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QUADRATIC ENRICHMENT OF THE LOGARITHMIC DERIVATIVE OF

THE ZETA FUNCTION

MARGARET BILU, WEI HO, PADMAVATHI SRINIVASAN, ISABEL VOGT,
AND KIRSTEN WICKELGREN

ABSTRACT. We define an enrichment of the logarithmic derivative of the zeta function of
a variety over a finite field to a power series with coefficients in the Grothendieck—Witt
group. This enrichment is related to the topology of the real points of a lift. We show a
rationality result for cellular schemes over a field, and compute several examples, including
toric varieties.
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1. INTRODUCTION

Let X be a smooth projective variety over a finite field Fy,. The zeta function of X is
defined by

(x(t) = exp (Z @t"ﬁ .

m>1

It is known by the Weil conjectures that (x(t) is a rational function related to the complex
points of a lift of X. A proof of its rationality proceeds by using the Grothendieck—Lefschetz
trace formula, which replaces each point count [X(Fqm)| by an alternating sum of traces
of the m-th power of the Frobenius endomorphism on the {-adic cohomology groups of X
(see, for example, [Mill3, Theorem 27.6]). The aim of this paper is to define and study
an enrichment of (the logarithmic derivative of) this zeta function, by replacing the point
counts with traces in the sense of Al-homotopy theory.

Let X be a smooth, proper variety over a field k (not necessarily finite). Due to work
of Hu, Rioux, and Dubouloz—Déglise-Ostvaer [Hu05, Rio05, DD(¥22], X is dualizable in the
A'-stable homotopy category SH(k). It follows that an endomorphism ¢ : X — X has a
trace Tr(¢@) valued in the endomorphisms of the motivic sphere spectrum. A theorem of
Morel [Mor04] identifies this endomorphism ring with the Grothendieck-Witt group GW (k)
of k, defined to be the group completion of isomorphism classes of symmetric nondegenerate
bilinear forms on k (see Section 2.2, and note that by Hoyois [Hoy15, Footnote 1], we need
not assume k is perfect). We may therefore define the following enrichment to GW (k) of the
logarithmic derivative of the zeta function.

Definition 1.1. Let X be a smooth, proper variety over a field k. Let ¢ : X — X be an
endomorphism. The A'-logarithmic zeta function of (X, @) is defined by

dlog &y = Y Tr(@™t™ " € GW(K)[It]].

m>1

In fact, the variety X need not be proper. By [LYZR19, Corollary B.2], a smooth scheme
X over a field k is dualizable in the localized A'-stable homotopy category SH(k)Z[ 1] where
P

p is the characteristic exponent of k. For an endomorphism ¢ : X — X of a smooth scheme
over a field k, we have the more general definition

dlog i, = ) Tr(@™t™ " € GW(I)[FIIIL].
m>1

For p odd, GW(k) C GW(k)[%].
This A'-logarithmic zeta function recovers the classical zeta function via the rank map. In
particular, A'-homotopy theory admits realization functors, including a symmetric monoidal
stable étale realization r¢ from SH(k) to the derived category of £-adic étale sheaves on the
big étale site of k. It follows that v¢¢(Tr @) = Tr(rg ), which is the integer-valued trace
of the usual Weil conjectures. The rank homomorphism, denoted rank : GW (k) — Z, sends
the isomorphism class of a bilinear form 3 : V x V — k to the dimension of the k-vector
space V. Via the identification of GW (k) and the endomorphisms of the sphere spectrum,

the étale realization map v¢ : End(1y) — End(rg¢(1x)) is identified with rank. It follows
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that

d
(1) rank dlog Cﬁi(p = &t log Cx, ¢,

where (x , denotes the classical zeta function

(2)  Cxo(t) = [P, (D™ where Py (1) = det(1 — tolHE (X3 Z¢)).

We investigate the additional information recorded in the A'-logarithmic zeta function. A
case of particular interest in this paper is when k is finite and ¢ : X — X is the Frobenius
endomorphism. If k is the finite field F of q elements, the Grothendieck-Witt group GW (Fg)

is computed as
Z[{u)]

((u)?—=1,2((w) — 1))

where u is a fixed non-square in Fq and (u) denotes the class of the bilinear form k x k — k
sending (x,y) to uxy. As a group GW(IF,) is isomorphic to Z x Z/27Z, by sending a class
in GW(k) to the pair given by its rank and its discriminant. As above, the rank gives the
classical zeta function. The discriminant term can be computed in terms of [X(Fqm)| with
Hoyois’s beautiful enriched Grothendieck—Lefschetz trace formula [Hoy15] (see Section 8.2):

GW(F,) =

. 1 a
discdlog G, => | Y- T D W)X (Fya)l | £,

m>1 ilm dii
i even

where p denotes the Mobius function. Combining rank and discriminant yields the expression

(3) dlog, =Y (> «() Tes,,, (1) | 7,

m>1 im

where «(i) denotes the number of points of X with residue field Fy: and Tr]Fqi /re (1) is the
transfer on GW (see (18) and (21) for the definition and computation of the transfer).
Theorem 8.9 gives a further computation of dlog Cﬁ(p for the Frobenius ¢ of X over a finite
field in terms of point counts. It is amenable to (computer) computation up to finitely many
coefficients of t™, e.g., for elliptic curves; see Section 8.3. Finitely many coefficients of t™
determine the entire Al-logarithmic zeta function because the same is true for the classical
zeta function.

Connections with topology and real points. Zeta functions gain power by relating the integers
IX(Fqm)| to étale cohomology. The rationality result of the Weil conjectures (2) shows that
the infinitely many integers [X(Fqm)| for m = 1,2,... are determined by the coefficients of
the P, (t), which are finite in number and admit a beautiful relationship with topology.
Transcendental results relate étale cohomology to the complex points X' (C) of a lift X of X
to characteristic 0. The ranks of the singular cohomology groups of X'(C) then determine the
degrees of the Pw\Hét (t). In this way, the classical zeta function is an algebraic manipulation
of the numbers [X(Fqm)| related to the topology of X'(C).

