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QUADRATIC ENRICHMENT OF THE LOGARITHMIC DERIVATIVE OF

THE ZETA FUNCTION

MARGARET BILU, WEI HO, PADMAVATHI SRINIVASAN, ISABEL VOGT,
AND KIRSTEN WICKELGREN

Abstract. We define an enrichment of the logarithmic derivative of the zeta function of
a variety over a finite field to a power series with coefficients in the Grothendieck–Witt
group. This enrichment is related to the topology of the real points of a lift. We show a
rationality result for cellular schemes over a field, and compute several examples, including
toric varieties.
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1. Introduction

Let X be a smooth projective variety over a finite field Fq. The zeta function of X is
defined by

ζX(t) = exp

(
∑

m≥1

|X(Fqm)|
m

tm

)
.

It is known by the Weil conjectures that ζX(t) is a rational function related to the complex
points of a lift of X. A proof of its rationality proceeds by using the Grothendieck–Lefschetz
trace formula, which replaces each point count |X(Fqm)| by an alternating sum of traces
of the m-th power of the Frobenius endomorphism on the ℓ-adic cohomology groups of X
(see, for example, [Mil13, Theorem 27.6]). The aim of this paper is to define and study
an enrichment of (the logarithmic derivative of) this zeta function, by replacing the point
counts with traces in the sense of A1-homotopy theory.

Let X be a smooth, proper variety over a field k (not necessarily finite). Due to work
of Hu, Rioux, and Dubouloz–Déglise–Østvaer [Hu05, Rio05, DDØ22], X is dualizable in the
A1-stable homotopy category SH(k). It follows that an endomorphism ϕ : X → X has a
trace Tr(ϕ) valued in the endomorphisms of the motivic sphere spectrum. A theorem of
Morel [Mor04] identifies this endomorphism ring with the Grothendieck–Witt group GW(k)
of k, defined to be the group completion of isomorphism classes of symmetric nondegenerate
bilinear forms on k (see Section 2.2, and note that by Hoyois [Hoy15, Footnote 1], we need
not assume k is perfect). We may therefore define the following enrichment to GW(k) of the
logarithmic derivative of the zeta function.

Definition 1.1. Let X be a smooth, proper variety over a field k. Let ϕ : X → X be an
endomorphism. The A1-logarithmic zeta function of (X,ϕ) is defined by

dlog ζA
1

X,ϕ :=
∑

m≥1

Tr(ϕm)tm−1 ∈ GW(k)[[t]].

In fact, the variety X need not be proper. By [LYZR19, Corollary B.2], a smooth scheme
X over a field k is dualizable in the localized A1-stable homotopy category SH(k)Z[ 1p ]

where

p is the characteristic exponent of k. For an endomorphism ϕ : X→ X of a smooth scheme
over a field k, we have the more general definition

dlog ζA
1

X,ϕ :=
∑

m≥1

Tr(ϕm)tm−1 ∈ GW(k)[ 1
p
][[t]].

For p odd, GW(k) ⊆ GW(k)[ 1
p
].

This A1-logarithmic zeta function recovers the classical zeta function via the rank map. In
particular, A1-homotopy theory admits realization functors, including a symmetric monoidal
stable étale realization rét,ℓ from SH(k) to the derived category of ℓ-adic étale sheaves on the
big étale site of k. It follows that rét,ℓ(Trϕ) = Tr(rét,ℓϕ), which is the integer-valued trace
of the usual Weil conjectures. The rank homomorphism, denoted rank : GW(k)→ Z, sends
the isomorphism class of a bilinear form β : V × V → k to the dimension of the k-vector
space V. Via the identification of GW(k) and the endomorphisms of the sphere spectrum,
the étale realization map rét,ℓ : End(1k) → End(rét,ℓ(1k)) is identified with rank. It follows

2



that

(1) rank dlog ζA
1

X,ϕ =
d

dt
log ζX,ϕ,

where ζX,ϕ denotes the classical zeta function

(2) ζX,ϕ(t) =
∏

i

(Pϕ|Hi
ét
(t))(−1)

i+1

where Pϕ|Hi
ét
(t) := det(1− tϕ|Hiét(Xks ;Zℓ)).

We investigate the additional information recorded in the A1-logarithmic zeta function. A
case of particular interest in this paper is when k is finite and ϕ : X → X is the Frobenius
endomorphism. If k is the finite field Fq of q elements, the Grothendieck–Witt group GW(Fq)
is computed as

GW(Fq) ∼=
Z[〈u〉]

(〈u〉2 − 1, 2(〈u〉− 1))
where u is a fixed non-square in Fq and 〈u〉 denotes the class of the bilinear form k×k→ k
sending (x, y) to uxy. As a group GW(Fq) is isomorphic to Z × Z/2Z, by sending a class
in GW(k) to the pair given by its rank and its discriminant. As above, the rank gives the
classical zeta function. The discriminant term can be computed in terms of |X(Fqm)| with
Hoyois’s beautiful enriched Grothendieck–Lefschetz trace formula [Hoy15] (see Section 8.2):

disc dlog ζA
1

X,ϕ =
∑

m≥1



∑

i|m
i even

1

i

∑

d|i

µ(d)|X(Fqi/d)|


 tm−1,

where µ denotes the Möbius function. Combining rank and discriminant yields the expression

(3) dlog ζA
1

X,ϕ =
∑

m≥1



∑

i|m

α(i)TrF
qi/Fq

〈1〉


 tm−1,

where α(i) denotes the number of points of X with residue field Fqi and TrF
qi
/Fq〈1〉 is the

transfer on GW (see (18) and (21) for the definition and computation of the transfer).

Theorem 8.9 gives a further computation of dlog ζA
1

X,ϕ for the Frobenius ϕ of X over a finite
field in terms of point counts. It is amenable to (computer) computation up to finitely many
coefficients of tm, e.g., for elliptic curves; see Section 8.3. Finitely many coefficients of tm

determine the entire A1-logarithmic zeta function because the same is true for the classical
zeta function.

Connections with topology and real points. Zeta functions gain power by relating the integers
|X(Fqm)| to étale cohomology. The rationality result of the Weil conjectures (2) shows that
the infinitely many integers |X(Fqm)| for m = 1, 2, . . . are determined by the coefficients of
the Pϕ|Hi

ét
(t), which are finite in number and admit a beautiful relationship with topology.

Transcendental results relate étale cohomology to the complex points X (C) of a lift X of X
to characteristic 0. The ranks of the singular cohomology groups of X (C) then determine the
degrees of the Pϕ|Hi

ét
(t). In this way, the classical zeta function is an algebraic manipulation

of the numbers |X(Fqm)| related to the topology of X (C).
The A1-logarithmic zeta function (3) is similarly an algebraic manipulation of the |X(Fqm)|,

but it is related both to the topology of X (C) and to the topology of X (R) by the rank and
discriminant, respectively. For example, the scheme P1 × P1 over R has a twist ResC/R P1,
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given by the Weil restriction of scalars. The topology of the complex points of P1 × P1 is
unchanged by the twist, but the topology of the real points is changed from a product of
two circles to a 2-sphere

(P1 × P1)(R) ≃ S1 × S1 ResC/R P
1(R) ≃ S2.

If q is a prime congruent to 3 modulo 4, then the extension Fq ⊂ Fq2 is given by Fq2 =

Fq[
√
−1] and the R-schemes P1 × P1 and ResC/R P1 are lifts to characteristic zero of the

varieties P1 × P1 and ResF
q2
/Fq P

1 over Fq, respectively. The change in the topology of the

real points of the lifts to characteristic zero is reflected in the A1-zeta functions:

dlog ζA
1

P1×P1,ϕ =
d

dt
log

1

(1− t)(1− q2ǫt)
+ 〈−1〉 d

dt
log

1

(1− qǫt)2

dlog ζA
1

ResF
q2

/Fq P1,ϕ =
d

dt
log

1

(1− t)(1− q2ǫt)
+ 〈−u〉 d

dt
log

1

1− qǫ〈u〉t
+ 〈−1〉 d

dt
log

1

1+ qǫt
,

Here u is a nonsquare in F∗
q, which we may take to be u = −1 under our assumption that

q ≡ 3 (mod 4). (See Examples 8.7 and 8.13 for details of the computation.) Applying the
discriminant homomorphism disc : GW(Fq)→ F∗

q/(F
∗
q)
2 ∼= Z/2Z also gives different values:

disc dlog ζA
1

P1×P1,ϕ = disc〈−1〉 d
dt

log(1− t)2 6= 0,

disc dlog ζA
1

ResF
q2

/Fq P1,ϕ = 0.

See also Remark 8.15.
More generally, we prove results on the relationship between dlog ζA

1

X,ϕ and X (R) in Sec-
tion 7. There is a signature homomorphism sign : GW(R)→ Z that sends a〈1〉+ b〈−1〉 to
a − b. In the presence of a lift of Frobenius, Proposition 7.3 and Corollary 7.4 say that in
an appropriate sense, there is a well-defined signature of dlog ζA

1

X,Fp
that can be computed as

sign dlog ζA
1

X,Fq
=
∏

det(1− tϕ(R)|Hitop(X (R);Z)).

For example, this computes dlog ζA
1

X,ϕ for toric varieties; see Example 7.5. To eliminate the
assumption that a lift of Frobenius exists, we turn to further machinery.

Trace formula and rationality. Missing from the discussion so far is an expression for Tr(ϕ)
in terms of a trace on cohomology, analogous to the Grothendieck–Lefschetz trace formula

Tr(ϕm) =
2d∑

i=0

(−1)iTr(ϕm|Hiét(Xks ;Zℓ)).

Such formulas relate the classical zeta function of a variety over a finite field to the complex
points of a lift of the variety, without requiring the much more restrictive hypothesis of a lift
of Frobenius.

For this, we use Morel and Sawant’s A1-cellular homology [MS20], currently defined for so-
called cellular schemes, which are a generalization of the classical notion of varieties with an
affine stratification. In [MS20, Remark 2.44], they note the existence of an extension of this
theory to a pro-object for all spaces in the sense of A1-homotopy theory and in particular,
for all smooth schemes over a field. Supported by conjectures on Poincaré duality for their
theory, they conjecture that for smooth, projective varieties over a field, this pro-object is in
fact constant [Mor22]. If their conjectures are true, our work may likewise extend to varieties
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which are not cellular. In this paper, we proceed for cellular schemes; see Section 3.1 for the
definitions.

We use the machinery of Morel and Sawant to give a GW(k)-enriched Grothendieck–
Lefschetz trace formula:

Theorem 1. Let ϕ : X → X be an endomorphism of a smooth projective simple cellular
scheme X over a field k. In GW(k) we have the equality

Tr(ϕ) =
∑

i

〈−1〉iTr(Ccell
i (ϕ))

where Ccell
i (ϕ) denotes the A1-cellular complex of Morel and Sawant in degree i.

See Theorem 5.9. (This is a different result from the main theorem of [Hoy15] despite the
similarity in the name.) This expression for Tr(ϕ) in terms of the trace of the cellular complex
leads to rationality results for the A1-logarithmic zeta function, which we now describe.

Because we are working with the logarithmic derivative, we need an appropriate definition
of rationality in this context. Here, we enrich the logarithmic derivative of the zeta function,
rather than the zeta function itself, because the Grothendieck–Witt group in general has
torsion elements. (See Remark 6.3 for why this does not lift to a notion of rationality using
a standard λ-ring structure.)

Definition 1.2. Let R be a ring. We say a power series Φ(t) ∈ R[[t]] is dlog rational if there
exists a finite collection of polynomials Pj ≡ 1 (mod t) in R[t] and elements cj ∈ R such that

Φ(t) =
∑

j

cj
P ′
j (t)

Pj(t)
,

where 1
Pj(t)

:=
∑

m≥0(1− Pj(t))
m.

Example 1.3. If a rational power series Ψ with integer coefficients can be put in the form

Ψ(t) =
∏

j

Pj(t)
cj

where Pj(t) are polynomials with integer coefficients such that Pj ≡ 1 mod t, and cj ∈ Z,
then d

dt
logψ is dlog rational. In particular, the Weil conjectures imply that d

dt
log ζX(t) is

dlog rational for every smooth projective variety X over a finite field.

We prove that the A1-logarithmic zeta functions of simple cellular schemes are dlog rational
with polynomial terms coming from the characteristic polynomials of matrices of elements
of GW(k) giving the action of the endomorphism φ (see Theorem 6.2):

Theorem 2. Let k be a field, and let X be a smooth projective scheme over k with a simple
cellular structure. Let ϕ : X → X be an endomorphism of X. The function dlog ζA

1

X,φ is dlog
rational. More precisely,

dlog ζA
1

X,ϕ =

∞∑

i=−∞

−〈−1〉i d
dt

log PCcell
i (ϕ)(t), where PCcell

i (ϕ)(t) = det(1− tCcell
i (ϕ))

and Ccell
i (ϕ) is a square matrix of elements of GW(k).
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Our methods also yield variations on such a result. For example, we weaken simple cellular
structure to cellular structure in Theorem 6.1: we lose matrices of elements of GW(k) and
dlog rationality in the sense of Definition 1.2 (at least in so far as we can currently prove!) in
exchange for an abstract logarithmic derivative of a characteristic polynomial on the ith term
of Morel–Sawant’s cellular complex. This abstract logarithmic derivative of a characteristic
polynomial is introduced in Definition 5.4 and is an abstraction of the elementary algebraic
lemma that says that if ϕ : V → V is an endomorphism of a finite-dimensional vector space
with characteristic polynomial Pϕ(t), then

d

dt
log Pϕ(t) = −

∑

m≥1

Tr(ϕm)tm−1.

