp' — 1+ Z n; | + Z ni(n; — 1)+ Z 2n;n;

PeApaa | g;eC5? giecgl giecgl 1<j -
gjeCat 9i,9;€CH

+ Z —2bp d%0d+b—1+ Z N — Z 2b(n2—)\z)+ Z A ()\Z+§\L—j—2>+ Z 2)\1/\]

P€EApaq g €CH? gi€Cs! gi€Cs! i<jC<1
N 9i,9;€Cp

appears only if deg(fp°)>1

which on rearrangement gives the desired equality. 0

10. PROOF OF INEQUALITY

10.1. Change in conductor is less than change in discriminant. In this section, we will
combine Theorem 7.6 and Theorem 9.1 to establish the key inductive inequality Theorem 6.7,
namely, that the change on the conductor side under the replacement operation is less
than the change on the discriminant side. The proof of Theorem 6.7 then follows from an
application of the following simple numerical inequalities and some careful book-keeping.

Lemma 10.2. Let aq,as,...,a; be a finite set of integers, each > 1 with 22:1 a; > 2.

(@) > ai(ai — 1) +23, ;aia; > 2.

(b) If >_;ai is odd, then Y ai(a; —3) +23_,_; aa; > 0.

(c) If Y, a; is even, then equality holds in (a) if and only if one of the following holds:
e[ =1anda, =2, or,

e/ =2and a; =ay = 1.
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(d) If >, a; is odd, then equality holds in (b) if and only if one of the following holds:
e[ =1 anda, =3, or,
o [ =2 and {a1,ar} = {1,2}, or,
e/=3anda;=ay=a3=1.

Proof. Let Y a; = S. We then have

Zai(ai - 1) —i—QZaiaj =S5(5-1)

i i<j
> ai(a; —3)+2) aa; = S(S - 3)
i i<j
If > 2, then S(S —1) > 2. Furthermore, if S is even and S(S — 1) = 2, then we have

Y a; =S = 2. Similarly, if S > 3, then S(S —3) > 0 and S(S —3) =0 when ) a; =5 = 3.
The other two parts follow since the a; are nonnegative integers. U

We are now finally ready to prove Theorem 6.7.

Proof of Theorem 6.7. Theorem 7.6 tells us that the quantity

—An(X/S) — | Y —AnXF S ¢ Y~ Ar(XIPT/S)
e\ {oc} P Apaa\{o0)
deg(f3°)>1 deg(f7>)>1

equals

—b2+d) + DY (=140 + 2+ A+ D> Y (=)

PeA\Apaq PeApaa\{oo} g;eCy!
P+#0co

_ Soob=bbp) [+ D 2p— > (b+2bpdpt)— > 2bpdp

PeAbad\{oo} PGAbad\{OO} PEAbad\{OO} PeAbad\{oo}
deg f*=0 deg f¥>1 and deg fr>1 deg flfoo >1
deg f7>°>1

Theorem 9.1 and the equality Ai(A\i + 5= —2) = (n; — Ai) + Ai(A\i — 1) tell us that the
quantity

v(Ay) — Yo == Y v - Y v(Agpge)
PGA\Abad PeAbad\{oo} PeAbad\{oo}
P#00,9,€Cp deg(fp”)>1 deg(f77)>1
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equals

2b(d+deg f—1)—

2

PEApaa
PA{oc}

appears only if deg(fg’)>1 appears only if deg(fPOO)ZI
7\ 7\

Ve

2bp [dEt+b—1+ > A |+ D 2b(ni—A)+2bp [dFE =14+ > n

gieCﬁl 91€C<1 gZGC—

glec<1 i<j giecz! i<j

]IzGAbad g;€C5?
#{oo} gjeq%l

Casel: b=0

9i,9;€C5" 9,9;,€C5"