The A'-logarithmic zeta function (3) is similarly an algebraic manipulation of the [X(Fqmn)],
but it is related both to the topology of X(C) and to the topology of X' (R) by the rank and

discriminant, respectively. For example, the scheme P! x P' over R has a twist Resc/g P',
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given by the Weil restriction of scalars. The topology of the complex points of P! x P! is
unchanged by the twist, but the topology of the real points is changed from a product of
two circles to a 2-sphere

(P! x P"(R) ~ S" x S! Resc/r P'(R) ~ S2.
If q is a prime congruent to 3 modulo 4, then the extension Fy C Fq2 is given by Fg. =

Fq[v/—1] and the R-schemes P' x P' and Resc/r P! are lifts to characteristic zero of the
varieties P! x P! and Res]Fq2 /Fq P! over Fq, respectively. The change in the topology of the

real points of the lifts to characteristic zero is reflected in the A'-zeta functions:

d 1 d 1
dlog ¢4 =1 —1)—log ——
e = B Ty — g T e B T g
d 1 d 1 d 1
log ZA =1 —u)— log ——— + (=1)—log ———
Here u is a nonsquare in Fy, which we may take to be uw = —1 under our assumption that

q = 3 (mod 4). (See Examples 8.7 and 8.13 for details of the computation.) Applying the
discriminant homomorphism disc: GW(F,) — Fy/ (FZ)Z = 7./27 also gives different values:

d
disc dlog Ly p ) = disc(—1) 7 log(1 —1)? #0,

. A .
disc dlog CReSIFqZ/IFq Plo = 0.

See also Remark 8.15.

More generally, we prove results on the relationship between dlog CQLP and X(R) in Sec-
tion 7. There is a signature homomorphism sign : GW(R) — Z that sends a(1) +b(—1) to
a — b. In the presence of a lift of Frobenius, Proposition 7.3 and Corollary 7.4 say that in
an appropriate sense, there is a well-defined signature of dlog CQ]’FP that can be computed as

sign dlog Cr, = | [ det(1 — to(R)HL,,(X(R); Z)).

For example, this computes dlog CQLP for toric varieties; see Example 7.5. To eliminate the
assumption that a lift of Frobenius exists, we turn to further machinery.

Trace formula and rationality. Missing from the discussion so far is an expression for Tr(¢)
in terms of a trace on cohomology, analogous to the Grothendieck—Lefschetz trace formula

2d

Tr(™) = > (1) Tr(@™HE, (Xis; Z0)).

i=0
Such formulas relate the classical zeta function of a variety over a finite field to the complex
points of a lift of the variety, without requiring the much more restrictive hypothesis of a lift
of Frobenius.

For this, we use Morel and Sawant’s A'-cellular homology [MS20], currently defined for so-
called cellular schemes, which are a generalization of the classical notion of varieties with an
affine stratification. In [MS20, Remark 2.44], they note the existence of an extension of this
theory to a pro-object for all spaces in the sense of Al-homotopy theory and in particular,
for all smooth schemes over a field. Supported by conjectures on Poincaré duality for their
theory, they conjecture that for smooth, projective varieties over a field, this pro-object is in

fact constant [Mor22]. If their conjectures are true, our work may likewise extend to varieties
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which are not cellular. In this paper, we proceed for cellular schemes; see Section 3.1 for the
definitions.

We use the machinery of Morel and Sawant to give a GW (k)-enriched Grothendieck—
Lefschetz trace formula:

Theorem 1. Let @: X — X be an endomorphism of a smooth projective simple cellular
scheme X over a field k. In GW (k) we have the equality

Tr(@) = ) (=1)" Tr(C (@)

where CS (@) denotes the Al-cellular complex of Morel and Sawant in degree 1.

See Theorem 5.9. (This is a different result from the main theorem of [Hoy15] despite the
similarity in the name.) This expression for Tr(¢) in terms of the trace of the cellular complex
leads to rationality results for the Al-logarithmic zeta function, which we now describe.

Because we are working with the logarithmic derivative, we need an appropriate definition
of rationality in this context. Here, we enrich the logarithmic derivative of the zeta function,
rather than the zeta function itself, because the Grothendieck—Witt group in general has
torsion elements. (See Remark 6.3 for why this does not lift to a notion of rationality using
a standard A-ring structure.)

Definition 1.2. Let R be a ring. We say a power series @ (t) € R[[t]] is dlog rational if there
exists a finite collection of polynomials P; = 1 (mod t) in R[t] and elements c; € R such that

P!
o)=Y cj%,
j )
where ﬁ = Zmzo“ —P;(t))™

Example 1.3. If a rational power series W with integer coefficients can be put in the form

wit) =[P
j

where Pj(t) are polynomials with integer coefficients such that P; =1 mod t, and ¢; € Z,
then % log is dlog rational. In particular, the Weil conjectures imply that % log Cx(t) is
dlog rational for every smooth projective variety X over a finite field.

We prove that the A'-logarithmic zeta functions of simple cellular schemes are dlog rational
with polynomial terms coming from the characteristic polynomials of matrices of elements
of GW(k) giving the action of the endomorphism ¢ (see Theorem 6.2):

Theorem 2. Let k be a field, and let X be a smooth projective scheme over k with a simple
cellular structure. Let @ : X — X be an endomorphism of X. The function dlog C§,¢ is dlog
rational. More precisely,

[e o]

.d
dlog cﬁ‘ﬂ, = Z —<—1>1a log Peceng(t),  where  Peeany(t) = det(1 —tC¥ ()

i=—00

and C$ (@) is a square matriz of elements of GW (k).
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Our methods also yield variations on such a result. For example, we weaken simple cellular
structure to cellular structure in Theorem 6.1: we lose matrices of elements of GW(k) and
dlog rationality in the sense of Definition 1.2 (at least in so far as we can currently prove!) in
exchange for an abstract logarithmic derivative of a characteristic polynomial on the ith term
of Morel-Sawant’s cellular complex. This abstract logarithmic derivative of a characteristic
polynomial is introduced in Definition 5.4 and is an abstraction of the elementary algebraic
lemma that says that if @ : V — V is an endomorphism of a finite-dimensional vector space
with characteristic polynomial Py (t), then

d
i log Py ( ZTr mygm,
m>1

We use the notational convention that & Ji 1og denotes taking a derivative of a logarithm, while
dlog denotes a formal substitute.