We use the notational convention that d
dt
log denotes taking a derivative of a logarithm, while

dlog denotes a formal substitute.
In this setup, the logarithmic A1-zeta function still retains terms associated to the cellular

complex. For example, in the logarithmic zeta functions for both P1 × P1 and ResF
q2
/Fq

P1

with the Frobenius ϕ, we have terms d
dt
log((1−t)−1(1−q2ǫt)

−1), which come from the degree
0 and 2 terms in the cellular complex (which up to quasi-isomorphism is independent of the
cellular structure! [MS20, Corollary 2.42]). The difference comes from terms in degree 1. For
P1×P1 these are straightforward to compute (see Corollary 8.2 for the computation of the A1-
logarithmic zeta function of any strictly cellular, smooth, projective variety, including products
of projective spaces and Grassmannians). We obtain a quadratic term 〈−1〉 d

dt
log 1

(1−qǫt)2
from

the two obvious 1-cells of P1 × P1. The 〈−1〉 in front corresponds to the fact that the real

dimension of these cells is odd. In dlog ζA
1

ResF
q2

/Fq P1,ϕ
by contrast, the contribution from the

1-cells is

〈−u〉 d
dt

log
1

(1− qǫ〈u〉t)
+ 〈−1〉 d

dt
log

1

(1+ qǫt),

which has vanishing discriminant, related to the disappearance of the 1-cells over R.

Outline of paper. Section 2 introduces some background needed for the remainder of the
paper. Section 3 constructs the categories of cellular schemes used in the paper. In Section 4,
we use Morel–Sawant’s [MS20] A1-cellular homology to define a symmetric monoidal functor

C̃cell
∗ from an A1-homotopy category of cellular schemes to a derived category of strictly A1-

invariant sheaves. In Section 5, we pass to appropriate Spanier–Whitehead categories to
obtain dualizable objects. This defines a symmetric monoidal functor CSW-cell

∗ from the A1-
cellular-Spanier–Whitehead category to a KMW

1 [1]-Spanier–Whitehead category of a derived
category of strictly A1-invariant sheaves. We give an explicit computation of the dual of
CSW-cell

∗ (X+) for X a scheme with a simple (e.g., strict) cellular structure; see Propositions 5.7
and 5.8. In Section 5.3, we show the resulting Grothendieck–Lefschetz trace formula. We
then prove in Section 6 the desired rationality results by computing the trace using CSW-cell

∗ .
Some aspects of the relationship with real points is discussed in Section 7. In Section 8,
we compute examples. Finally, in Section 9, we explore the link between our A1-logarithmic
zeta function for the Frobenius with Kapranov’s motivic zeta function, explaining that they
appear to be different. We also show the A1-logarithmic zeta function defines a motivic
measure on the (modified) Grothendieck ring of varieties K0(VarFq).
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2. Preliminaries

2.1. Categorical preliminaries. Let (C,⊗C, 1C, τC) be a symmetric monoidal category in
the sense of, e.g., [Mar09, 1.2].

Definition 2.1. (See, for example, [PS14, Definition 2.1].) An object A of a symmetric
monoidal category (C,⊗C, 1C, τC) is dualizable if there is a dual object DA in C in the sense
that there exist coevaluation and evaluation maps

η : 1C → A⊗C DA ǫ : DA⊗C A→ 1C,

respectively, such that the composites

A
η⊗1A−−−→ A⊗C DA⊗C A

1A⊗ǫ−−−→ A

DA
1DA⊗η−−−−→ DA⊗C A⊗C DA

ǫ⊗1DA−−−−→ DA
are the identity maps 1A and 1DA, respectively.

Definition 2.2. (See, for example, [PS14, Definition 2.2].) For an endomorphism ϕ : A→
A of a dualizable object A with dual DA, the categorical trace tr(ϕ) ∈ End(1C) is the
composition

1C
η−→ A⊗C DA

ϕ⊗CIdDA−−−−−→ A⊗C DA
τC−→ DA⊗C A

ǫ−→ 1C.

Definition 2.3. A symmetric monoidal functor is a functor F : C → D between symmetric
monoidal categories, together with a natural isomorphism F(1C) ∼= 1D and for all objects

A,B ∈ C, natural isomorphisms ιA,B : F(A) ⊗D F(B)
∼=
→ F(A ⊗C B) satisfying associativity,

unitality, and symmetry; the last is the condition that the diagrams

F(A⊗C B)
F(τC) // F(B⊗C A)

F(A)⊗D F(B)

ιA,B

OO

τD // F(B)⊗D F(A)

ιB,A

OO
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commute (see [Mac71, Chapter XI]).

Proposition 2.4. Let F : C → D be a symmetric monoidal functor. Let A be a dualizable
object of C with dual DA. Then

(1) F(A) is dualizable with dual F(DA), and
(2) for any endomorphism ϕ : A→ A, we have tr(F(ϕ)) = F(tr(ϕ)).

Proof. Straightforward. �

We recall the notion of a Spanier–Whitehead category [Voe98, Section 4].

Definition 2.5. Let (C,⊗C, 1C, τC) be a symmetric monoidal category and T be an object
of C. The Spanier–Whitehead category C[T⊗−1] is the category with objects (C,n), where C
is an object of C and n ∈ Z, and morphisms given by

MorC[T⊗−1]((C,n), (C
′, n ′)) = colim

m≥−n,−n ′
MorC(T

⊗m+n ⊗ C, T⊗m+n ′ ⊗ C ′)

Composition of morphisms is given by the expected formula.

By [Voe98, Theorem 4.3], the composition (C,n)⊗ (C ′, n ′) := (C⊗ C ′, n+ n ′) defines a
symmetric monoidal structure on C[T⊗−1] provided that the cyclic permutation of T ⊗ T ⊗ T
is the identity. Moreover, in this case, the functor C → C[T⊗−1] sending C to (C, 0) is
symmetric monoidal and the object (T, 0) has tensor inverse T⊗−1 = (1C,−1).

Proposition 2.6. Let (C,⊗C, 1C, τC) and (D,⊗D, 1D, τD) be a symmetric monoidal categories
and let T be an object of C such that the cyclic permutation of T ⊗ T ⊗ T is the identity.
Suppose that F : C → D is a symmetric monoidal functor. Then there is a unique (up to
unique isomorphism) symmetric monoidal functor F[T⊗−1] : C[T⊗−1]→ D[F(T)⊗−1] such that
the diagram

(4) C F //

��

D

��

C[T⊗−1]
F[T⊗−1]

// D[F(T)⊗−1]

commutes.

Proof. Since the cyclic permutation of T⊗T⊗T is the identity and F is a symmetric monoidal
functor, the cyclic permutation of F(T) ⊗ F(T) ⊗ F(T) is the identity. Thus D[F(T)⊗−1] is
a symmetric monoidal category receiving a canonical symmetric monoidal functor from D.
Define F[T⊗−1](C,n) := (F(C), n). Then F[T⊗−1] is a symmetric monoidal functor such that
(4) commutes. Uniqueness follows from the isomorphism (C,n) ∼= C⊗C[T⊗−1] T

⊗n in C[T⊗−1].
Here C and T also denote their images (C, 0) and (T, 0), respectively, under the canonical
functor C → C[T⊗−1]. �

2.2. On the motivic Spanier–Whitehead category and Milnor–Witt K-theory. Let
Smk denote the category of smooth schemes over a field k. We will be working with the
Morel–Voevodsky A1-homotopy category H(k) over k, and its pointed version H(k)∗ [MV99,
p. 109]. A feature of A1-homotopy theory is two different analogues of the circle: S1 and
A1 − {0}. We use the following indexing convention for the resulting spheres: let S1,0 = S1,
S1,1 = A1 − {0}, and Sp,q = (S1,0)∧(p−q) ∧ (S1,1)∧q. Let P1 denote projective space over k of
dimension 1 pointed at ∞. There is a weak equivalence P1 ≃ S2,1 in H(k)∗ induced from

8



the pushout and homotopy pushout P1 ≃ A1 ∪Gm A1. Inductive and gluing arguments show
that An− {0} ≃ S2n−1,n and A

n/An− {0} ≃ S2n,n [MV99, Example 2.20]. By [Mor12, Lemma
3.43(2)] (for example), the cyclic permutation on P1 ∧ P1 ∧ P1 is the identity in H(k)∗. Let

SW(k) := H(k)∗[(P1)⊗−1]

be the Spanier–Whitehead category arising from H(k)∗ with chosen object P1 (recall Defi-
nition 2.5); note that it is a symmetric monoidal category.

Given a vector bundle V on a smooth scheme X, the associated Thom space [MV99,
p. 110-114] is defined as ThX V := V/(V − 0), where V − 0 denotes the complement of
the zero section. The stable A1-homotopy category SH(k) receives a symmetric monoidal
functor from SW(k) which is fully faithful on smooth schemes and their Thom spaces [Voe98,
Theorem 5.2, Corollary 5.3].

Fundamental theorems of Morel [Mor04, Mor12] compute certain stable and unstable ho-
motopy groups of spheres in terms of Milnor–Witt K-theory. Let KMW

∗ (k) = ⊕∞

i=−∞
KMW
i (k)

denote the Milnor–Witt K-theory of a field k, defined by Morel and Hopkins to be the asso-
ciative algebra generated by a symbol η of degree −1 and symbols [u] for u ∈ k∗ of degree
+1, subject to the relations

[u][1− u] = 0, [uv] = [u] + [v] + η[u][v], η[u] = [u]η, ηh = 0

for all u,v in k∗, where h = 2+ [−1]η denotes the hyperbolic element. Let KMW
∗ denote the

associated unramified sheaf on Smk. (See [Mor12, Chapter 3.2] for the definition and more
information on the associated unramified sheaf.) Then Morel [Mor12, Corollary 6.43] shows
that

MorSH(k)(S
n, Sn,m) ∼= KMW

m for all n,m MorH(k)∗(S
n, Sn+m,m) ∼= KMW

m , n ≥ 2,m ≥ 0.
The 0th graded piece KMW

0 (k) is isomorphic to the Grothendieck–Witt groupGW(k) [Mor12,
Lemma 3.10], defined to be the group completion of the semi-ring of nondegenerate sym-
metric bilinear forms. There is a presentation of GW(k) with generators

〈a〉 : k× k → k
(x, y) 7→ axy

for every a ∈ k∗, and relations given for all a, b ∈ k∗ by:

(1) 〈ab2〉 = 〈a〉;
(2) 〈a〉+ 〈b〉 = 〈a+ b〉+ 〈ab(a+ b)〉
(3) 〈a〉〈b〉 = 〈ab〉.

The sheaf KMW
0 , also denoted GW, is the Nisnevich sheaf associated to the presheaf sending a

smooth k-scheme Y to the group completion of the semi-ring of isomorphism classes of locally
free sheaves V on Y equipped with a non-degenerate symmetric bilinear form V × V → OY .

Let Ab(k) denote the abelian category of Nisnevich sheaves of abelian groups on Smk. For
future reference, we record the following well-known fact.

Lemma 2.7. There exists a natural isomorphism KMW
m → Hom

Ab(k)(K
MW
n , KMW

n+m) for all
n,m ≥ 0.
Proof. See also [Mor12, 3.2]. The natural map is multiplication on KMW

∗ , or equivalently,
that of [Mor12, Lemma 3.49]. Let (−)−1 denote the −1 construction of Voevodsky [Mor12,
p 33]. Applying this construction n times produces a map (−)◦n−1 : HomAb(k)(K

MW
n , KMW

n+m)→
9



HomAb(k)(K
MW
0 , KMW

m ). Evaluation at 1 in KMW
0 defines a map HomAb(k)(K

MW
0 , KMW

m )→ KMW
m ,

inverse to the given natural map. �

2.3. A1-derived category and A1-homology. Let Ch(Ab(k)) be the category of chain
complexes C∗ of Nisnevich sheaves of abelian groups on Smk with differentials of degree
−1. We denote by D(Ab(k)) the associated derived category, obtained by inverting quasi-
isomorphisms [Mor12, 6.2]. Let Z(A1) denote the free sheaf of abelian groups on the sheaf
of sets represented by A1. Note that the map A1 → Spec k induces a map Z(A1)→ Z.

A chain complex C∗ in Ch(Ab(k)) is defined to be A1-local if for any D∗ in Ch(Ab(k)),
the map

HomD(Ab(k))(D∗, C∗)→ HomD(Ab(k))(D∗ ⊗ Z(A1), C∗)

is a bijection [Mor12, Definition 6.17]. The A1-derived category DA1(Ab(k)) [Mor12, Defi-
nition 6.17] is obtained from Ch(Ab(k)) by inverting the A1-quasi-isomorphisms, defined to
be morphisms f : C∗ → D∗ such that for all A1-local chain complexes E∗

HomD(Ab)(D∗, E∗)→ HomD(Ab)(C∗, E∗)

is bijective. There is an (abelian) A1-localization functor Lab
A1 : Ch(Ab(k)) → Ch(Ab(k))

inducing a left-adjoint to the inclusion of A1-local complexes in D(Ab(k)) [Mor12, 6.18,
6.19]; it induces an equivalence of categories between DA1(Ab(k)) and the full subcategory
of A1-local complexes.

For a simplicial Nisnevich sheaf X on Smk, let C∗(X ) in Ch(Ab(k)) denote the normalized
chain complex associated to the free simplicial abelian group ZX on X . The A1-chain complex
CA1

∗ (X ) (see [Mor12, Chapter 6.2]) is obtained by taking the A1-localization of C∗(X ). This
defines a functor from the A1-homotopy category H(k) to the derived category DA1(Ab(k)):

CA1
∗ : H(k)→ DA1(Ab(k)).

If X is a pointed space, the reduced chain complex C̃∗(X ), which is the kernel of the morphism

of C∗(X ) to Z, similarly gives rise to a reduced A1-chain complex C̃A1
∗ (X ).

Definition 2.8. For any simplicial Nisnevich sheaf X on Smk and integer n, the nth A1-
homology sheaf HA1

n (X ) of X is the nth homology sheaf of the A1-chain complex CA1
∗ (X ). For

a pointed space X , the nth reduced A1-homology sheaf of X is H̃A1
n (X ) := HA1

n (C̃A1
∗ (X )).