In this case, we have to prove that

Yo =D +26( A+ D> D (=) + > 2bp

PeA\Apaa
P+#00

is less than or equal to

DRNCEIED

Pe(A\Apaa)
P;éoongECP

PEApaq
P#o0

PeApaa\{oc} g;eCp? PeApag\{oc}
deg f2°>1 and
deg f7,°>1
mod sm
- Y 2papt— Y 20pd
PEAbad\{OO} PEAbad\{OO}
deg fp°>1 deg f5°>1
[ appears only if deg(f3’)>1 appears only ifdeg(fpoo)zl
2p | dpt =14+ > N | 4+2p [ a1+ D o |+ > > (-
i€C<1 X >1 PEApaq i€C<1
g P QZECP P;éoo g P

gi€C! i< ecs! i<j

PGAbad gieclgl
P#oo >1
9;€CH

9i,9;€CF" 9i,9,€C2"

Since b = 0, by definition of Ay,q it follows that oo ¢ Ay.q. Therefore, it suffices to show
that for each P € Ap.q, we have the inequality
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(10.1)

appears only if deg(f2°)>1 and deg 700 >1 appears only if deg(f3’)>1 appears only if deg )>1
P P P

nod S
i €CH! i€CH! i<j €C3 i<j
j]-ec% e 9i,9;€C5" et 9i.9;€C3'

—2p [dET =14+ > N | —2p A -1+ D m

gi€CF! giecgl
d N TV 4

~
appears only if deg(fp”)=>1 appears only ifdeg(flfoo)ZI

Note that when b = 0, it follows from Definition 6.4, Lemma 6.11 and Remark 6.5 that
deg(f°) = Zgiecgl A; and deg( Ifoo) = zgiecgl n;. Since P € Apaq, we have Zgiecgl Ai +
Zgi ecz1 i 2 2. If bp = 0, the inequality now follows from Lemma 10.2(a) applied to

{n1,na,...} U{A1, Aa, ...}, and furthermore note that the left hand side of Theorem 6.7 is
strictly positive. In this case, we note from Lemma 10.2(c) that we have equality only if

iecz?! ieCs?

If bp = 1, then by Corollary 6.5, Zg_ecgl Ai + 22, ozt ni is odd. Since 4294 is the par-
K3 K2 P

ity of deg(fp’) = 29_6051 A and d3" is the parity of deg(f7™) = Zg,eczl n;, it follows
7 k2 P

that {d%d,d3} = {0,1}, and the left hand side of our inequality is 2 if deg(f°) > 1 and

deg( ffoo) > 1, and 0 otherwise. In this case, the inequality now follows from Lemma 10.2(b)

applied to {ni,ng,...} U {A\,Ae,...}. For the purpose of Corollary ??, we note from

Lemma 10.2(d) that we have equality only if

iecz?! ieCp!

Note that the left hand side of Theorem 6.7 is nonnegative, and the right hand side is 0 only
when Zgiecsl Ai + Zgiec};l n; = 3 and one of deg(f5>) and deg(f5) is 0.
Case II: b=1

When b = 1, by Definition 6.4, we have deg(f3°) > 1 for all P € Ap,q and therefore

(10.2) > (b—bbp) | =0.

PeAbad\{oo}
deg f2°=0

48



Since (> iecst A+ > iccz1ni) > 1 for all P € A and since b = 1, Lemma 6.3 implies that
P
A = Ay.q and therefore

(10.3) > (ni—1+4b)=0.

PEA\Abad
#00

For each P € Apaq \ {00}, we have
(10.4) Z on; + Z on; — Z 2(n; — \i) = Z on; + Z 2\;.
icCp! gicCz" i€Cp! gicCz" 9:€Cp!
Since b = 1, by Lemma 7.2 we have co € Ay.q exactly when d = 1. This implies that
(10.5) —bd+bi(Apaa) — > b= > b=0.

PEAbad\{OO} PGAbad\{OO}
deg(f3°)=0 deg(f3°)>1

Note we also have

(10.6) deg f = Z Z n; + Z n; |,

pPeA\{oo} \gieCp! gieCz?