In this setup, the logarithmic A'-zeta function still retains terms associated to the cellular
complex. For example, in the logarithmic zeta functions for both P! x P! and Res]FqZ /Fq P!

with the Frobenius ¢, we have terms % log((1—t)""(1—q2t)™"), which come from the degree
0 and 2 terms in the cellular complex (which up to quasi-isomorphism is independent of the
cellular structure! [MS20, Corollary 2.42]). The difference comes from terms in degree 1. For
P! x P! these are straightforward to compute (see Corollary 8.2 for the computation of the Al-
logarithmic zeta function of any strictly cellular, smooth, projective variety, including products
of projective spaces and Grassmannians). We obtain a quadratic term (—1> log ——= = q 7 5> from

the two obvious T-cells of P! x P'. The <—1) in front corresponds to the fact that the real

dimension of these cells is odd. In dlog CRCS PlLo by contrast, the contribution from the

1-cells is
d 1 d 1

g o (T—qe(w)t) TG les (T+qet),

which has vanishing discriminant, related to the disappearance of the T-cells over R.

Outline of paper. Section 2 introduces some background needed for the remainder of the
paper. Section 3 constructs the categories of cellular schemes used in the paper. In Section 4,
we use Morel-Sawant’s [MS20] A'-cellular homology to define a symmetric monoidal functor
Cell from an A'-homotopy category of cellular schemes to a derived category of strictly A'-
invariant sheaves. In Section 5, we pass to appropriate Spanier—Whitehead categories to
obtain dualizable objects. This defines a symmetric monoidal functor CSW-!! from the Al-
cellular-Spanier—Whitehead category to a E\/IWH]-SpanierfWhitehead category of a derived
category of strictly Al-invariant sheaves. We give an explicit computation of the dual of
COW-eell(X ) for X a scheme with a simple (e.g., strict) cellular structure; see Propositions 5.7
and 5.8. In Section 5.3, we show the resulting Grothendieck—Lefschetz trace formula. We
then prove in Section 6 the desired rationality results by computing the trace using C3W-cell,
Some aspects of the relationship with real points is discussed in Section 7. In Section 8,
we compute examples. Finally, in Section 9, we explore the link between our A'-logarithmic
zeta function for the Frobenius with Kapranov’s motivic zeta function, explaining that they
appear to be different. We also show the Al-logarithmic zeta function defines a motivic

measure on the (modified) Grothendieck ring of varieties Ko(Varg, ).
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2. PRELIMINARIES

2.1. Categorical preliminaries. Let (C,®¢, 1¢,Te) be a symmetric monoidal category in
the sense of, e.g., [Mar09, 1.2].

Definition 2.1. (See, for example, [PS14, Definition 2.1].) An object A of a symmetric
monoidal category (C, ®¢, 1¢, Tc) is dualizable if there is a dual object DA in C in the sense
that there exist coevaluation and evaluation maps

n:le = A®: DA €:DA®cA — 1,

respectively, such that the composites

AT A 90 DA @ A 225 A

DA 22%% DA g A ®c DA <224 DA
are the identity maps 1o and Ipa, respectively.

Definition 2.2. (See, for example, [PS14, Definition 2.2].) For an endomorphism ¢ : A —
A of a dualizable object A with dual DA, the categorical trace tr(¢@) € End(1¢) is the
composition

e A @ DA L2904 A @0 DA Z5 DA @c A 5 1.
Definition 2.3. A symmetric monoidal functor is a functor F : C — D between symmetric
monoidal categories, together with a natural isomorphism F(1.) = 1p and for all objects
A,B € C, natural isomorphisms typ : F(A) ®p F(B) = F(A ®¢ B) satisfying associativity,
unitality, and symmetry; the last is the condition that the diagrams

F(te)

F(A ®¢ B) F(B ®c A)

LA,BT LB,AT

F(A) ®p F(B) —2> F(B) ®@p F(A)
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commute (see [Mac71, Chapter XIJ).

Proposition 2.4. Let F: C — D be a symmetric monoidal functor. Let A be a dualizable
object of C with dual DA. Then

(1) F(A) is dualizable with dual F(DA), and
(2) for any endomorphism @ : A — A, we have tr(F(@)) = F(tr(@)).

Proof. Straightforward. O
We recall the notion of a Spanier-Whitehead category [Voe98, Section 4].

Definition 2.5. Let (C, ®¢, 1¢,Tc) be a symmetric monoidal category and T be an object
of C. The Spanier-Whitehead category C[T®'] is the category with objects (C,n), where C
is an object of C and n € Z, and morphisms given by

Morere-1((Cyn), (Cyn)) = gO_hI{l ,1\/101"C(T®T“Jrn ® C, T®™M & C)

Composition of morphisms is given by the expected formula.

By [Voe98, Theorem 4.3], the composition (C,n) ® (C’,n’) := (C® C’;n+n’) defines a
symmetric monoidal structure on C[T®~'] provided that the cyclic permutation of TR T® T
is the identity. Moreover, in this case, the functor C — C[T®'] sending C to (C,0) is
symmetric monoidal and the object (T,0) has tensor inverse T~ = (1¢,—1).

Proposition 2.6. Let (C, ®c, 1¢,Tc) and (D, ®p, 1p, Tp) be a symmetric monoidal categories
and let T be an object of C such that the cyclic permutation of T® T ® T is the identity.
Suppose that F : C — D is a symmetric monoidal functor. Then there is a unique (up to
unique isomorphism) symmetric monoidal functor FIT®' : C[T®~'] — D[F(T)®~"] such that
the diagram

(4)

commautes.