Morel shows that A1-homology sheaves are strictly A1-invariant [Mor12, Corollary 6.23] in
the following sense.

Definition 2.9. Let F be a sheaf of abelian groups on Smk for the Nisnevich topology. Then
F is A1-invariant if for every U ∈ Smk, the projection map U× A1 → U induces a bijection
F(U)→ F(U×A1). The sheaf F is said to be strictly A1-invariant if for every U ∈ Smk and
every integer i ≥ 0, the projection map U× A1 → U induces a bijection

HiNis(U,F)→ HiNis(U× A1,F).

The category of strictly A1-invariant sheaves on Smk is denoted AbA1(k).

For example, for a presheaf X of sets on Smk, the 0th A1-homology HA1
0 (X ) is the free

strictly A1-invariant sheaf on X . Morel computes

(5) H̃A1
n (An/An − {0}) ∼= KMW

n for n ≥ 1.
10



This follows from the A1-weak equivalence A
n/An − {0} ≃ (S1)∧n ∧ (Gm)

∧n [MV99, p. 110,

Spheres, Suspensions, Thom Spaces], the suspension isomorphism H̃A1
n ((S1)∧n ∧ (Gm)

∧n) ∼=

H̃A1
n−1((S

1)∧n−1 ∧ (Gm)
∧n) [Mor12, Remark 6.30] and H̃A1

0 ((Gm)
∧n) ∼= KMW

n [Mor12, Theorem

3.37 and Theorem 5.46]. For n = 0, because A
n/An − {0} ∼= Spec k+ and H̃A1

n (Spec k+) ∼= Z,
we have

H̃A1
n (An/An − {0}) ∼= Z for n = 0.

By [Mor12, Corollary 6.24], AbA1(k) is an abelian category and the inclusion AbA1(k) ⊂
Ab(k) is exact. There is a tensor product, denoted ⊗A1 or ⊗Ab

A1
(k), on AbA1(k), defined by

M ⊗A1 N := π0L
ab
A1(M ⊗Ab(k) N) for N,M ∈ AbA1(k). The map M ⊗N → M ⊗A1 N is the

initial map to a strictly A1-invariant sheaf, as we now explain: by [Mor12, Theorem 6.22],
Lab
A1(M⊗Ab(k) N) is −1-connected, and by [Mor12, Corollary 6.23], π0L

ab
A1(M⊗Ab(k) N) is an

element of AbA1(k). A strictly A1-invariant sheaf F, by [Mor12, Corollary 6.23], is A1-local.
Then a mapM⊗N→ F factors uniquelyM⊗N→ Lab

A1(M⊗N)→ F. Since F has no higher
homotopy groups, we have thatM⊗N→ F thus factors uniquely M⊗N→ Lab

A1(M⊗N)→
π0L

ab
A1(M⊗N)→ F.

Definition 2.10. (See [MS20, Definition 2.9].) A scheme X in Smk is cohomologically trivial if
for every n ≥ 1 and every strictly A1-invariant sheafM ∈ AbA1(k), we have H

n
Nis(X,M) = 0.

If X in Smk is cohomologically trivial, thenHA1
0 (X) is projective in AbA1(k) [MS20, Example

2.36]. Moreover, if X and Y are cohomologically trivial in Smk, so is X × Y, and we have

HA1
0 (X× Y) ∼= HA1

0 (X)⊗Ab
A1
(k) H

A1
0 (Y) [MS20, Remark 2.10 and p. 12].

Let D(AbA1(k)) denote the bounded derived category of AbA1(k), obtained from the cat-
egory Ch(AbA1(k)) by inverting quasi-isomorphisms. Let D(Ab

p

A1(k)) ⊆ D(AbA1(k)) denote

the full subcategory on bounded complexes C∗ of strictly A1-invariant sheaves C∗ that are iso-
morphic either to HA1

0 (X) for some cohomologically trivial X in Smk or to K
MW
n ⊗Ab

A1
(k)H

A1
0 (X)

for some cohomologically trivial X and n ≥ 1. In particular, the C∗ are projective [MS20,
Remark 2.26(1)].

We give D(Ab
p

A1(k)) the structure of a symmetric monoidal category as follows. For
chain complexes P∗ and P ′

∗ representing objects of D(Ab
p

A1(k)), the set of homomorphisms

HomD(Ab
p

A1
(k))(P∗, P

′
∗) is given by homotopy classes of chain maps. Moreover, because KMW

n ⊗Ab
A1
(k)

KMW
m

∼= KMW
n+m for n,m ≥ 1 [Mor12, Theorem 3.37] and HA1

0 (X× Y) ∼= HA1
0 (X)⊗Ab

A1
(k)H

A1
0 (Y)

as above, the tensor product of bounded chain complexes in Ch(AbA1(k)) determines a well-
defined derived tensor product

⊗D(Ab
p

A1
(k)) : D(Ab

p

A1(k))×D(Ab
p

A1(k))→ D(Ab
p

A1(k))(6)

P∗ ⊗D(Ab
A1
(k)) P

′
∗ := P∗ ⊗Ch(Ab

A1
)(k) P

′
∗

with d(x⊗ y) = d⊗ 1+ (−1)|x|1⊗ d.
The symmetry isomorphism is defined as

(7) τD(Ab
A1
(k)) : P∗ ⊗D(Ab

p

A1
(k)) P

′
∗ → P ′

∗ ⊗D(Ab
p

A1
(k)) P∗

so that its restriction to Pi ⊗ P ′
j maps to P ′

j ⊗ Pi by multiplication by (−1)ij composed with
the swap isomorphism for ⊗Ab

A1
(k). The swap map (7) and the derived tensor product of

chain complexes (6) give D(Ab
p

A1(k)) the structure of a symmetric monoidal category.
11



3. A1-Spanier–Whitehead category of cellular smooth schemes

In this section, we define cellular schemes, which are closely related to the classical notion
of schemes with an affine stratification, and we introduce the cellular Spanier-Whitehead
category that we will use for the rest of the paper.

3.1. Cellular schemes. There are numerous useful definitions of a cellular scheme or cel-
lular object of SH(k) available in the literature; see, e.g.,[Ful84, Example 1.9.1], [EH16,
Definition 1.16] [Tot14, Section 3], [Roz06, Def 3.4.1], [DI05, Definitions 2.1, 2.7, and 2.10],
[MS20, Definitions 2.7 and 2.11], and [AFH20, Question 1]. We will use [MS20, Definition
2.11] and a slight modification adapted to our purposes.

The basic goal is to define a class of varieties that are built out of simple varieties (from a
cohomological perspective) in such a way that their cohomology can be understood induc-
tively. A first natural class of such varieties are those built out of affine spaces.

Definition 3.1. An n-dimensional smooth scheme X has a strict cellular structure if one of
the following equivalent conditions holds:

(1) (cf. [Ful84, Example 1.9.1]) X admits a filtration by closed subschemes

∅ = Σ−1(X) ⊂ Σ0(X) ⊂ Σ1(X) ⊂ · · · ⊂ Σn−1(X) ⊂ Σn(X) = X,
such that Σi(X)r Σi−1(X) is a (finite) disjoint union of schemes isomorphic to affine
space Ai.

(2) (cf. [MS20, Definition 2.7]) X admits a filtration by open subschemes

∅ = Ω−1(X) ⊂ Ω0(X) ⊂ Ω1(X) ⊂ · · · ⊂ Ωn−1(X) ⊂ Ωn(X) = X,

such that Ωi(X)rΩi−1(X) is a (finite) disjoint union of schemes isomorphic to affine
space An−i.

To pass between these conditions, let Ωi(X) := Xr Σn−i−1(X) and Σi(X) := XrΩn−i−1(X).
A scheme with a strict cellular structure is called a strict cellular scheme.

A related notion is an affine stratification [EH16, Definition 1.16], where X is a disjoint
union of finitely many locally closed subschemes Ui (“open strata”), each isomorphic to Ani ,
whose closures Ui are a disjoint union of strata Uj. If X has an affine stratification, then
defining Σj(X) to be the union of all open strata Ui of dimension at most j yields a strict
cellular structure.

Example 3.2. Projective space Pn has a strict cellular structure given by a full flag P0 ⊂
P1 ⊂ · · · ⊂ Pn with Σi(X) := Pi and Ωi(X) := Pn r Pn−i−1. Since the join Pi ∗ Pj ≃A1 Pi+j+1,
it is useful to think of Ωi(X) as an open neighborhood of the i-skeleton. See [MS20, Remark
2.12] for more discussion of the topological notion of skeleta, CW-structure, and cellular
structure.

Example 3.3. The class of schemes with a strict cellular structure contains many geo-
metrically interesting examples. Grassmannians G(r, n) have an affine stratification by the
Schubert cells [EH16, Section 4.1.2]. More generally, the Bruhat decomposition on the flag
vareity G/B of a split semisimple algebraic group G with a Borel subgroup B defines a strict
cellular structure [MS20, p. 12].

The following more general definition of Morel–Sawant allows the “cells” to be more general
affine schemes.
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Definition 3.4. ([MS20, Definition 2.11]) Let X be a smooth scheme over a field k. A cellular
structure on X consists of an increasing filtration

∅ = Ω−1(X) ( Ω0(X) ( Ω1(X) ( · · · ( Ωs(X) = X

by open subschemes such that for i ∈ {0, . . . , s}, the reduced induced closed subscheme
Xi := Ωi(X)rΩi−1(X) of Ωi(X) is k-smooth, affine, everywhere of codimension i and coho-
mologically trivial. A scheme with a cellular structure is called a cellular scheme.

Definition 3.5. A cellular structure on X is called simple if for every n, HA1
0 (Xn) ≃ Zbn for

some non-negative integer bn. A scheme with a simple cellular structure is called a simple
cellular scheme.

The class of simple cellular schemes contains all schemes with a strict cellular structure
(and hence with an affine stratification), since HA1

0 (Ai) ≃ Z and HnNis(A
i,M) = 0 for all

n > 0 and any strictly A1-invariant sheaf M ∈ AbA1(k).

3.2. Cellular Spanier–Whitehead category. Let H(k)cell∗ denote the full subcategory of
H(k)∗ with objects consisting of pointed spaces of the form ThX V, where X is a smooth
k-scheme admitting a cellular structure and V is a vector bundle on X. Note that X+ :=

X
∐

Spec k is an object of H(k)cell∗ as X+
∼= ThX+ 0. The product of two smooth schemes

admitting cellular structures admits a canonical cellular structure (see [MS20, p.21] or
Lemma 4.5). It follows that the symmetric monoidal structure ∧ on H(k)∗ restricts to
a symmetric monoidal structure on H(k)cell∗ .

We now introduce the cellular Spanier–Whitehead category

SWcell(k) := H(k)cell∗ [(P1)⊗−1].

Recall that we defined P1 to be the projective line pointed at ∞. The pointed space P1 is in
H(k)cell∗ because P1 = ThSpec kO, so SWcell(k) is well-defined. Note that the canonical functor
SWcell(k)→ SW(k) is fully faithful. As noted in Section 2.1, since the cyclic permutation on
P1 is the identity, the natural functor H(k)cell∗ → SWcell(k) is a symmetric monoidal functor.

There is a canonical A1-weak equivalence

ThX V
∼
← P(V ⊕O)/P(V),

between the Thom space ThX V := V/(V − 0) and the quotient P(V ⊕ O)/P(V), where O
denotes the trivial bundle. It follows that there is a canonical isomorphism ThX(V ⊕ O) ∼=
P1 ∧ ThX V in H(k)∗ [MV99, Prop 2.17]. This can be used to extend the Thom space
construction to a functor

Th : K0(X)→ SW(k) ThV := (ThX(V ⊕Or),−r)

where r denotes a positive integer such that V⊕Or is represented by a vector bundle. Indeed,
a path in the K-theory groupoid K(X) between vector bundles V andW produces a canonical
isomorphism ThX V ≃ ThXW in SH(k) [Ayo07, Scholie 1.4.2(2)]. This isomorphism lies in
SW(k) because the functor SW(k)→ SH(k) is fully faithful on Thom spaces. For V a vector
bundle (of non-negative rank), there is a canonical isomorphism between the Thom space
functor Th just defined applied to V and the usual ThX V, justifying the abuse of notation.
When X admits a simple cellular structure, the Thom space functor Th factors through
SWcell(k)→ SW(k), defining Th : K0(X)→ SWcell(k).

Lemma 3.6. Let X be a smooth projective scheme over k and suppose that X admits a
cellular structure. Then X+ is dualizable in SWcell(k).
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Proof. Since X is smooth and projective over k, we have that X+ is dualizable in SH(k)
with dual DX+ ≃ Th(−TX), where TX denotes the tangent bundle of X [Rio05, Théorème
2.2]. Let DX+ in SWcell(k) denote Th(−TX) by a slight abuse of notation. The evaluation
and coevaluation maps ǫ and η in SH(k) of Definition 2.1 have unique preimages under
SWcell(k) → SW(k) → SH(k) because both functors are fully faithful on 1SWcell(k), X+, DX,
X+ ∧ DX, etc. �

4. The cellular homology of Morel–Sawant on cellular Thom spaces

Morel and Sawant [MS20, §2.3] define the cellular A1-chain complex and corresponding
cellular A1-homology for a cellular scheme, and show these are functors between appropriate
categories [MS20, Corollary 2.43] preserving monoidal structures [MS20, Lemma 2.31]. We
generalize these definitions in a straightforward manner to include Thom spaces, which will
result in a symmetric monoidal functor

C̃cell
∗ : H(k)cell∗ → D(Ab

p

A1(k))

(see Proposition 4.7).
Let V be a vector bundle of rank r ≥ 0 on X in Smk and

∅ = Ω−1 ( Ω0 ( Ω1 ( · · · ( Ωs = X

be a cellular structure on X, so ThX V is an object of SWcell(k). Let Xi = Ωi \ Ωi−1 =∐
m∈Mi

Xim be the decomposition of Xi into connected components. Morel–Voevodsky Purity
[MV99, Theorem 2.23] provides a canonical weak equivalence

ThΩi
V/ThΩi−1

V ≃A1 ThXi
(V + νi)

where νi is the normal bundle of the closed immersion Xi →֒ Ωi of smooth k-schemes.
Consider the cofibration sequence

ThΩi−1
V → ThΩi

V → ThΩi
V/ThΩi−1

V,

and its long exact sequence of reduced A1-homology sheaves

· · · // H̃A1
n (ThΩi−1

V) // H̃A1
n (ThΩi

V) // H̃A1
n (ThΩi

V/ThΩi−1
V) //

≃��

H̃A1
n−1(ThΩi−1

V) // · · ·

H̃A1
n (ThXi

(V + νi))

which gives the boundary map ∂n as the composite

H̃A1
n+r(ThXn(V+νn))→ H̃A1

n+r−1(ThΩn−1
V)→ H̃A1

n+r−1(ThΩn V)→ H̃A1
n+r−1(ThXn−1

(V+νn−1)).