Using equations 10.2,10.3,10.4,10.5 and 10.6 and arguing as in the case b = 0, to prove
Theorem 6.7 when b = 1, it now suffices to prove that the following inequality holds for each
P € Apag \ {00}. (Recall that we showed deg(fp°) > 1 for all P € Apaq \ {o0}.)

(10.7)

appears only if deg( ;foo)ZI appears only ifdeg(flfoo)21
nod S
g €Cst gieCst 1<j iEC'zl i<j
9]‘6011%1 " 9::9;€CF’ e 9:.9;€C3"
o+ Y 2\ —2bp [dET—1+ Y N | —2p AP -1+ >
gieCz! g €CH! gi€C! gicCz!

(&

-~

appears only if deg( ;OO)ZI
Since bp € {0,1} and by Lemma 6.5 we have bp = Lif and only if 14+3 7, 21 nit3 iccst A
P
is odd and since A = Ay,q, has to be at least 3. If bp = 0 (equivalently Zieczl ni‘i‘ziecgl Ai
P
is odd), the desired inequality now follows from Lemma 10.2(a) if > . _>1 n;+ Ziecsl A >2
P

and from the inequality
2< ) i+ Y 2\
gicCz?! g:€CHt
if Ziecgl n; + Ziecgl Ai = 1. In both cases, note that the left hand side of Theorem 6.7
is strictly positive. Similarly, if bp = 1 (equivalently > . >1mn; + ZieCEI A; is even, and
P
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therefore > 2), then

gingl gi601§1 giEC}§1 gieCEI

and therefore the desired inequality follows from Lemma 10.2(a) as before. Once again note
that the right hand side of Theorem 6.7 is strictly positive. Observe that we have equality
in Equation 10.7 precisely when wtp = . _ >1n; + Ziecgl A; is either 1 or 2.

P

Finally note that if b = 0, we have wtp € {2, 3} precisely when wtp € {2,3}, and that if
b =1, we have wtp € {2,3} precisely when wtp € {1,2}. These are precisely the cases we
found for equality above. O

Corollary 10.3. Let g be a replacement polynomial for f and assume that deg(g) > 1. Then
(deg(g),v(Ay)) < (deg(f),v(Ay)) in the lexicographic ordering. Equality can possibly hold
only when for every P € Ayaq, we have b = 0 and wtp = 3. In this case, for every replacement
polynomial h of g, we have (deg(h),v(Ay)) < (deg(g),v(4A,)) in the lexicographic ordering.
In particular, the inductive process outlined in Section 6.6 terminates.

Proof. Theorem 6.7(c) shows that

0<vd)-| Y m-n|- Y vam - Y A,
PeA\Apaq P€Apaq\{oo} PeApaa\{oo}
P#00,9:€Cp deg(fp°)=>1 deg(f7°)>1
Note that by Remark 6.5 and Remark 6.6 the degrees of the replacement polynomials are
non-increasing. Combining the previous two sentences, we see that for any replacement
polynomial ¢ with deg(g) > 1, we have (deg(g),v(4,)) < (deg(f),v(Ayf)) in the lexico-
graphic ordering. Furthermore, by Theorem 6.7(c) the displayed inequality of discrimi-
nants above is strict unless for every P € Ap.q, we have b = 0,wtp = 3 and that one of
deg(f7™) and deg(fp°) is 0. This further shows that the only case when we can possibly have
(deg(g),v(Ay)) = (deg(f),v(Ay)) for a replacement polynomial ¢ is when b = 0, wtp = 3.
In these cases, by the definition of bp and Lemma 6.5, we have bp = 1, and therefore
once again by Theorem 6.7(c), we see any of the replacement polynomials h for g satisfy

(deg(h),v(Ap)) < (deg(g),v(4A,)) = (deg(f),»(Ay)) in the lexicographic ordering. O

We need an alternate characterization of good weight 3 points from Definition 6.2 before
we can prove Theorem 1.3. Let fp =[] ¢, fi-

Lemma 10.4. Suppose b =0 and P in div(f) satisfies wtp = 3. Then P is a good weight 3
point if and only if wtg < 2 for every Q) in div(g) for every replacement polynomial g of fp.