Proof. Since the cyclic permutation of T® T®T is the identity and F is a symmetric monoidal
functor, the cyclic permutation of F(T) ® F(T) ® F(T) is the identity. Thus D[F(T)®'] is
a symmetric monoidal category receiving a canonical symmetric monoidal functor from D.
Define F[T®'](C,n) := (F(C),n). Then F[T®'] is a symmetric monoidal functor such that
(4) commutes. Uniqueness follows from the isomorphism (C,n) = C ®cpre-1 T in C[T®].
Here C and T also denote their images (C,0) and (T,0), respectively, under the canonical
functor C — C[T®]. O

2.2. On the motivic Spanier—Whitehead category and Milnor—Witt K-theory. Let
Sm; denote the category of smooth schemes over a field k. We will be working with the
Morel-Voevodsky A'-homotopy category H (k) over k, and its pointed version H (k). [MV99,
p. 109]. A feature of A'-homotopy theory is two different analogues of the circle: S' and
A" —{0}. We use the following indexing convention for the resulting spheres: let $'"° = S',
SH = A — {0}, and SP9 = (S1O)ANP=a) A (SH1)N. Let P! denote projective space over k of
dimension 1 pointed at co. There is a weak equivalence P' ~ $?! in #(k), induced from
8



the pushout and homotopy pushout P' ~ A" Ug, A'. Inductive and gluing arguments show
that A™ —{0} ~ S b and A™/A™—{0} ~ S?™™ [MV99, Example 2.20]. By [Mor12, Lemma
3.43(2)] (for example), the cyclic permutation on P' AP' AP is the identity in H(k),. Let

SW(k) := H(k).[(P")*]

be the Spanier-Whitehead category arising from #(k), with chosen object P! (recall Defi-
nition 2.5); note that it is a symmetric monoidal category.

Given a vector bundle V on a smooth scheme X, the associated Thom space [MV99,
p. 110-114] is defined as ThxV := V/(V — 0), where V — 0 denotes the complement of
the zero section. The stable A'-homotopy category SH(k) receives a symmetric monoidal
functor from SW (k) which is fully faithful on smooth schemes and their Thom spaces [Voe98,
Theorem 5.2, Corollary 5.3].

Fundamental theorems of Morel [Mor04, Morl2] compute certain stable and unstable ho-
motopy groups of spheres in terms of Milnor-Witt K-theory. Let KMW(k) = @ KMW(k)
denote the Milnor-Witt K-theory of a field k, defined by Morel and Hopkins to be the asso-
ciative algebra generated by a symbol 1 of degree —1 and symbols [u] for u € k* of degree
+1, subject to the relations

1 —ul =0, [w] = [u] + v] +nlulv], nul = [uln, nh=20

for all u,v in k*, where h = 2 + [—1]n denotes the hyperbolic element. Let KMV denote the
associated unramified sheaf on Smy. (See [Morl2, Chapter 3.2] for the definition and more
information on the associated unramified sheaf.) Then Morel [Mor12, Corollary 6.43] shows
that

Morggg (S™, S™™) = KMWfor all n, m Mory. (S™, S™™™) = KMW n > 2, m > 0.

The Oth graded piece KY'W (k) is isomorphic to the Grothendieck-Witt group GW (k) [Mor12,
Lemma 3.10], defined to be the group completion of the semi-ring of nondegenerate sym-
metric bilinear forms. There is a presentation of GW (k) with generators

(a): kxk — k
(%y) — axy

for every a € k*, and relations given for all a,b € k* by:

(1) (ab?) = (a);

(2) (a)+ (b) = (a+b) + (ab(a + b))

(3) {a)(b) = (ab).
The sheaf wa, also denoted GW, is the Nisnevich sheaf associated to the presheaf sending a
smooth k-scheme Y to the group completion of the semi-ring of isomorphism classes of locally
free sheaves V on Y equipped with a non-degenerate symmetric bilinear form V x V — Oy.

Let Ab(k) denote the abelian category of Nisnevich sheaves of abelian groups on Smy. For

future reference, we record the following well-known fact.

Lemma 2.7. There exists a natural isomorphism KMV — HomAb(k)(KTl\fW,EMx) for all
n,m > 0.

Proof. See also [Morl12, 3.2]. The natural map is multiplication on KMW " or equivalently,
that of [Morl12, Lemma 3.49]. Let (—)_; denote the —1 construction of Voevodsky [Morl2,

p 33]. Applying this construction n times produces a map (—)°7 : Homapy) (E%W,ng) —
9



Homap ) (Egﬂw, E%W). Evaluation at 1in ESAW defines a map Homp) (E?,‘W, KMW) — Exw,
inverse to the given natural map. U

2.3. Al-derived category and A'-homology. Let Ch(Ab(k)) be the category of chain
complexes C, of Nisnevich sheaves of abelian groups on Smy with differentials of degree
—1. We denote by D(Ab(k)) the associated derived category, obtained by inverting quasi-
isomorphisms [Mor12, 6.2]. Let Z(A') denote the free sheaf of abelian groups on the sheaf
of sets represented by Al. Note that the map A" — Speck induces a map Z(A') — Z.

A chain complex C, in Ch(Ab(k)) is defined to be Al-local if for any D, in Ch(Ab(k)),
the map

Homp ap () (D+, C..) = Hompan) (D ® Z(A"), C,)
is a bijection [Mor12, Definition 6.17]. The Al-derived category D (Ab(k)) [Morl2, Defi-

nition 6.17] is obtained from Ch(Ab(k)) by inverting the A'-quasi-isomorphisms, defined to
be morphisms f : C, — D, such that for all A'-local chain complexes E,

Hompap) (D, E.) — Hompan) (Cs, E.)

is bijective. There is an (abelian) A'-localization functor L"'}A‘{’ : Ch(Ab(k)) — Ch(Ab(k))
inducing a left-adjoint to the inclusion of A'-local complexes in D(Ab(k)) [Morl2, 6.18,
6.19]; it induces an equivalence of categories between D, (Ab(k)) and the full subcategory
of Al-local complexes.