For n ≥ 0, let
C̃cell
n+r(ThX V) := C̃

cell
n+r(X, V) := H̃

A1
n+r(ThXn(V + νn))

with boundary maps ∂n as above be the (shifted, reduced) cellular A1-chain complex on (X, V).
With this notation, we record the cellular structure of X also when we write ThX V. Note
also that ThX 0 ≃ X+ and C̃cell

∗ ThX 0 ≃ Ccell
∗ X with Ccell

∗ X defined by Morel and Sawant
[MS20, Section 2.3].

Remark 4.1. Suppose X in Smk is equipped with a simple cellular structure. By definition,

C̃cell
n (ThX V) ∼= H̃A1

n (ThXn−r(V+νn)). By [MS20, Lemma 2.13], we may choose a trivialization
of V+νn. Such a choice defines an A1-weak equivalence ThXn−r(V+νn) ≃ (Xn−r)+∧(An/An−

{0}). By Morel’s computation (5), we have H̃A1
n ((Xn−r)+∧A

n/An− {0})) ∼= HA1
0 (Xn−r)⊗KMW

n
14



for n ≥ 1 and H̃A1
n ((Xn−r)+ ∧ A

n/An − {0})) ∼= HA1
0 (Xn−r) for n = 0. Since the cellular

structure on X is simple, HA1
0 (Xi) ∼= Zbi . Thus we have

C̃cell
i (ThX V) ∼=

{
(KMW

i )bi−r i > 0

Zb−r i = 0.

If the cellular structure is additionally strict, then Ωi \Ωi−1
∼=
∐bi

j=1A
n−i. In other words,

the integer bi corresponds to the number of connected components of Ωi \Ωi−1.

Remark 4.2. More generally, for X in Smk equipped with a cellular structure, C̃cell
n (ThX V) ∼=

HA1
0 (Xn−r)⊗ KMW

n . Thus C̃cell
∗ (ThX V) is in D(Ab

p

A1(k)).

To show functoriality of C̃cell
∗ , Morel and Sawant introduce the notion of a strict A1-

resolution [MS20, Definition 2.33] and we will need this notion as well.

Proposition 4.3. Let ThX V be an object of Hcell
∗ (k). There exists a unique morphism

φX : C̃A1
∗ (ThX V)→ C̃cell

∗ (ThX V)

in D(AbA1(k)) that is a strict A1-resolution in the sense that the functor

D(AbA1(k))→ Ab C∗ 7→ HomD
A1
(k)(C̃

A1
∗ (ThX V), C∗)

is represented by C̃cell
∗ (ThX V) .

Proof. The proof of [MS20, Proposition 2.37] extends to this level of generality. �

Corollary 4.4. Let f : ThX V → ThYW be a morphism in H(k)cell∗ . Then there exists a
canonical chain homotopy class of morphisms

C̃cell
∗ (f) : C̃cell

∗ (ThX V)→ C̃cell
∗ (ThYW)

in HomCh≥0(Ab
A1
(k))(C̃

cell
∗ (ThX V), C̃

cell
∗ (ThYW)).

Proof. Since C̃A1
∗ (−) : H∗(k) → DA1(k) is a functor (see [Mor12, p. 161]), the morphism f

induces a map C̃A1
∗ (f) : C̃A1

∗ (ThX V)→ C̃A1
∗ (ThYW). Thus by Proposition 4.3, there is a map

C̃cell
∗ (f) : Ccell

∗ (ThX V)→ C̃cell
∗ (ThYW) in D(AbA1(k)) such that the diagram

C̃A1
∗ (ThX V)

φ
��

C̃A
1

∗ (f)
// C̃A1

∗ (ThYW)

φ
��

C̃cell
∗ (ThX V)

C̃cell
∗ (f)

// C̃cell
∗ (ThYW)

commutes. As noted previously, C̃cell
∗ (ThX V) is a bounded complex of projective objects

of AbA1(k). It follows that HomD(Ab
A1
(k))(C̃

cell
∗ (ThX V), C̃

cell
∗ (ThYW)) is the group of chain

homotopy classes of maps in HomCh≥0(Ab
A1
(k))(C̃

cell
∗ (ThX V), C̃

cell
∗ (ThYW)). �

The following is the generalization of [MS20, Lemma 2.31] to include Thom spaces. The
proof was omitted in [MS20], so we include one for completeness.
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Lemma 4.5 (Künneth Formula). Suppose that X and Y are smooth schemes equipped with
cellular structures, and let p1 and p2 be the projections of X×kY to X and Y, respectively. Let
V and W be vector bundles on X and Y, respectively. Then there exists a cellular structure
on X× Y and a natural isomorphism in D(Ab

p

A1(k))

(8) C̃cell
∗ (ThX V)⊗D(Ab

p

A1
(k)) C̃

cell
∗ (ThYW)→ C̃cell

∗ (ThX×Y(p
∗
1V + p∗2W)).

Proof. Let r and s be the (nonnegative) ranks of V andW, respectively. Let νi and µi denote
the normal bundles of Xi = Ωi(X) \Ωi−1(X) →֒ Ωi(X) and Yi = Ωi(Y) \Ωi−1(Y) →֒ Ωi(Y),
respectively.

Note that there is a natural shifted cellular structure on X×Y equipped with p∗1V+p∗2W ∈
K0(X × Y), where the open strata are Ωn(X × Y) = ∪i+j=n(Ωi(X) ×Ωj(Y)) and the closed
strata are (X × Y)n := Ωn(X × Y) \Ωn−1(X × Y) = ⊔i+j=nXi × Yj. The normal bundle ξn
on the inclusion (X× Y)n →֒ Ωn(X× Y) is the disjoint union of the normal bundle on each
Xi × Yj, namely ξn = ⊔i+j=n(p∗1νi + p∗2µj).

We compare the degree n+ r+ s terms of the two sides of (8). The degree n+ r+ s term
of the right hand side of (8) is

H̃A1
n+r+s(Th(X×Y)n(p

∗
1V + p∗2W + ξn))

∼= H̃A1
n+r+s(Th⊔i+j=nXi×Yj(p

∗
1V + p∗2W + ⊔i+j=n(p∗1νi + p∗2µj)))

∼= H̃A1
n+r+s(∨i+j=nThXi×Yj(p

∗
1V + p∗2W + p∗1νi + p

∗
2µj))

∼=
⊕

i+j=n

H̃A1
n+r+s(ThXi×Yj(p

∗
1V + p∗2W + p∗1νi + p

∗
2µj)).

The degree n+ r+ s term of the left hand side of (8) is

⊕

i+j=n+r+s

C̃cell
i (ThX V)⊗Ab

A1
(k)C̃

cell
j (ThYW) ∼=

⊕

i+j=n

H̃A1
i+r(ThXi

(V+νi))⊗Ab
A1
(k)H̃

A1
j+s(ThYj(W+µj)).

For any X ′ and Y ′ with V ′ ∈ K0(X
′) and W ′ ∈ K0(Y

′), we have a natural equivalence
ThX ′(V ′)× ThY ′(W ′)→ ThX ′×Y ′(V ′ ×W ′). We therefore have an induced map

H̃A1
i+r(ThXi

(V + νi))⊗Ab
A1
(k) H̃

A1
j+s(ThYj(W + µj))(9)

→ H̃A1
i+j+r+s(ThXi×Yj(p

∗
1V + p∗2W + p∗1νi + p

∗
2µj)).

Unwinding the definitions and using the functoriality of the Thom space, (9) induces a map
of chain complexes (8), i.e. is compatible with the differentials.

We claim that for i+ j = n the map (9) is an isomorphism. By [MS20, Lemma 2.13], both
V + νi and W + µj represent trivial elements of K0(Xi) and K0(Yj) respectively. Choosing
trivializations induces a trivialization of p∗1V + p∗2W + p∗1νi+ p

∗
2µj on Xi× Yj. These trivial-

izations and the suspension isomorphism for A1-homology [Mor12, Remark 6.30] induce the
following isomorphisms:

H̃A1
i+r(ThXi

(V + νi)) ∼= H̃A1
i+r((Xi)+ ∧ (Gm)

∧(i+r) ∧ (S1)∧(i+r)) ∼= H̃A1
0 ((Xi)+ ∧ (Gm)

∧(i+r))

H̃A1
j+s(ThYj(W + µj)) ∼= H̃A1

j+s((Yj)+ ∧ (Gm)
∧(j+s) ∧ (S1)∧(j+s)) ∼= H̃A1

0 ((Yj)+ ∧ (Gm)
∧(j+s))
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H̃A1
i+j+r+s(ThXi×Yj(p

∗
1V + p∗2W + p∗1νi + p

∗
2µj))

∼= H̃A1
i+j+r+s((Xi × Yj)+ ∧ (Gm)

∧(i+j+r+s) ∧ (S1)∧(i+j+r+s))

∼= H̃A1
0 ((Xi × Yj)+ ∧ (Gm)

∧(i+j+r+s)).

Note that H̃A1
0 takes a sheaf of sets to the free strictly A1-invariant sheaf of abelian groups

on the sheaf of sets, and thus transforms ∧ to ⊗. The claim follows. The differentials are
as claimed by the usual Puppe sequence argument. �

Lemma 4.6. Suppose that X and Y are smooth schemes equipped with cellular structures, and
let p1 and p2 be the projections of X×kY to X and Y, respectively. Let V andW be vector bun-
dles on X and Y, respectively. Then C̃cell

∗ respects the symmetry maps τHcell
∗ (k)(ThX V,ThYW)

and τD(Ab
p

A1
(k)) in the sense that the diagram

(10) C̃cell
∗ (ThX V) ⊗ C̃cell

∗ (ThYW)
∼=

m1

//

τ
D(Ab

p

A1
(k))

��

C̃cell
∗ (ThX×Y p

∗
1V + p∗2W)

C̃cell
∗ (τ

Hcell
∗

)

��

C̃cell
∗ (ThYW)⊗ C̃cell

∗ (ThX V)
∼=

m2

// C̃cell
∗ (ThY×X p

∗
2W + p∗1V)

commutes.

Proof. With appropriate orientation data, (10) becomes a sum of diagrams of the form

(11) HA1
0 (Xi−r)⊗A1 K

MW
i ⊗A1 H

A1
0 (Yj−s)⊗A1 K

MW
j

//

τ
D(Ab

p

A1
(k))

��

HA1
0 (Xi−r × Yj−s)⊗A1 K

MW
n

C̃cell
∗ (τ

Hcell
∗

)

��

HA1
0 (Yj−s)⊗A1 K

MW
j ⊗A1 H

A1
0 (Xi−r)⊗A1 K

MW
i

// HA1
0 (Yj−s × Xi−r)⊗A1 K

MW
n

where i + j = n, i, j ≥ 1, along with similar diagrams where i or j is 0 and the appropri-

ate factors of KMW
∗ are omitted. In (11) the map C̃cell

∗ (τHcell
∗
) is induced by applying H̃A1

n

to a swap map on spaces of the form (Xi)+ ∧ S2i,i ∧ (Yj)+ ∧ S2j,j with Xi and Yj cohomo-
logically trivial. This map is multiplication by the swap map S2i,i ∧ S2j,j → S2j,j ∧ S2i,i in
GW(k). This element of GW(k) equals 〈−1〉ij by [Mor12, Lemma 3.43(2)], which states that
τ(Sp1,q1 , Sp2,q2) represents (−1)(p1−q1)(p2−q2)(−〈−1〉)q1q2 in GW(k). By definition, the map
τD(Ab

p

A1
(k)) is multiplication by (−1)ij times the canonical swap on a tensor product (see (7)).

The mapm1 is the tensor product of the isomorphismHA1
0 (Xi−r)⊗A1H

A1
0 (Yj−s)→ HA1

0 (Xi−r×
Yj−s) with the isomorphism KMW

i ⊗A1K
MW
j → KMW

n induced by multiplication on Milnor–Witt
K-theory. A similar statement holds for m2 where the factors are reversed. Since Milnor–
Witt K-theory is −〈−1〉 graded commutative [Mor12, Corollary 3.8], it follows that m2 is a
canonical swap on a tensor product to reorder the factors followed by (−〈−1〉)ij times m1.
Since (−1)ij(−〈−1〉)ij = 〈−1〉ij, the claim follows. �

Proposition 4.7. The functor C̃cell
∗ : H(k)cell∗ → D(Ab

p

A1(k)) is symmetric monoidal.