Proof. Since b =0 and wtp = 3, this means wip = ZiECP min(n;, \;) = 3.

Since the contribution to vafg from each irreducible factor is at least 1, and non-decreasing
if we replace f; € Cp by any of its replacement polynomials, it follows that if the irreducible
polynomials in Cp specialize to more than one point after one blow-up, then wtg < wtp—1 =
2 for every @ in div(g) for every replacement polynomial g of fp. This is the first case in

the definition of a good weight 3 point.
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We may now further assume that all irreducible polynomials in C'p specialize to the same
point ) on the exceptional curve Ep after one blowup. Since the contribution from each
irreducible polynomial f; in C'p to wtp is at least 1, it follows that Cp consists of at most three
irreducible polynomials. Furthermore, if C'p consists of 3 irreducible polynomials f1, fa, f3
and min(n;, A;) = 1 for every ¢, since the replacement polynomial for each f; contributes at
least 1 to v%, it follows that vafg = 3. This case is excluded from the definition of a good
weight 3 point. It remains to analyze the cases when Cp has at most two distinct irreducible
factors. - -

The remaining possibilities for wtp = 3 and wtgy < 2 are

(a) Cp consists of 2 irreducible polynomials f1, f and min(nq, A1) = 1 and min(ng, As) =
2, and the pair of integers (na, \y) for the replacement polynomial hy of fo satisfy
min(ng, A\2) = 1, and,

(b) Cp consists of a smgle irreducible polynomial fi and min(n, A1) = 3, and the pair of
integers (nq, )\1) for the replacement polynomial h; of f; satisfy 1 < min(ny, )\1) < 2.

Since Remark 6.5 and Remark 6.6 show that for each i we have

oy ) (A =) if A\; > ny,

it follows that
(a) min(ns, As) = 2 and min(rz, As) = 1 if and only if (ng, A2) € {(3,2),(2,3)}, and,
(b) min(ny, A1) = 3and 1 < min(ny, A;) < 2ifand only if (ny, A1) € {(3,4), (4,3),(3,5),(5,3)}.

These are precisely the remaining cases in Definition 6.2. U

Proof of Theorem 1.5. We have —(Art(X7)) = v(Ay) if and only if the condition for equal-
ity in Theorem 6.7(b) holds for f and all its replacement polynomials. In particular, for
—(Art(X7)) = v(Ay), it is necessary that wtp < 3 for every P € A.

We first show that if wtp < 2, then the condition for equality is satisfied by all the
replacement polynomials coming from f; in C'p. Remark 6.5 and Remark 6.6 show that the
contribution to wt is non-decreasing when we replace f; by its replacement polynomials. So
once again using wt —wt < 1, we see that wt < 3 and the condition for equality is satisfied by
all the replacement polynomials coming from f; in Cp. In particular, if wtp < 2 orif b =1
and wtp < 3, then the condition for equality is satisfied by all the replacement polynomials
coming from f; in Cp.

It remains to analyze the case b = 0 and wtp = 3. Since wtp is odd, by Corollary 6.5 and
the Definition of bp, we have bp = 1. Remark 6.5 and Remark 6.6 show that VfVEZ? < vaEa =3
for every @ in div(g) for every replacement polynomial g of fp :== [[;cc, fi- If v% = 3, then
wtg = bp + \% = 4 and the condition for equality in Theorem 6.7(b) fails at the second
stage. If vajca < 2 for every @ in div(g) for every replacement polynomial g of fp, then by
repeating the same argument as in the case wtp < 2, we see that the condition for equality in
Theorem 6.7(b) is satisfied by all further replacement polynomials. Combining the previous
two sentences with Lemma 10.4 completes the analysis in the case b = 0 and wtp = 3. [