For a simplicial Nisnevich sheaf X on Smy, let C,(X) in Ch(Ab(k)) denote the normalized
chain complex associated to the free simplicial abelian group ZX on X. The Al-chain complex
CA(X) (see [Mor12, Chapter 6.2]) is obtained by taking the Al-localization of C,(X). This
defines a functor from the A'-homotopy category H (k) to the derived category D (Ab(k)):

C* : H(k) — Dy (Ab(k)).

If X is a pointed space, the reduced chain complex C. (X'), which is the kernel of the morphism
of C,(X) to Z, similarly gives rise to a reduced A'-chain complex C2' (X).

Definition 2.8. For any simplicial Nisnevich sheaf X on Smy and integer n, the nth A'-
homology sheaf Hﬁ] (X) of X is the nth homology sheaf of the Al—chain compleXNCff1 (X). For
a pointed space X, the nth reduced A'-homology sheaf of X is Hf}] (X) = Hf}] (C‘f1 (X)).

Morel shows that A'-homology sheaves are strictly Al-invariant [Mor12, Corollary 6.23] in
the following sense.

Definition 2.9. Let F be a sheaf of abelian groups on Smy, for the Nisnevich topology. Then
F is Al-invariant if for every U € Smy, the projection map U x Al — U induces a bijection
F(U) = F(U x A"). The sheaf F is said to be strictly A'-invariant if for every U € Smy and
every integer i > 0, the projection map U x Al — U induces a bijection

Hiis (U, F) — Hig (U x AT F).
The category of strictly Al-invariant sheaves on Smy is denoted Ab, (k).

For example, for a presheaf X' of sets on Smy, the Oth A'-homology H(‘)*] (X) is the free
strictly Al-invariant sheaf on X. Morel computes

(5) HA (AM/A™ —{0) = KMY for n > 1.
10



This follows from the Al-weak equivalence A™/A™ — {0} ~ (S")"™ A (G,)"™ [MV99, p. 110,
Spheres, Suspensions, Thom Spaces], the suspension isomorphism ltlﬁ] (S A (G)™) =
ltlﬁ]_1 (SH T A (G)™™) [Morl2, Remark 6.30] and ﬁff (Gp) ™) = KMW[Mor12, Theorem
3.37 and Theorem 5.46]. For n = 0, because A™/A™ —{0} = Spec k, and lflﬁl (Speck,) = Z,
we have

HA (A™/A™ —{0}) = Z for n. = 0.

By [Morl2, Corollary 6.24], Ab (k) is an abelian category and the inclusion Aby (k) C
Ab(k) is exact. There is a tensor product, denoted @u or ®ap (), on Aby (k), defined by
M®u N = ﬂoL?Al{’(M ®abk) N) for N;M € Abyi (k). The map M® N — M ®y N is the
initial map to a strictly A'-invariant sheaf, as we now explain: by [Morl12, Theorem 6.22],
LZ?(M ®abk) N) is —1-connected, and by [Morl2, Corollary 6.23], HOLZ?(M ®ab(k) N) is an
element of Ab (k). A strictly Al-invariant sheaf F, by [Mor12, Corollary 6.23], is A'-local.
Then a map M ® N — F factors uniquely M@ N — LK?(M@N) — F. Since F has no higher
homotopy groups, we have that M ® N — F thus factors uniquely M®@ N — LX?(M ®N) —
L (M@ N) — F.

Definition 2.10. (See [MS20, Definition 2.9].) A scheme X in Smy is cohomologically trivial if
for every n > 1 and every strictly A'-invariant sheaf M € Aby (k), we have HY, (X, M) = 0.

If X in Smy is cohomologically trivial, then H§1 (X) is projective in Aby (k) [MS20, Example
2.36]. Moreover, if X and Y are cohomologically trivial in Smy, so is X x Y, and we have
HE' (X x Y) = HE' (X) ®an,, 00 HE' (Y) [MS20, Remark 2.10 and p. 12].

Let D(Aby (k)) denote the bounded derived category of Abyi (k), obtained from the cat-
egory Ch(Aby (k)) by inverting quasi-isomorphisms. Let D(Ab}, (k)) € D(Aby (k)) denote
the full subcategory on bounded complexes C, of strictly Al-invariant sheaves C, that are iso-
morphic either to H§] (X) for some cohomologically trivial X in Smy or to KMV & Ab; (K) HON (X)
for some cohomologically trivial X and n > 1. In particular, the C, are projective [M520,
Remark 2.26(1)].

We give D(Abfy (k)) the structure of a symmetric monoidal category as follows. For
chain complexes P, and P/ representing objects of D(Ab}, (k)), the set of homomorphisms

Homp apr (1)) (P., P/) is given by homotopy classes of chain maps. Moreover, because KMV ® Ab g (K)
A

KMW = KMW for n,m > 1 [Mor12, Theorem 3.37] and HA' (X x Y) = HA (X) ®Ab,; (k) HA (Y)

as above, the tensor product of bounded chain complexes in Ch(Ab (k)) determines a well-

defined derived tensor product

(6) ®D(AbP, () * D(AbY, (k) x D(AbY, (k)) — D(Ab}, (k))
P. ®p(ab (k) P, =P, @Ch(Ab,;)(K) P,
with dx@y)=de 1+ (-1 e d.
The symmetry isomorphism is defined as
(7) TD(Ab,; (k) * P @D (ab? (K) P, — P, ®p(ap?, () P

so that its restriction to Py @ P{ maps to P/ ® P; by multiplication by (—1 )Y composed with
the swap isomorphism for Qb (K)- The swap map (7) and the derived tensor product of

chain complexes (6) give D(Ab}, (k)) the structure of a symmetric monoidal category.
11



3. A-SPANIER—WHITEHEAD CATEGORY OF CELLULAR SMOOTH SCHEMES

In this section, we define cellular schemes, which are closely related to the classical notion
of schemes with an affine stratification, and we introduce the cellular Spanier-Whitehead
category that we will use for the rest of the paper.