Proof. This follows from Corollary 4.4, Lemma 4.5, and Lemma 4.6. �
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5. Spanier–Whitehead cellular complex

5.1. Definitions and basic properties. Recall we defined SWcell(k) := H(k)cell∗ [(P1)⊗−1]

in Section 3.2. Since C̃cell
∗ is a symmetric monoidal functor and the cyclic permulation of

P1⊗P1⊗P1 is the identity in H(k)∗, the cyclic permutation of C̃cell
∗ (P1)⊗ C̃cell

∗ (P1)⊗ C̃cell
∗ (P1)

is the identity in D(Ab
p

A1(k)). Denote the corresponding Spanier–Whitehead category (as in
Definition 2.5) by

DSW(Ab
p

A1(k)) := D(Ab
p

A1(k))[C̃
cell
∗ (P1)⊗−1].

By [MS20, Corollary 2.51], the complex Ccell
∗ (P1) ≃ C̃cell

∗ (P1+) is represented by the complex

KMW
1

0
→ Z.

Thus C̃cell
∗ (P1) ≃ KMW1 [1] and we have

(12) DSW(Ab
p

A1(k)) ≃ D(Ab
p

A1(k))[(K
MW
1 [1])⊗−1].

Definition 5.1. Define

CSW-cell : SWcell(k)→ DSW(Ab
p

A1(k))

to be the symmetric monoidal functor obtained by applying Proposition 2.6 to the symmetric
monoidal functor C̃cell

∗ : H(k)cell∗ → D(Ab
p

A1(k)) of Proposition 4.7.

Corollary 5.2. Let X be smooth and projective over a field k and suppose that X admits a
cellular structure. For any endomorphism ϕ : X→ X and any integer m ≥ 1, we have

Tr(CSW-cell(ϕm)) = CSW-cell(Tr(ϕm)).

Proof. We may assume m = 1. By Proposition 3.6, X is dualizable in SWcell(k). The result
follows by applying Proposition 2.4 to the symmetric monoidal functor CSW-cell. �

Proposition 5.3. The morphism

(13) CSW-cell : End(1SWcell(k))→ End(1DSW(Ab
p

A1
(k)))

is an isomorphism, and both sides are isomorphic to GW(k).

Proof. We compute CSW-cell(1SWcell(k)) = CSW-cell(Spec k+) = Z. By the identification (12),
we obtain

End(1DSW(Ab
p

A1
(k)))

= colim
n≥0

EndD(Ab
A1
(k))(K

MW
1 [1]⊗n)

∼= colim
n≥0

EndD(Ab
A1
(k))(K

MW
n [n]) (by [Mor12, Theorem 3.37])

∼= colim
n≥0

EndAb
A1
(k)(K

MW
n ) (since KMWn is projective by [Mor12, Theorem 3.37])

∼= colim
n≥0

GW(k) (by Lemma 2.7)

∼= GW(k).

We have End(1SWcell(k)) = colimn≥0 End(S
2n,n) ∼= GW(k) by [Mor12, Cor 6.43]. Since HA1

∗

respects the GW(k)-module structure on End(S2n,n), so does CSW-cell. Thus the map (13)
becomes the identity map on GW(k) under the given isomorphisms. �
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5.2. Endomorphisms, traces, and characteristic polynomials. Given an endomor-
phism ϕ of a dualizable object in DSW(Ab

p

A1(k)), we can use the categorial trace of ϕ and
its powers to define a logarithmic characteristic polynomial of ϕ, which, using Proposition 5.3,
is a power series with coefficients in GW(k).

Definition 5.4. The logarithmic characteristic polynomial of an endomorphism ϕ of a dual-
izable object in DSW(Ab

p

A1(k)) is the power series defined by

dlog Pϕ(t) :=

∞∑

m=1

−Tr(ϕm)tm−1 ∈ GW(k)[[t]].

We use the convention that dlog indicates a formal logarithmic derivative, while d
dt
log

denotes the derivative of the logarithm.
This definition is motivated by the usual definition of the characteristic polynomial of a

square matrix.

Definition 5.5. For any commutative ring R and endomorphism ϕ of Rn represented by a
matrix A, the characteristic polynomial Pϕ(t) is defined as Pϕ(t) := det(1−At).

We then have the following elementary relation.

Lemma 5.6. Let R be a commutative ring and let A : Rn → Rn be an endomorphism. Then

d

dt
log(PA(t)) =

∞∑

m=1

−Tr(Am)tm−1.

Proof. We will show that these two power series agree by comparing each coefficient. The
coefficient of ti on each side is a polynomial (with integer coefficients) in the entries of the
matrix representing the endomorphism A. To show that these integer polynomials agree, it
suffices to prove that they take the same value on every complex number. In other words, it
suffices to prove the theorem when R = C. In this case, we may assume that the matrix of
A is upper-triangular with diagonal entries c1, . . . , cn (since trace is independent of a choice
of basis). We have PA(t) =

∏n
i=1(1− tci) and Tr(Am) =

∑n
i=1 c

m
i , which gives

d

dt
log(PA(t)) =

n∑

i=1

(
−

∞∑

m=1

cmi t
m−1

)

=

∞∑

m=1

(
−

n∑

i=1

cmi

)
tm−1

=

∞∑

m=1

−Tr(Am)tm−1. �

Let C∗ in Ch≥0(AbA1(k)) be a bounded complex such that Cn ∼= (KMWn )bn for some non-
negative integers bn. For example, we may take C∗ = Ccell

∗ (X) for a smooth simple cellular
scheme X (Remark 4.1). Let N be an integer. Let t be a nonnegative integer such that
Cn = 0 for n ≥ t. Define

D(C∗, N) := [Hom
Ch≥0(Ab(k))(C∗, K

MW
t [t]),−t−N].

By Lemma 2.7, D(C∗, N) is a representative for an object in DSW(Ab
p

A1(k)).
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Proposition 5.7. The object D(C∗, N) is a dual object to (C∗, N) in DSW(Ab
p

A1(k)) in the
sense of Definition 2.1.

Proof. Define ǫ : D(C∗, N)⊗ (C∗, N)→ (Z, 0) to be the map in DSW(Ab
p

A1(k)) associated to
the natural evaluation map

ǫ[t] : Hom
Ab(k)(C∗, K

MW
t [t])⊗ C∗ → KMWt [t] ∼= KMW1 [1]⊗t

in Ch≥0(Ab(k)).
Define a map Hom

Ab(k)(Cn, Cn) ⊗ KMW
t → Hom

Ab(k)(Cn, Cn ⊗A1 K
MW
t ) by φ ⊗ a 7→ φa

where φa(c) = φ(c) ⊗ a. Since Cn ∼= (KMWn )bn, KMWn ⊗A1 K
MW
t

∼= KMW
n+t [Mor12, Theorem

3.37], and Hom(KMW
n , KMW

n+t )
∼= KMW

t by Lemma 2.7, we find that Hom
Ab(k)(Cn, Cn⊗A1 K

MW
t )

is strictly A1-invariant. (Note that t− n ≥ 1 by construction.) This defines a map

fn : Hom
Ab(k)(Cn, Cn)⊗A1 K

MW
t → Hom

Ab(k)(Cn, Cn ⊗A1 K
MW
t )

By similar reasoning, we have a map

gn : Hom
Ab(k)(Cn, K

MW
t )⊗A1 Cn → Hom

Ab(k)(Cn, K
MW
t ⊗A1 Cn)

Since t > n, the map g is an isomorphism. (This can be seen using the isomorphisms
Cn ∼= (KMWn )bn , Hom(KMW

n , KMW
t ) ∼= KMW

t−n , and K
MW
t−n ⊗A1 K

MW
n

∼= KMW
t , etc.) Let

hn : KMWt → Hom
Ab(k)(Cn, Cn)⊗ KMW

t

denote the map defined by a 7→ 1Cn ⊗ a.
The composite τ(n, t− n) ◦ g−1n ◦ τ(n, t) ◦ fn ◦ hn defines a map

KMWt → Hom
Ab(k)(Cn, Cn)⊗ KMW

t

→ Hom
Ab(k)(Cn, Cn ⊗A1 K

MW
t )

(−〈−1〉)nt

−−−−−−−−→ Hom
Ab(k)(Cn, K

MW
t ⊗A1 Cn)

→ Hom
Ab(k)(Cn, K

MW
t )⊗A1 Cn

(−〈−1〉)n(t−n)

−−−−−−−−→ Cn ⊗A1 HomAb(k)(Cn, K
MW
t )

where τ(i, j) is the swap a⊗b 7→ (−〈−1〉)ijb⊗a. The sign comes from the graded (−〈−1〉)-
commutativity of KMW

∗ . See [Mor12, Corollary 3.8].
Taking the product of the τ(n, t− n) ◦ g−1n ◦ τ(n, t) ◦ fn ◦ hn over n defines a map

η[t] : KMWt [t]→ C∗ ⊗Ch(Ab
A1
(k)) Hom(C∗, K

MW
t [t]).

Let η : (Z, 0) → (C∗, N) ⊗ D(C∗, N) be the associated map in DSW(Ab
p

A1(k)). We leave
checking that these maps satisfy the desired properties as in Definition 2.1 to the reader. �

Let C∗ in Ch≥0(AbA1(k)) be a bounded complex such that Ci ∼= (KMWi )bi for some non-
negative integers bi. Let ϕ : C∗ → C∗ be a morphism in D(AbA1(k)). As in the proof
of Corollary 4.4, the morphism ϕ is represented by a map of complexes, so we have maps
ϕi : (K

MW
i )bi → (KMW

i )bi . Such a ϕi is determined by an bi × bi square matrix of elements
of Hom(KMW

i , KMW
i ) ∼= GW(k) (Lemma 2.7). The trace of such a matrix is denoted Tr and

defined to be the sum of the diagonal entries.

Proposition 5.8. Let C∗ in Ch≥0(AbA1(k)) be a bounded complex such that Cn ∼= (KMWn )bn

for some nonnegative integers bn. Let ϕ : C∗ → C∗ be a morphism in D(AbA1(k)). The
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categorical trace of the corresponding map ϕ in DSW(Ab
p

A1(k)) is computed as

Tr(ϕ) =

∞∑

i=−∞

〈−1〉iTr(ϕi).

Proof. Let ǫ, η be the evaluation and coevaluation maps as in Proposition 5.7, and τ the
symmetry isomorphism in the category DSW(Ab

p

A1(k)) as in (7). Then Tr(ϕ) is the compo-
sition

1
η−→ (C∗, N)⊗ D(C∗, N)

ϕ⊗1−→ (C∗, N)⊗ D(C∗, N)
τ
→ D(C∗, N)⊗ (C∗, N)

ǫ−→ 1.

This map is represented by a map

KMWt [t]→ C∗ ⊗Ch(Ab
A1
(k)) Hom(C∗, K

MW
t [t])

ϕ⊗1−→ C∗ ⊗Ch(Ab
A1
(k)) Hom(C∗, K

MW
t [t])

→ Hom(C∗, K
MW
t [t])⊗Ch(Ab

A1
(k)) C∗ → KMWt [t]

in Ch≥0(AbA1(k)), where t is as in Proposition 5.7 and its proof. This map is concentrated
in degree t. The degree t sheaves of the complexes C∗ ⊗Ch(Ab

A1
(k)) Hom(C∗, K

MW
t [t]) and

Hom(C∗, K
MW
t [t])⊗Ch(Ab

A1
(k))C∗ are isomorphic to a direct sum over n ofCn⊗A1Hom(Cn, K

MW
t ),

leading to an expression for Tr(ϕ) as the sum over n of maps

KMWt → Cn ⊗A1 HomAb(k)(Cn, K
MW
t )

ϕ⊗1−→ Cn ⊗A1 HomAb(k)(Cn, K
MW
t )(14)

(−1)n−→ Hom
Ab(k)(Cn, K

MW
t )⊗ Cn → KMWt .

Tracing through the definitions of Proposition 5.7, the composite (14) is

(−〈−1〉)tn(−〈−1〉)(t−n)n(−1)nTr(ϕn) = 〈−1〉nTr(ϕn).
Thus Tr(ϕ) =

∑
∞

n=−∞
〈−1〉iTr(ϕn) as claimed. �

5.3. Cellular Grothendieck–Lefschetz trace formula. Hoyois [Hoy15] proves a qua-
dratic refinement of the Grothendieck–Lefschetz trace formula in the setting of stable mo-
tivic homotopy theory, in the sense of relating the trace of an endomorphism ϕ : X → X of
a smooth proper scheme to the fixed points of ϕ. The machinery of Morel–Sawant and the
above give an expression for the trace in terms of traces of matrices of elements of GW(k)
for simple cellular X:

Theorem 5.9. Let X be a smooth projective scheme over a field k and suppose that X admits
a simple cellular structure. Let ϕ : X→ X be an endomorphism, and let Ccell

∗ (ϕ) : Ccell
∗ (X)→

Ccell
∗ (X) be any representative of the canonical chain homotopy class. We have the equality

Tr(ϕ) =
∑

i

〈−1〉iTr(Ccell
i (ϕ))

in GW(k).

Note that with our notational conventions, Ccell
∗ (X) ≃ C̃cell

∗ (X+) ≃ CSW-cell
∗ (X).

Proof. By Lemma 3.6, the scheme X is fully dualizable and Tr(ϕ) is a well-defined element
of GW(k). By Proposition 5.3, there is an equality Tr(ϕ) = CSW-cell

∗ (Tr(ϕ)). By Corol-
lary 5.2, CSW-cell

∗ (Tr(ϕ)) = Tr(CSW-cell
∗ (ϕ)). By Remark 4.1, CSW-cell

∗ (X) ≃ Ccell
∗ (X) satisfies

the hypotheses of Proposition 5.8. Applying Proposition 5.8 proves the theorem. �
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Classical Lefschetz trace formulas in algebraic or topological categories take the form
∑

i

(−1)iTr(ϕ∗|Hi(X)) = Tr(ϕ) =
∑

x:ϕ(x)=x

indxϕ

under appropriate hypotheses. For simple cellular schemes, Theorem 5.9 gives a quadratic
refinement of the left equality. We will combine this with Hoyois’s enrichment of the right
equality later in Section 8.2.