Proof of Corollary 1.4. The only way we have a point P in div(f) with wtp > 4 isif b =1

and all roots of f specialize to P and have valuation > 1. In this case the replacement
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polynomial for f after one blowup defines the same elliptic curve, but has strictly smaller
discriminant, so the original equation y? = f(x) is not minimal. Similarly, if wtp = 3, and
there is a point ) in the exceptional curve at the blowup at P such that v% > 3, then
once again it must be the case that all roots of f specialize to () and that the replacement
polynomial of f has strictly smaller discriminant. In other words, if f is a polynomial that
realizes the minimal discriminant of the curve y* = f(z), then by Lemma 10.4, the conditions
of Theorem 1.3 are satisfied, and we have —(Art(X7)) = v(Ay). O

Proof of Corollary 1.5. Each irreducible factor contributes at least 1 to the weight. O

Example 10.8. [Combinatorics to rule out equality] The genus 2 hyperelliptic curve corre-
sponding to the equation y? = (z —1)(z —2)(z — 3)(z — t?)(x — 2t*)(x — 3t?) over K = C((t))
has — Art(X/) < v(Ay) since the point P: 2 = ¢ = 0 is not a good weight 3 point. The
replacement polynomial f7*(z) = t(x — t)(z — 2t)(z — 3t) and has weight 4 at the unique
point of specialization on Ep.

Example 10.9. Let g > 2 be an even integer. Pick g elements ay,as,...,a, € R with
pairwise distinct residues in &\ {0,1,—1}. Let f(z) = z(x + 1)(z — tay)(x — tag) - - (x —
tag)(x — 1 —tay)(w —1—tay) -+ (x —1—1t,9). One can check that the model Y/ is a chain of
3 projective lines, and that X/ is the minimal regular (even semistable) model, and compute
that A¢ = 2¢g(g — 1) and — Art(C/K) = 4. This example shows that for higher g, the
difference between — Art(C'/K) and v(A¢) can be as large as a quadratic function of g.

Remark 10.10. Since Ziecgl n; + Ziecgl Ai < deg(f), and the degrees of the replacement
polynomials are at most the degree of f, the inductive inequality in Theorem 6.7 also gives
v(Ay) < deg(f)(deg(f)—1)(— Art(X/)). Since we have not analyzed how many contractible
components, the model X/ has in general, it is not clear to us if this also gives v(A 7)) =
v(Ac) < (g9+1)(29 — 1)(— Art(C/K)).

10.5. Termination of induction and the conductor-discriminant inequality.

Proof of 1.1. Since regularity is preserved under unramified base extensions and since these
invariants are unchanged under unramified base extensions, we may assume that £ is alge-
braically closed by extending scalars to the Henselization. Let f € R[x] be a separable poly-
nomial such that Ay = Ag. We may assume that R = k[[t]] using Proposition 4.1. Let X/
be the regular model of C' from Definition 3.4, Lemma 3.3. Since — Art(C/K) < — Art(X/)
by [Liu94, Proposition 1], it now suffices to prove — Art(X7) < v(Aj).

The proof is by induction on the ordered pair (deg(f),7(Ay)). The base case of the induc-
tion is when the set Ay.q from Section 6.1 is empty, and in this case the inequality follows
from Lemma 6.3, Corollary 6.4 and Lemma 5.2. If Ay,q is not empty, define replacement
polynomials as in Definition 6.4 for each P € Ap.q. By Remark 6.7 and Corollary 10.3 the
induction hypothesis applies after at most two replacement steps, and it follows that that the
conductor-discriminant inequality holds for all the replacement polynomials. Adding these
inequalities to the inequality in Theorem 6.7 proves the conductor-discriminant inequality
for f. O
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