3.1. Cellular schemes. There are numerous useful definitions of a cellular scheme or cel-
lular object of SH(k) available in the literature; see, e.g.,[Ful84, Example 1.9.1], [EHI6,
Definition 1.16] [Tot14, Section 3|, [Roz06, Def 3.4.1], [DI05, Definitions 2.1, 2.7, and 2.10],
[MS20, Definitions 2.7 and 2.11], and [AFH20, Question 1]. We will use [MS20, Definition
2.11] and a slight modification adapted to our purposes.

The basic goal is to define a class of varieties that are built out of simple varieties (from a
cohomological perspective) in such a way that their cohomology can be understood induc-
tively. A first natural class of such varieties are those built out of affine spaces.

Definition 3.1. An n-dimensional smooth scheme X has a strict cellular structure if one of
the following equivalent conditions holds:

(1) (cf. [Ful84, Example 1.9.1]) X admits a filtration by closed subschemes
D= (X)CcLX)cL(X)C---CZ1(X) C Z,(X) =X,

such that X;(X) \ XZ;_1(X) is a (finite) disjoint union of schemes isomorphic to affine
space Al
(2) (cf. [MS20, Definition 2.7]) X admits a filtration by open subschemes

D=04(X) CQ(X) T (X)) C--- C Ona(X) COQn(X) =X,

such that Qi(X) N Qi 1(X) is a (finite) disjoint union of schemes isomorphic to affine
space A",
To pass between these conditions, let Q;(X) := X~ X,_i_1(X) and Z;(X) := X~ Q,_i1(X).
A scheme with a strict cellular structure is called a strict cellular scheme.

A related notion is an affine stratification [EH16, Definition 1.16], where X is a disjoint
union of finitely many locally closed subschemes U; (“open strata”), each isomorphic to A™,
whose closures U; are a disjoint union of strata U;j. If X has an affine stratification, then
defining %;(X) to be the union of all open strata U; of dimension at most j yields a strict
cellular structure.

Example 3.2. Projective space P™ has a strict cellular structure given by a full flag P° C
P' C .- C P* with Z;(X) := P! and Q;(X) :=P™ ~ P* . Since the join P' % P} ~,; P+,
it is useful to think of Q;(X) as an open neighborhood of the i-skeleton. See [M520, Remark
2.12] for more discussion of the topological notion of skeleta, CW-structure, and cellular
structure.

Example 3.3. The class of schemes with a strict cellular structure contains many geo-
metrically interesting examples. Grassmannians G(r,n) have an affine stratification by the
Schubert cells [EH16, Section 4.1.2]. More generally, the Bruhat decomposition on the flag
vareity G/B of a split semisimple algebraic group G with a Borel subgroup B defines a strict
cellular structure [M520, p. 12].

The following more general definition of Morel-Sawant allows the “cells” to be more general

affine schemes.
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Definition 3.4. ([MS20, Definition 2.11]) Let X be a smooth scheme over a field k. A cellular
structure on X consists of an increasing filtration

0 =04(X)CQ(X) S (X)) S+ C QX)) =X

by open subschemes such that for i € {0,...,s}, the reduced induced closed subscheme
Xi := Qi(X) N Qi 1(X) of Q;i(X) is k-smooth, affine, everywhere of codimension i and coho-
mologically trivial. A scheme with a cellular structure is called a cellular scheme.

Definition 3.5. A cellular structure on X is called simple if for every n, H(‘)*] (Xn) ~ Zb for
some non-negative integer b,. A scheme with a simple cellular structure is called a simple
cellular scheme.

The class of simple cellular schemes contains all schemes with a strict cellular structure
(and hence with an affine stratification), since H4' (A!) ~ Z and HZ, (A}, M) = 0 for all
n > 0 and any strictly Al-invariant sheaf M € Ab (k).

3.2. Cellular Spanier—Whitehead category. Let H(k)<!! denote the full subcategory of
‘H(k), with objects consisting of pointed spaces of the form Thyx V, where X is a smooth
k-scheme admitting a cellular structure and V is a vector bundle on X. Note that X, :=
X]ISpeck is an object of H(k)®! as X, = Thy, 0. The product of two smooth schemes
admitting cellular structures admits a canonical cellular structure (see [MS20, p.21] or
Lemma 4.5). It follows that the symmetric monoidal structure /\ on #H(k), restricts to
a symmetric monoidal structure on H (k).

We now introduce the cellular Spanier—Whitehead category
SWCOH(k) — H(k):oll[apﬂ )®71].

Recall that we defined P' to be the projective line pointed at co. The pointed space P' is in

H (k) because P! = Thgpeek O, 50 SWel (k) is well-defined. Note that the canonical functor

SWell(k) — SW(k) is fully faithful. As noted in Section 2.1, since the cyclic permutation on

P! is the identity, the natural functor H (k)" — SW*!(k) is a symmetric monoidal functor.
There is a canonical A'-weak equivalence

ThxV & P(V® O)/P(V),

between the Thom space Thx V := V/(V — 0) and the quotient P(V & O)/P(V), where O
denotes the trivial bundle. It follows that there is a canonical isomorphism Thy(V & O) =
P' A ThxV in H(k), [MV99, Prop 2.17]. This can be used to extend the Thom space
construction to a functor

Th : Ko(X) — SW(k) ThV := (Thx(V® O"), —1)

where 1 denotes a positive integer such that V@ O is represented by a vector bundle. Indeed,
a path in the K-theory groupoid K(X) between vector bundles V and W produces a canonical
isomorphism Thyx V ~ Thx W in SH(k) [Ayo07, Scholie 1.4.2(2)]. This isomorphism lies in
SW (k) because the functor SW (k) — SH(k) is fully faithful on Thom spaces. For V a vector
bundle (of non-negative rank), there is a canonical isomorphism between the Thom space
functor Th just defined applied to V and the usual Thy V, justifying the abuse of notation.
When X admits a simple cellular structure, the Thom space functor Th factors through
Sweell(k) — SW(k), defining Th : Ko(X) — SWel(k).