6. Rationality of the zeta function

In this section, we prove that the logarithmic zeta function of an endomorphism of a
scheme with a cellular structure is computed via CSW-cell

∗ (X) (Theorem 6.1). When the
cellular structure is moreover simple, we more explicitly show that the logarithmic zeta
function is computed by the action on the terms Ccell

i (X) of Morel–Sawant’s cellular complex

(Theorem 6.2). This, in turn, proves that dlog ζA
1

X,ϕ is dlog rational (cf. Definition 1.2) in this
case.

Let X be a cellular scheme over a field k (cf. Definition 3.5) with an endomorphism ϕ : X→
X. Since CSW-cell

∗ is a functor, we obtain an endomorphism

CSW-cell
∗ (ϕ) : CSW-cell

∗ (X)→ CSW-cell
∗ (X).

Using Definition 5.4, we define

dlog PSW-cell
X,ϕ (t) = dlog PCSW-cell

∗ (ϕ)(t) =

∞∑

m=1

−Tr(CSW-cell
∗ (ϕ)m)tm−1

to be the logarithmic characteristic polynomial of the endomorphism CSW-cell
∗ (ϕ).

Theorem 6.1. Let X be a smooth projective cellular scheme over a field k and let ϕ : X→ X
be an endomorphism. Then

dlog ζA
1

X,ϕ(t) = − dlog PSW-cell
X,ϕ (t).

Proof. We compute

dlog ζA
1

X,ϕ(t) =
∑

m≥1

Tr(ϕm)tm−1 (by definition)

=
∑

m≥1

CSW-cell
∗ (Tr(ϕm))tm−1 (by proof of Proposition 5.3)

=
∑

m≥1

Tr(CSW-cell
∗ (ϕm))tm−1 (by Corollary 5.2)

=
∑

m≥1

Tr(CSW-cell
∗ (ϕ)m)tm−1 (by functoriality)

= − dlog PSW-cell
X,ϕ (t) (by definition). �

We can make dlog PSW-cell
X,ϕ (t) more explicit when the cellular structure is simple. Assume

this is the case. Let

0 ( Ω0(X) ( · · · ( Ωs(X) = X
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be a simple cellular structure on X. Write Xi := Ωi(X)rΩi−1(X). Then

CSW-cell
i (X) := (Ccell

i (X), 0) and Ccell
i (X) ∼=

{
(KMW

i )bi i > 0

Zb0 i = 0.

See Remark 4.1. By Corollary 4.4 or [MS20, Corollary 2.43], there is a canonical chain
homotopy class of endomorphisms Ccell

∗ (ϕ) of Ccell
∗ (X). Choosing a representative, we obtain

an endomorphism

Ccell
i (ϕ) : Ccell

i (X)→ Ccell
i (X)

of each term in the complex Ccell
∗ (X). Since Ccell

i (X) ≃ (KMWi )bi, the endomorphism Ccell
i (ϕ)

is determined by a bi × bi square matrix of entries in Hom(KMWi , KMWi ) ∼= GW(k), which
is a commutative ring. We therefore have the usual notion of the characteristic polynomial
PCcell

i (ϕ)(t) of C
cell
i (ϕ) in the polynomial ring over GW(k), namely

PCcell
i (ϕ)(t) = det(1− tCcell

i (ϕ)).

Theorem 6.2. Let X be a smooth projective simple cellular scheme over a field k and let
ϕ : X→ X be an endomorphism. Then

dlog ζA
1

X,ϕ =

∞∑

i=−∞

−〈−1〉i d
dt

log PCcell
i (ϕ)(t).

Proof. We have

dlog ζA
1

X,ϕ(t) =
∑

m≥1

Tr(CSW-cell
∗ (ϕm))tm−1 (by Theorem 6.1)

=
∑

m≥1

∞∑

i=−∞

〈−1〉iTr(CSW-cell
i (ϕm))tm−1 (by Proposition 5.8)

=
∑

m≥1

∞∑

i=−∞

〈−1〉iTr(Ccell
i (ϕm))tm−1 (by construction)

=
∑

m≥1

∞∑

i=−∞

〈−1〉iTr(Ccell
i (ϕ)m)tm−1 (by Corollary 4.4)

=

∞∑

i=−∞

−〈−1〉i d
dt

log PCcell
i (ϕ)(t) (by Lemma 5.6). �

Remark 6.3. If a power series Φ(t) is dlog rational in the sense of Definition 1.2, it is
tempting to write Φ = dlog

∏
j P

cj
j , where the power operation should be a suitable power

structure on the Grothendieck–Witt ring. In fact, the ring GW(k) is endowed with a natural
pre-λ-ring structure

λt : GW(k)→ 1+ tGW(k)[[t]]

sending each generator 〈a〉 to 1 + 〈a〉t (it is induced by sending a quadratic space to its
successive alternating powers). By [GZLMH06], this endows GW(k) with a power structure
such that (

1

1− t

)r
= λt(r)
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for every r ∈ GW(k). In particular, we have

(1− t)−〈a〉 = 1+ 〈a〉t.
Taking logarithmic derivatives, we get

dlog
(
(1− t)−〈a〉

)
=

〈a〉
1+ 〈a〉t.

We conclude from this that this power structure is not compatible with logarithmic deriva-
tives, in the sense that in general for r ∈ GW(k) and f ∈ 1+ tGW(k)[[t]] we do not have

dlog fr = r dlog f.

Thus, this natural power structure with GW(k) does not provide us with a way of lifting
our definition of dlog rationality to a notion of rationality.

7. A1-logarithmic zeta functions and real points

Let rR : SH(R) → SH denote the real realization functor from the stable A1-homotopy
category over R to the topological stable homotopy category [Bac18, Section 10] . As above,
we use the isomorphism End(1SH(R)) ∼= GW(R) given by the A1-degree of Morel. This
A1-degree has the beautiful property (see, e.g., [AFW20, Prop 3.1.3]) that it encodes the
topological degree of the corresponding map on real points:

(15) sign degA
1

(f) = degtop rR(f),

where degtop denotes the topological degree of a self map of a sphere, and sign : GW(R)→
Z is the signature homomorphism, which takes the class of a bilinear form over R to its
signature. So sign(a〈1〉 + b〈−1〉) = a − b for all a, b ∈ Z. In other works, the map
rR(End1) induced by the real realization on endomorphisms of the corresponding unit objects
rR(End1) : GW(R) ∼= End(1SH(R))→ End(1SH) ∼= Z is sign : GW(R)→ Z.

Lemma 7.1. Suppose that ϕ : X → X is an endomorphism of a smooth scheme X over R.
Let X(R) denote the real points of X, viewed as a real manifold, and ϕ(R) : X(R) → X(R)
the corresponding endomorphism. Then

signTr(ϕ) = Tr(ϕ(R)).

Proof. The real realization functor rR is symmetric monoidal by [HO16, Section 4]. Thus
rR Tr(ϕ) = Tr(rR(ϕ)) = Tr(ϕ(R)) by, e.g., Proposition 2.4. Then rR Tr(ϕ) = signTr(ϕ) by
(15). �

Proposition 7.2. Suppose that ϕ : X → X is an endomorphism of a smooth projective
scheme X over R. Then in Z[[t]] there is an equality

sign dlog ζA
1

X,ϕ =
d

dt
log
∏

i

(Pϕ(R)|Hi
top
(t))(−1)

i+1

where Pϕ(R)|Hi
top
(t) denotes the characteristic polynomial

Pϕ(R)|Hi(t) = det(1− tϕ(R)|Hitop(X(R);Z))

of the action of ϕ(R) on the singular cohomology of X(R).
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Proof. Let C∗
top : H→ D(Z) denote the singular cochain functor from the homotopy category

of topological spaces to the derived category of Z-modules, which is symmetric monoidal.
Since D(Z) admits a tensor inverse to C∗

top(S
1), there is an induced symmetric monoidal

functor C∗
top : SW → D(Z) from the topological Spanier–Whitehead category (see Proposi-

tion 2.6). We compute

sign dlog ζA
1

X,ϕ =
∑

m≥1

Tr(ϕ(R)m)tm−1 (by Lemma 7.1)

=
∑

m≥1

C∗
topTr(ϕ(R)

m)tm−1 (C∗
top : End(1SW)→ Z is an isomorphism)

=
∑

m≥1

Tr(C∗
top(ϕ(R)

m))tm−1 (C∗
top is symmetric monoidal)

=
∑

m≥1

Tr(H∗
top(ϕ(R)

m))tm−1

=
∑

m≥1

∞∑

i=−∞

(−1)iTr(Hitop(ϕ(R)
m))tm−1

=

∞∑

i=−∞

−(−1)i
d

dt
log Pϕ(R)|Hi

top
(t) (by Lemma 5.6). �

For a Z[1/d] scheme X and a point z : SpecL → SpecZ[1/d], let XL denote the pullback
XL := X ⊗ L of X along z. Similarly, given an endomorphism ϕ : X → X , let ϕL : XL → XL
denote the corresponding pullback.

Note there are pullback map on Grothendieck–Witt groups

z∗ : GW(Z[1/d])→ GW(Fq) and η∗R : GW(Z[1/d])→ GW(R).

Moreover, for d = 1, the map η∗R is the isomorphism GW(Z)
∼=
→ GW(R), which allows us to

map elements of GW(R) into GW(Z[1/d]). Let Z[〈−1〉, 〈p〉 : p prime dividing d] denote the
polynomial ring in infinitely many variables over Z, where each of 〈−1〉 and 〈p〉 are viewed
as variables. The notation defines an evident map Z[〈−1〉, 〈p〉 : p prime dividing d] →
GW(Z[1/d]), which is a surjection by [BW20, Lemma 5.6]. By a slight abuse of notation, we
will also apply the maps z∗ and η∗R to elements of the ring Z[〈−1〉, 〈p〉 : p prime dividing d].

Proposition 7.3. Let X → SpecZ[1/d] be smooth and proper for d = 1 or d even and let
ϕ : X → X be an endomorphism. Let z be a closed point of Z[1/d] with residue field Fp.
Then there is a a power series ζ in Z[〈−1〉, 〈p〉 : p prime dividing d][[t]] such that

η∗Rζ = dlog ζA
1

XR,ϕR
and z∗ζ = dlog ζA

1

XFp ,ϕFp
.

Proof. The scheme X is dualizable in SH(Z[1/d]) by [DDØ22, Theorem 3.4.2]. For d even,
we have a Hermitian K-theory spectrum KO ∈ SH(Z[1/d]) with [1Z[1/d],KO] ∼= GW(Z[1/d])
[Hor05], and f∗KO = KO for f = z∗, η∗R(and more generally) [PW18]. Let u : 1Z[1/d] → KO
denote the unit map of the ring spectrum KO. Then u∧Tr(ϕm) ∈ [1Z[1/d],KO] ∼= GW(Z[1/d]).

Choose preimages ˜(u∧ Tr(ϕm)) in Z[〈−1〉, 〈p〉 : p prime dividing d] of u ∧ Tr(ϕm) under
the surjection

Z[〈−1〉, 〈p〉 : p prime dividing d]→ GW(Z[1/d]).
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Define ζ by

ζ :=

∞∑

m=1

˜(u∧ Tr(ϕm))tm−1

Let f : SpecL → SpecZ[1/d] denote either of the maps z : SpecFp → SpecZ[1/d] or
ηR : SpecR → SpecZ[1/d]. The proposition then follows from the following equalities in
GW(L):

f∗(u∧ Tr(ϕm)) = f∗u∧ f∗(Tr(ϕm)) (f∗ is symmetric monoidal)

= u∧ Tr(f∗ϕm) (f∗KO ≃ KO and Proposition 2.4)

= Tr(f∗ϕm) ([1L, 1L]
∼=
→ [1L,KO]). �

Corollary 7.4. For ϕ : X → X an endomorphism of a smooth and proper Z-scheme.

dlogA
1

ζXFq ,ϕFq
= z∗ dlogA

1

ζXR,ϕR
.

Proof. Follows from Proposition 7.3 and the isomorphism η∗R : GW(Z)
∼=
→ GW(R). �

Example 7.5. If ϕ : X → X is the relative Frobenius of a smooth proper toric variety X
over Fp, the Frobenius lifts to ϕ : X → X with X smooth and proper over Z (see, e.g.,
[BTLM97, Section 3.4] or [Bor09, Section 2.4]). (The criteria for smoothness and properness
of toric varieties shows that the lift X given in the references is indeed smooth and proper.)
Combining Corollary 7.4 with Proposition 7.2 and (1) computes the logarithmic A1-zeta
function of these varieties.

When the Frobenius does not lift, we wish to use Theorems 6.1 and 6.2 to relate the
logarithmic A1-zeta function to the real points of a lift over a ring with a real place.

Let X be a strictly cellular scheme over R. By Remark 4.1, the complex Ccell
∗ (X) is quasi-

isomorphic to a complex of the form

(16) . . .← 0← Zb0 ← (KMW
1 )b1 ← (KMW

2 )b2 ← . . .← (KMW
n )bn ← 0← . . .

Proposition 7.6. Let X be a strictly cellular scheme over R and let bi be as in (16). Then
there is a complex C∗ in Ch≥0(Z) with Ci ∼= Zbi and a quasi-isomorphism

C∗ ≃ Ctop
∗ (X (R);Z)

between C∗ and the singular chains on the real manifold X(R).