Lemma 3.6. Let X be a smooth projective scheme over k and suppose that X admits a

cellular structure. Then X, is dualizable in SW (k).
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Proof. Since X is smooth and projective over k, we have that X, is dualizable in SH(k)
with dual DX, ~ Th(—TX), where TX denotes the tangent bundle of X [Rio05, Théoréme
2.2]. Let DX, in SW!(k) denote Th(—TX) by a slight abuse of notation. The evaluation
and coevaluation maps € and n in SH(k) of Definition 2.1 have unique preimages under
SWe! (k) — SW(k) — SH(k) because both functors are fully faithful on 1gyeeng, X;, DX,
X; ADX; etc. U

4. THE CELLULAR HOMOLOGY OF MOREL-SAWANT ON CELLULAR THOM SPACES

Morel and Sawant [MS20, §2.3] define the cellular A'-chain complex and corresponding
cellular A'-homology for a cellular scheme, and show these are functors between appropriate
categories [MS20, Corollary 2.43] preserving monoidal structures [MS20, Lemma 2.31]. We
generalize these definitions in a straightforward manner to include Thom spaces, which will
result in a symmetric monoidal functor

Ce: H (k)2 — D(AbJ, (K))
(see Proposition 4.7).
Let V be a vector bundle of rank r > 0 on X in Sm; and
P=0,1C0Q COC---CQ =X
be a cellular structure on X, so ThxV is an object of SWe(k). Let X; = Q; \ Qi =
]_[meM_l Xim be the decomposition of X; into connected components. Morel-Voevodsky Purity
[MV99, Theorem 2.23] provides a canonical weak equivalence

Th_Qi V/ ThQF] Vv A Thx.1 (V + Vi)

where v; is the normal bundle of the closed immersion X; < Q; of smooth k-schemes.
Consider the cofibration sequence

ThQF] V — Th_Qi V — ThQ.1 V/ ThQF] \/,

and its long exact sequence of reduced A'-homology sheaves

.. HA(Thg, , V) = HA (Thg, V) — HA (Thg, V/ Thg,_, V) — HA | (Thg, , V) — -
|~
HA (Thy, (V + 1))

which gives the boundary map 0,, as the composite

HA (Thy, (V+vy)) — HY . (Thg, , V) = HY [ (Thg, V) = HAL [(Thy, ,(V+va1)).

n+r
Forn > 0, let
=~ =~ ~ Al
Cell (Thy V) := C&L (X, V) := HA, (Thy, (V + vy))
with boundary maps 9, as above be the (shifted, reduced) cellular A'-chain complex on (X, V).
With this notation, we record the cellular structure of X also when we write Thx V. Note
also that Thx 0 ~ X, and C®"Thyx0 ~ C¢!X with C®!X defined by Morel and Sawant

[MS20, Section 2.3].

li{emark 4.1. Suppose X in Smy is equipped with a simple cellular structure. By definition,
Cell(Thy V) = Hﬁ] (Thx,, ,(V+vy)). By [MS20, Lemma 2.13], we may choose a trivialization
of V+v,,. Such a choice defines an Al-weak equivalence Thy, ,(V+vy) =~ (Xn_r)+/A(A™/AM—

{0}). By Morel’s computation (5), we have ljlﬁ] (X)) £ ANAM/A™—{0})) = H§1 (Xn_y) @ KMW
14



forn > 1 and ﬁA]((X e AAT/AM —(0}) = HA (Xn,) for n = 0. Since the cellular
structure on X is simple, HA (X;) = Z*. Thus we have

. KWy i 0
Cel(Thy V) = 4
T V) {Zbr i=0.

If the cellular structure is additionally strict, then Q; \ Q; ; = ]_[] ;A . In other words,
the integer b; corresponds to the number of connected components of Q; \ Q; ;.

Remark 4.2. More generally, for X in Smy equipped with a cellular structure, Cff“(ThX V)=
H5' (Xn—r) ® KMW. Thus Co(Thy V) is in D(AbY, (k).

To show functoriality of C%!, Morel and Sawant introduce the notion of a strict A'-
resolution [MS20, Definition 2.33] and we will need this notion as well.

Proposition 4.3. Let Thy V be an object of H" (k). There exists a unique morphism
¢x: CF (Thx V) = C¥(Thy V)
in D(Aby (k) that is a strict A'-resolution in the sense that the functor
D(Aby(k)) = Ab  C, — Homp 19 (C¥ (Thy V), C.)
is represented by C"(Thy V) .
Proof. The proof of [MS20, Proposition 2.37] extends to this level of generality. O

Corollary 4.4. Let f : Thx V. — Thy W be a morphism in H(k)". Then there exists a
canonical chain homotopy class of morphisms

Cel(f) : CM(Thyx V) — C&'(Thy W)
m HOmCh>0 Ab,; ( (CCCH(Th V) éieu(ThY W))

Proof. Since CfN(—) : ﬂ*(k) — Dp (k)~ is a functor (see [Morl2, p. 161]), the morphism f
induces a map C‘f (f) : Cf (Thx V) — Cf (Thy W). Thus by Proposition 4.3, there is a map
Ceell(f) : Ce(Thy V) — C"(Thy W) in D(Aby (k)) such that the diagram

CA (Thy V) —2 ct LA (Thy W)

| !
Ceell(Thy V) = Ceell(Thy W)

commutes. As noted previously, C?”(ThX~V) is a bounded complex of projective objects
of Aby (k). It follows that Hompap, (1) (Ce(Thy V), C(Thy W)) is the group of chain
homotopy classes of maps in Homen. ,(an,,; (k) (Ce(Thy V), Ce(Thy W)). O

The following is the generalization of [MS20, Lemma 2.31] to include Thom spaces. The

proof was omitted in [MS20], so we include one for completeness.
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Lemma 4.5 (Kiinneth Formula). Suppose that X and Y are smooth schemes equipped with
cellular structures, and let py and p; be the projections of X XY to X and Y, respectively. Let
V and W be vector bundles on X and Y, respectively. Then there exists a cellular structure
on X x Y and a natural isomorphism in D (Ab}, (k))

(8) C!(Thx V) BD(Ab?, (1) Ce(Thy W) — C5 (Thyx,y (p7V + p3W)).