Proof. Let ∅ = Ω−1(X) ⊂ Ω0(X) ⊂ Ω1(X) ⊂ · · · ⊂ Ωn−1(X) ⊂ Ωn(X) = X denote a strictly
cellular structure on X, in the sense of Definition 3.1. So Ωi(X) ⊂ X is an open subscheme
and

Ωi(X)rΩi−1(X) ∼=
∐

α∈βi

An−i

is a finite disjoint union of schemes isomorphic to affine space An−i indexed by the set βi.
By Remark 4.1, the cardinality |βi| = bi of βi is bi. For each i, there is a cofiber sequence
of topological spaces

Ωi−1(X)(R)→ Ωi(X)(R)→ Ωi(X)(R)/Ωi−1(X)(R) ≃ ∨α∈βi
ThAn−i(R) να
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where να denotes the normal bundle of the component of Ωi(X)rΩi−1(X) indexed by α in
Ωi(X)(R). Since An−i(R) is contractible, we may choose weak equivalences ThAn−i(R) να ≃ Si.
Applying singular cochains Ctop

∗ gives a distinguished triangle

Ctop
∗ (Ωi−1(X)(R))→ Ctop

∗ (Ωi(X)(R))→ C̃top
∗ (∨βi

Si)

in Ch≥0(Z), where C̃top
∗ denote the reduced singular chains. The reduced singular chains on

the wedge are quasi-isomorphic to a complex concentrated in degree i, namely

C̃top
∗ (∨βi

Si) ≃ Zbi [i].

The claim follows by induction on i. �

Note that the definition of a strict cellular structure (see Definition 3.1) makes sense over
an arbitrary base scheme. Given a smooth proper strictly cellular scheme X → SpecA over
a ring A and a real point η : SpecR → A, define Xη(R) to be the real manifold associated
to the real points of X ×A R.

Proposition 7.7. Suppose X → SpecA is a smooth projective strictly cellular scheme with
points z : SpecFq → A and η : SpecR → A. Let X := X ×A Fq denote the pullback of X
along z. Let ϕ : X→ X denote an endomorphism of X. Then

(1) There is a complex C∗ in Ch≥0(Z) of the form

. . .← 0← Zb0 ← Zb1 ← Zb2 ← . . .← Zbn ← 0← . . .

which is quasi-isomorphic to the topological chains on Xη(R)

C∗ ≃ Ctop
∗ (Xη(R);Z).

(2) The A1-logarithmic zeta function of ϕ is given by the formula

dlog ζA
1

X,ϕ =

∞∑

i=−∞

−〈−1〉i d
dt

log PCcell
i (ϕ)(t)

where

PCcell
i

(ϕ)(t) = det(1− tCcell
i (ϕ)).

and Ccell
i (ϕ) is a square matrix of elements of GW(Fq) of size bi × bi.

Proof. Let C∗ denote the complex of Proposition 7.6 applied to the strictly cellular scheme
X ×η R over R. The condition of (1) is satisfied by Proposition 7.6. Moreover, bi is the
cardinality of βi, which is defined to be the set of connected components of Ωi(X)rΩi−1(X)
in the decomposition

Ωi(X)rΩi−1(X) ∼=
∐

α∈βi

An−i.

The formula (2) then follows from Theorem 6.2. �
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8. Computing A1-logarithmic zeta functions and examples

In this section, we describe two methods to explicitly compute examples of A1-zeta func-
tions. First, for schemes with a strict cellular structure over a finite field, we explicitly
compute the enriched logarithmic zeta function of Frobenius endomorphisms using Theorem
6.2; this gives examples of the enriched logarithmic zeta function for varieties like projective
space and Grassmannians.

Then over a finite field, we also use Hoyois’ enriched Grothendieck–Lefschetz trace formula
and Möbius inversion to obtain the coefficients of the enriched logarithmic zeta function of
the Frobenius from those of the logarithmic derivative of the classical zeta function. We may
use this method to compute the enriched logarithmic zeta function for non-cellular schemes,
such as elliptic curves.

8.1. A1-zeta function of Frobenius endomorphisms using Theorem 6.2. Let k be a
finite field Fq and X be a smooth proper k-scheme with a strict cellular structure

(17) ∅ = Σ−1(X) ⊂ Σ0(X) ⊂ Σ1(X) ⊂ · · · ⊂ Σn−1(X) ⊂ Σn(X) = X
defined over k. As above, we set Ωi(X) := X \ Σn−i−1(X).

Following [Mor12, Lemma 3.14], for a positive integer n, let nǫ ∈ GW(k) denote

nǫ := 〈1〉+ 〈−1〉+ 〈1〉+ . . .+ 〈−1〉,
the class of the rank n diagonal form with alternating 1’s and −1’s along the diagonal. Note
that nǫmǫ = (nm)ǫ.

Proposition 8.1. Let X be a smooth proper scheme over Fq with a strict cellular structure
defined over Fq, and let ϕ be the relative Frobenius. Then Ccell

∗ (ϕ) is the map of complexes
which in degree i

Ccell
i (ϕ) : Ccell

i (X)→ Ccell
i (X)

is multiplication by qiǫ.

Proof. We use the above notation for the strict cellular structure (17) on X. Since the relative
Frobenius ϕ gives an endomorphism of the smooth pair (Ωi(X), Ωi(X) \ Xi), it determines
a map ϕ : ThXn(νn) → ThXn(νn) by purity [MV99, Theorem 2.23]. The map of complexes

Ccell
∗ (ϕ) in degree i is given by H̃A1

i (ϕ) : H̃A1
i (ThXi

(νi))→ H̃A1
i (ThXi

(νi)).
For each m ∈ Mi, choose an Fq-point pm in the corresponding connected component of

Xi ∼=
∐

m∈Mi
Xim and Xim ∼= An−i. The inclusion

Thpm νi →֒ ThXim
νi

is an A1-weak equivalence.
Since X has a strict cellular structure, the Krull dimension of X is n. By [sga03, Théorème

II.4.10], we may choose a Zariski open subset U ⊂ X containing pm and an étale map
ψ : U→ An such that

Xim ∩U //

��

Ωi(X) ∩U
ψ

��
An−i // An
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is a pullback, and the bottom horizontal map is the natural map Spec k[yi+1, . . . , yn] →
Spec k[y1, . . . , yn] given by (yi+1, . . . , yn) 7→ (0, . . . , 0, yi+1, . . . , yn). We obtain maps of
Thom spaces

Thpm νi → ThXim∩U νi → ThAn−i NAn−iAn

whose composition is an A1-weak equivalence.
Purity [MV99, Theorem 2.23] defines a canonical A1-weak equivalence

ThAn−i NAn−iAn ≃ An/An − An−i.

The map Spec k[y1, . . . , yi]→ Spec k[y1, . . . , yn] given by (y1, . . . , yi) 7→ (y1, . . . , yi, 0, . . . , 0)
determines an A1-weak equivalence

Ai/Ai − A0 ≃ An/An − An−i

and excision determines an A1-weak equivalence

Ai/Ai − A0 ≃ Pi/Pi−1.

Composing in the homotopy category, we obtain a canonical (zig-zag) A1-weak equivalence

ThXi
(νi) ≃ Pi/Pi−1

where the relative Frobenius acts compatibly on both sides. The claim is thus equivalent to
showing that the map

H̃A1
i (ϕ) : H̃A1

i (Pi/Pi−1)→ H̃A1
i (Pi/Pi−1)

induced by ϕ is multiplication by qiǫ. By Morel’s Hurewicz theorem, this map H̃A1
i (ϕ) is

multiplication by degA
1

ϕ. The relative Frobenius is the map

Pi/Pi−1 → Pi/Pi−1

yj 7→ yqj

for j = 0, . . . , i, which is homotopy equivalent to the i-fold smash product of P1 → P1 map-
ping yj 7→ yqj . The degree of this map is qiǫ. (To see this, first note that the smash product
multiplies degrees [Mor04] so it suffices to prove the claim for i = 1. The computation for
i = 1 follows in a straightforward manner from computing the Bézoutian [Caz12, Definition
3.4] which computes the A1-degree [Caz12, Theorem 3.6 and Theorem 1.2].) The degree and
the claim follows. �

Using Proposition 8.1 we can give an explicit description of the enriched logarithmic zeta
function of a smooth projective scheme over Fq equipped with an Fq-rational strict cellular
structure. Recall that in this case, for each i,

Ccell
i (X) ≃ (KMWi )bi

for a nonnegative integer bi ≥ 0. We call the integer bi the rank of Ccell
i (X).

Corollary 8.2. Let X be a smooth projective scheme of dimension n over Fq equipped with
a strict cellular structure defined over Fq. Let bi be the rank of Ccell

i (X). Then

dlog ζA
1

X (t) =

n∑

i=0

−〈−1〉i d
dt

log(1− qiǫt)
bi.

Proof. Let ϕ denote the relative Frobenius endomorphism. By Theorem 6.2, it suffices to
show that PCcell

i
(ϕ)(t) = (1 − qiǫt)

bi. This follows from the fact that Ccell
i (ϕ) is a bi × bi

square matrix, which by Proposition 8.1 is multiplication by qiǫ. �
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Remark 8.3. We think of Corollary 8.2 as morally saying

‘‘ ζA
1

X (t) =
1

∏
i odd(1− q

i
ǫ)
bi〈−1〉

∏
i even(1− q

i
ǫ)
bi

′′

.

As explained in Remark 6.3, this does not make literal sense because there is not a λ-ring
structure on GW(Fq)(t) compatible with the logarithmic derivative.

Corollary 8.2 yields many examples of enriched logarithmic zeta functions for varieties of
natural geometric interest.

Example 8.4 (Enriched logarithmic zeta function of Pn). Projective space Pn has a strict
cellular structure with a single copy of Ai for each 0 ≤ i ≤ n. Applying Corollary 8.2 shows
that the logarithmic zeta function of Pn is given by

dlog ζA
1

Pn(t) =
d

dt
log

1
∏

0≤i≤n
i even

(1− qiǫt)
+ 〈−1〉 d

dt
log

1
∏

1≤i≤n
i odd

(1− qiǫt)
.

Remark 8.5 (Functional equation for projective spaces). We record here that the A1-
logarithmic zeta function of projective spaces of odd dimension satisfies a functional equation.

When n is odd, we have

χA
1

c (Pn) =
n+ 1

2
(〈1〉+ 〈−1〉)

(see [Lev20, Example 1.6]). By Example 8.4, we have

d

dt
log ζA

1

Pn(t) =
d

dt
log

1
∏

0≤i≤n
i even

(1− q̃it)
+ 〈−1〉 d

dt
log

1
∏

1≤i≤n
i odd

(1− q̃it)
.

For any i such that 0 ≤ i ≤ n, we have

1

1− q̃i 1
q̃nt

=
q̃nt

q̃i (q̃n−it− 1)
=

−q̃n−it

1− q̃n−it
.

Combining the last three equations, we see that

d

dt
log ζA

1

Pn(t) = χA
1

c (Pn)t+
d

dt
log ζA

1

Pn

(
1

q̃nt

)
.

The functional equation for the regular zeta function is a consequence of Poincare duality
for the ℓ-adic étale cohomology groups. Morel and Sawant have interesting conjectures on
Poincare duality for their cohomology theories for general smooth projective varieties X. It
would be interesting to know if an analogous functional equation of the logarithmic zeta
function can be deduced from such a statement for general smooth projective varieties.

Example 8.6 (Enriched logarithmic zeta function of G(1, 3)). The Grassmannian G(1, 3) of
lines in P3 has a strict cellular structure composed of the Schubert cycles, as we now recall.
Fix a full flag V0 ⊂ V1 ⊂ V2 ⊂ V3 = P3 of linear subspaces, where Vi has dimension i. For
0 ≤ b ≤ a ≤ 2, let Σa,b denote the locus of lines in G(1, 3) that meet V2−a in a point and
V3−b in a line. Let Σ◦

a,b denote the complement of all other Schubert cycles in Σa,b. Then,
as in [EH16, Section 3.3.1], we have Σa,b ≃ A4−a−b, and the filtration by closed subsets

∅ ⊂ Σ2,2 ⊂ Σ2,1 ⊂ (Σ1,1 ∪ Σ2,0) ⊂ Σ1,0 ⊂ Σ0,0 = G(1, 3)
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gives a strict cellular structure as in Definition 3.1(1). Hence we have b2 = 2 and all other
bi = 1 for i = 0, 1, 3, 4. Thus

dlog ζA
1

G(1,3)(t) =
d

dt
log

1

(1− t)(1− q2ǫt)
2(1− q4ǫt)

+ 〈−1〉 d
dt

log
1

(1− qǫt)(1− q3ǫt)
.

Example 8.7 (Enriched logarithmic zeta function of P1 × P1). The product P1 × P1 has
a strict cellular structure with a single copy of A0, two copies of A1 and one copy of A2.
Applying Corollary 8.2 shows that the logarithmic zeta function of P1 × P1 is given by

dlog ζA
1

P1×P1(t) =
d

dt
log

1

(1− t)(1− q2ǫt)
+ 〈−1〉 d

dt
log

1

(1− qǫt)2
.

8.2. A1-logarithmic zeta functions via Hoyois’s trace formula. In [Hoy15, Theorem
1.3], Hoyois provides a quadratic refinement of the Grothendieck–Lefschetz trace formula in
the setting of stable motivic homotopy theory, which gives us a procedure to compute the
coefficients of the enriched logarithmic zeta function dlog ζA

1

X,ϕ from those of dlog ζX(t).
We introduce some notation first. For an endomorphism ϕ : X → X of a scheme X, we

denote by Xϕ its scheme of fixed points. Given a finite separable field extension L/K, the
classical trace map TrL/K : L→ K induces a Transfer

(18) TrL/K : GW(L)→ GW(K)

by sending a bilinear form b : V × V → L to the form TrL/K ◦ b : V × V → K of rank
[L : K] rank(b) (see [Mor12, The cohomological transfer, Chapter 4] [CF17, Lemma 2.3]).

Hoyois’ main theorem then has the following consequence:

Proposition 8.8. [Hoy15, Corollary 1.10] Let k be a field, let X be a smooth proper k-scheme,
and let ϕ : X→ X be a k-morphism with étale fixed points. Then

Tr(ϕ) =
∑

x∈Xϕ

Trκ(x)/k〈det(Id− dϕx)〉.

This result gives a computation of the A1-logarithmic zeta function of a smooth proper
scheme over a finite field in terms of its point counts.

Theorem 8.9. Let X be a smooth proper scheme over Fq and let ϕ : X→ X be the relative
Frobenius morphism. Let u denote a non-square in Fq. Then the A1-logarithmic zeta function

dlog ζA
1

X,ϕ is computed by the following formula:

dlog ζA
1

X,ϕ =
∑

m






∑

i|m
i even



1
i

∑

d|i

µ(d)|X(Fqi/d)|



 (i− 1)〈1〉+ 〈u〉)




+



∑

i|m
i odd



1
i

∑

d|i

µ(d)|X(Fqi/d)|



 i〈1〉





 tm−1.

Proof. For X a smooth proper scheme over Fq and ϕ : X → X the Frobenius morphism, we
apply Hoyois’ formula to ϕm. We can write Xϕ

m

as a disjoint union over all of the points of
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degree X of degree dividing m:

(19) Xϕ
m

=
⊔

i|m

⊔

degree i
points of X

SpecFqi.

Denote by α(i) the number of points of degree i on X. Since dϕm = 0, we obtain that

(20) Nm(X) := Tr(ϕm) =
∑

i|m

α(i)TrF
qi
/Fq〈1〉.

It is classical that

(21) TrF
qi
/Fq〈1〉 =

{
i〈1〉 if i odd

(i− 1)〈1〉+ 〈u〉 if i even

(see e.g. Lemma 58 in [KW21]). It remains to show that

(22) α(i) =
1

i

∑

d|i

µ(d)|X(Fqi/d)|,

This follows from Möbius inversion since for every i ≥ 1, we have

|X(Fqi)| =
∑

d|i

α(d)d. �

Remark 8.10. The quantity |X(Fqi/d)| in Theorem 8.9 can be computed from the eigenvalues
of the Frobenius morphism on étale cohomology groups of X. More precisely, choose a prime
ℓ coprime to q. For i such that 0 ≤ i ≤ 2 dimX, let {λi,1, . . . , λi,bi} denote the eigenvalues of
the Frobenius morphism on Hiét(XFq

,Qℓ). Then the Grothendieck–Lefschetz trace formula

([Poo17, Theorem 7.1.1(ii), Section 7.5.7]) tells us that

|X(Fqi/d)| =
2 dimX∑

j=0

(−1)j




bj∑

l=1

λ
i/d
j,l



 .

Remark 8.11. From (21) and (22), we see that only the case where q is odd will be
interesting, and that the only contributions to discNm(X) come from i | m with i even.
In particular, discNm(X) is trivial for all odd m and we have the expression Nm(X) =

|X(Fqm)|〈1〉 for all odd m.
For even m, we have the formula

(23) discNm(X) =
∑

i|m
i even

α(i)

in Z/2Z, and therefore, using (22) again, that

(24) discNm(X) =
∑

i|m
i even

1

i

∑

d|i

µ(d)|X(Fqi/d)|.

Example 8.12 (Enriched logarithmic zeta function of SpecFq2). Since SpecFq2 has exactly
one closed point of degree 2, it follows from Theorem 8.9 that

Nm(SpecFq2) =
{

0 if m odd
〈1〉+ 〈u〉 if m even

,
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and hence

dlog ζA
1

Spec F
q2
,ϕ =

∑

m even

(〈1〉+ 〈u〉)tm−1 = 〈u〉 dlog 1

1− 〈u〉t + dlog
1

1+ t
.

Example 8.13 (Enriched logarithmic zeta function of a twisted product of the projective
line). Let X := ResF

q2
/Fq P

1. The difference between the cellular structure of P1 × P1 as

in Example 8.7 and that of X is that Σ1(X) \ Σ0(X) is A1q
⊔

A1q for P1 × P1 whereas it is

A1 ×Fq SpecFq2 for X.
We will prove that

Nm(X) =

{
1+ q2mǫ if m odd

1+ q2mǫ + (〈1〉+ 〈u〉)(−〈−1〉qmǫ ) if m even.

Once we have this, a direct calculation will then show that

dlog ζA
1

X,ϕ =
d

dt
log

1

(1− t)(1− q2ǫt)
+ 〈−u〉 d

dt
log

1

1− qǫ〈u〉t
+ 〈−1〉 d

dt
log

1

1+ qǫt
.

Since P1 = SpecFq
⊔

A1, Nm(P1) = 1− 〈−1〉qmǫ , Nm(SpecFq) = 1 (Example 8.4) and Nm

is a motivic measure (Proposition 9.1), it follows that Nm(A1) = −〈−1〉qmǫ . Once again
using the fact that Nm is a motivic measure, we get that

Nm(A1 × SpecFq2) = Nm(A1)×Nm(SpecFq2) =
{

0 if m odd
(〈1〉+ 〈u〉)(−〈−1〉qmǫ ) if m even

We also have Σ2(X) \ Σ1(X) = ResF
q2
/Fq

A1 ∼= A2, and Σ1(X) \ Σ0(X) = SpecFq. Since

Nm(A2) = Nm(A1)2, and X = Σ2(X), putting the last few lines together, and once again
using the fact that Nm is a motivic measure, we obtain the formula above for Nm(X).

Remark 8.14. It is easy to write down equations for the variety in Example 8.13 explicitly.
A smooth quadric Q in P3 over Fq is isomorphic to P1×P1 over Fq if the discriminant of the
corresponding bilinear form is a square in Fq (equivalently when the two rulings are defined
over Fq), and is isomorphic to ResF

q2
/Fq

P1 otherwise (equivalently when the two rulings are

defined over Fq2 but not over Fq).
For example, the quadric with defining equation 11x20 + x

2
1 + x

2
2 + x

2
3 = 0 has nonsquare

discriminant over F3 and is isomorphic to ResF9/F3
P1, whereas it has square discriminant

over F5 and hence is isomorphic to P1 × P1 over F5.

Remark 8.15. The calculation in Example 8.7 and Example 8.13 illustrate the connection
with the topology of the real points of a lift of ResF

q2
/Fq P

1 to characteristic 0 as in Proposi-

tion 7.2. As we remarked in the introduction, when q is congruent to 3 modulo 4, we have
u = −1 and the extension Fq ⊂ Fq2 is given by Fq2 = Fq[

√
−1] and the R-schemes P1 × P1

and ResC/R P1 are lifts to characteristic zero of the varieties P1 × P1 and ResF
q2
/Fq

P1 over

Fq respectively. These varieties have natural lifts to Z-schemes, and the Frobenius endo-
morphism also lifts, so Proposition 7.3 applies with d = 1. The former R-scheme has two
1-cells, whereas the latter has no 1-cells, which is illustrated in the calculation below as an
additional − d

dt
log 1

(1−t)2
in sign dlog ζA

1

P1×P1,ϕ
when compared to sign dlog ζA

1

ResF
q2

/Fq P1,ϕ
.

Since q is odd, we have signqǫ = 1 and signq2ǫ = 1. Since q is congruent to 3 modulo 4,
we have u = −1 and sign〈u〉 = −1. Combining these with the calculations in Example 8.7
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and Example 8.13, we get that

sign dlog ζA
1

P1×P1,ϕ =
d

dt
log

1

(1− t)(1− t)
−
d

dt
log

1

(1− t)2
, and

sign dlog ζA
1

ResF
q2

/Fq P1,ϕ =
d

dt
log

1

(1− t)(1− t)
+
d

dt
log

1

1+ t
+ (−1)

d

dt
log

1

1+ t

=
d

dt
log

1

(1− t)(1− t)
.

8.3. The logarithmic zeta function of non-cellular schemes. Observe that Theo-
rem 8.9 applies to any smooth projective scheme X, not necessarily cellular. One may
hope to directly prove that the enriched logarithmic zeta function of any smooth projective
scheme is dlog rational from the formula in Theorem 8.9, without appealing to any good
underlying cohomology theory.

We illustrate Theorem 8.9 in the first interesting example of a non-cellular scheme, namely
the case of an elliptic curve E. We will use the connection with the eigenvalues of the
Frobenius endomorphism on the ℓ-adic étale cohomology groups as in Remark 8.10. The
cohomology groups H0ét(EFq

,Qℓ) and H
2
ét(EFq

,Qℓ) are 1-dimensional, and the eigenvalues of

the Frobenius endomorphism are 1 and q respectively, and that H1ét(EFq
,Qℓ) is 2-dimensional

with the two Frobenius eigenvalues λ, λ that satisfy λ+λ = a for some integer a and λλ = q
(see [Poo17, Section 7.2]). These imply

E(Fi/dq ) = 1− (λi/d + (λ)i/d) + qi/d,

and in particular, that

E(Fq) = 1− a+ q, and, E(Fq2) = 1− (a2 − 2q) + q2.

In particular, by Theorem 8.9 the coefficient of t1 in dlogA
1

E (t) is

a− a2 + q+ q2

2
〈u〉+ 2− a− a2 + 3q+ q2

2
〈1〉.

This coefficient has nontrivial discriminant if and only if a−a2+q+q2

2
is odd, or equivalently,

when q ≡ 3 mod 4 and a ≡ 2, 3 mod 4, and similarly when q ≡ 1 mod 4 and a ≡ 0, 1
mod 4 .

Continuing this way, for the elliptic curve with Weierstrass equation y2 = x3+ 2x+ 3 over
F7, which has a = 2, we find

dlogA
1

E (t) = 6〈1〉t0 + (59〈1〉+ 1〈u〉)t1 + 378〈1〉t2

+ 2400〈1〉t3 + 16566〈1〉t4 + (117179〈1〉+ 1〈u〉)t5 + · · ·

9. Motivic measures

For k a field, we denote by K0(Vark) the modified Grothendieck ring of varieties over k,
defined to be the quotient of the free abelian group on classes of algebraic varieties over k
by the following relations:

(25) X − Y −U

for every variety X over k and every closed subscheme Y of X with open complement U, and

(26) X− Y
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for all varieties X, Y over k such that there exists a radicial surjective morphism f : X → Y.
Recall that a morphism is said to be radicial surjective if it is bijective and if it induces purely
inseparable extensions of residue fields.

For X a quasi-projective variety over a field k, Kapranov’s zeta function [Kap00] is defined
to be the power series with coefficients in the (modified) Grothendieck ring of varieties
K0(Vark) given by

Z
Kap
X (t) =

∑

n≥0

[Symn(X)]tn,

where Symn(X) is the n-th symmetric power of X. When k = Fq, it specializes to ζX(t)
via the counting measure #Fq. It is therefore natural to ask whether one could also recover

our enriched zeta function from ZKap
X . We do not see an immediate way of doing this. The

natural candidate would be to apply the A1-categorical trace Tr(ϕ) where ϕ denotes the
Frobenius

Tr(ϕ) : K0(VarFq)→ GW(Fq)

(See Proposition 9.1 to see that this is a motivic measure.) However, this gives the classical
zeta function, with all coefficients in Z ⊂ GW(Fq) by [Hoy15, Example 1.6]. On the other
hand, this motivates the question of determining whether our enriched trace and enriched
zeta functions define motivic measures in some appropriate sense, and the aim of this section
is to answer this question in full.

In this section, the endomorphism ϕ will be the Frobenius.

9.1. The A1-trace as a motivic measure. Recall that for every m ≥ 1, there is a motivic
measure

#Fqm
: K0(VarFq)→ Z,

called the counting measure, given by sending the class [X] of a variety X over Fq to its point
count |X(Fqm)|. For every m ≥ 1, define Nm(X) = Tr(ϕ

m) ∈ GW(Fq) to be the A1-trace of
the Frobenius endomorphism on X.

Proposition 9.1. The assignment X 7→ Nm(X) induces a motivic measure

Nm : K0(VarFq)→ GW(Fq)

enriching #Fm
q
, in the sense that we recover #Fm

q
by taking ranks.

Proof. We first show that Nm is well defined. For this, note that through the group isomor-
phism GW(Fq) ∼= Z × Z/2Z, we have Nm(X) = (|X(Fq)|, disc(Nm(X))), with disc(Nm(X))
given by formula (24), and therefore it passes to the quotient with respect to both the
cut-and-paste relations (25) and the relations (26).

To prove multiplicativity, note that the Frobenius on X×Y is given by the product ϕX×ϕY .
The trace is multiplicative with respect to smash product [PS14, Corollary 5.9], giving the
equality

Nm(X× Y) = Nm(X)Nm(Y).

We may thus conclude that Nm defines a motivic measure. �

35



9.2. The enriched zeta function as a motivic measure. Associating to a variety X
over Fq its zeta function ζX(t) induces a motivic measure

ζ : K0(VarFq)→ R1

where R1 = {f ∈ C(t), f(0) = 1} ⊂ 1+ tC[[t]] is equipped with the Witt ring structure (see
[Ram15, Theorem 2.1]). The logarithmic derivative

dlog : 1+ tC[[t]]→ C[[t]]

sends the Witt ring structure to the ring structure where addition is addition of power series,
and multiplication is coefficient-wise multiplication. In particular, composing it with ζ, we
get a motivic measure

dlog ζ : K0(VarFq)→ CN.

Proposition 9.2. The assignment X 7→ dlog ζA
1

X,ϕ(t) defines a motivic measure

dlog ζA
1

: K0(VarFq)→ GW(k)[[t]]

lifting dlog ζ.

Proof. Follows from Proposition 9.1. �

Remark 9.3. The Kapranov zeta function ZKap
X (t) of any curve X over Fq is a rational

function. On the other hand, the Kapranov zeta function is usually not rational for varieties
of higher dimensions [LL03]. There is reason to believe that Morel and Sawant’s conjec-
tures [Mor22] on A1-cellular homology for general smooth projective varieties would have
consequences for rationality of the A1-logarithmic zeta function analogous to Theorem 6.1.
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