Proof. Let r and s be the (nonnegative) ranks of V and W, respectively. Let v; and w; denote
the normal bundles of Xi = QI(X) \Qi_] (X) — Ql(X) and Y, = QI(Y) \Qi_] (Y) — QI(Y),
respectively.

Note that there is a natural shifted cellular structure on X x Y equipped with p;jV+p3W €
Ko(X x Y), where the open strata are O, (X X Y) = Uiyjon (Qi(X) x Q;(Y)) and the closed
strata are (X X Y)n 1= Qq(X x Y)\ Qq (X X Y) = Uij—nX; X Yj. The normal bundle &,
on the inclusion (X x Y), — Q. (X x Y) is the disjoint union of the normal bundle on each
Xi X Yj, namely &, = Uiy—n(pivi +Pi1y).

We compare the degree n 41+ s terms of the two sides of (8). The degree n+ 1+ s term
of the right hand side of (8) is

HE s (Thoom, (PTV + PIW + £0))
= Hﬂws (Thu,;_wxixy; (PTV +P2W + Uij—n (P1Vi + P31)))
= HE L (Vigion Thy, xv, (PTV + P3W + pivi + Pi1y))
= (P HE,,, o (Thyey, (PFV + P3W + pivi + pi)).

i+j=n

The degree n + 1+ s term of the left hand side of (8) is

P CM(Thx V)@an,, 0 C (Thy W) = €D HEL (Thy, (V4v1))®an,, o HE (Thy, (W),

iHj=n+r+s i+j=n

For any X’ and Y’ with V' € Ko(X’) and W' € Ko(Y’), we have a natural equivalence
Thy: (V') x Thy:(W') — Thy:«y/ (V' x W’). We therefore have an induced map

(9) Hﬂr(ThXi (V4 vi)) ®ap,, ( a ﬁﬁs(Thyj (W+ )

— HﬁmH (Thx,xy, (PTV + p2W + pivi + po1y)).
Unwinding the definitions and using the functoriality of the Thom space, (9) induces a map
of chain complexes (8), i.e. is compatible with the differentials.

We claim that for i+j = n the map (9) is an isomorphism. By [MS20, Lemma 2.13], both
V +v; and W + p represent trivial elements of Ko(X;) and Ky(Y;) respectively. Choosing
trivializations induces a trivialization of p7V +p3W +pjvi +pru; on X; x Y;. These trivial-
izations and the suspension isomorphism for Al-homology [Mor12, Remark 6.30] induce the
following isomorphisms:

FEL (Thy, (V4 v0)) = FEL (X0 A (G 597 A (8T)657) = FE (X0), A (6)7)

Al
H]+s

((Y5)+ A (G )T A (STYNUH9)) = f:[é%‘ ((Y;)4 A (G,,)\0+9)
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s (Thioey, (PTV 4 PIW + pivi+ p3wy))

= H (X Yj) g A (G ) M) A (ST TSy

i+j+r+s

= Hgl ((Xq x Y])Jr A (Gm)A(iﬂHﬂ))'

Note that ltlf)*] takes a sheaf of sets to the free strictly Al-invariant sheaf of abelian groups
on the sheaf of sets, and thus transforms /A to ®. The claim follows. The differentials are
as claimed by the usual Puppe sequence argument. O

Lemma 4.6. Suppose that X and Y are smooth schemes equipped with cellular structures, and
let p1 and py be the projections of XXy Y to X and Y, respectively. Let V and W be vector bun-
dles on X and Y, respectively. Then C¢! respects the symmetry maps Tygeen(i) (Thx V; Thy W)
and TD(AD?, (K) in the sense that the diagram

(10) Ceell(Thy V) ® C(Thy W) % Cel(Thyyy iV + piW)
"D (avP, <k>>l l@f“hwu)

Cel(Thy W) @ C&(Thy V) ——> C&!(Thy,x psW + piV)

commutes.

Proof. With appropriate orientation data, (10) becomes a sum of diagrams of the form

(11) HE (Xiy) @ K™Y @ HE (Yi—s) ®a1 EJMW —— H§' (Xiy x Yios) @ KN

D (ABP, (k) l lCiC“(Tchn)

H' (Yis) @ar K; MV @ HE (Xiy) @ KW —— HY (Yis X Xiy) @0 KY™W

where 1 4+j = n, 1,j > 1, along with similar diagrams where 1 or j is O and the approprl—
ate factors of KMW are omltted In (11) the map CceH(THccu) is induced by applying HA
to a swap map on spaces of the form (X;); A S#A (Y;) A SP with X; and Y; cohomo-
logically trivial. This map is multiplication by the swap map S?»' A S¥ — Szj’j A S?htin
GW (k). This element of GW (k) equals (—1)Y by [Mor12, Lemma 3.43(2)], which states that
T(SP1d1 SP242) represents (—1)P1=a1)P2=a2)(—(_T1))9192 in GW(k). By definition, the map
TD(AD?, (k) is multiplication by (—1)¥ times the canonical swap on a tensor product (see (7)).

The map m; is the tensor product of the isomorphism Hj' (Xi )@ H5' (Vi) — HE' (Xi X
Yj_s) with the isomorphism Eivlw Rl E]MW KMW induced by multiplication on Milnor—Witt
K-theory. A similar statement holds for m, where the factors are reversed. Since Milnor—
Witt K-theory is —(—1) graded commutative [Morl2, Corollary 3.8], it follows that m, is a

canonical swap on a tensor product to reorder the factors followed by (—(—1))Y times m;.
Since (—1)9(—(—1))¥ = (—1)Y, the claim follows. O

Proposition 4.7. The functor Ce% : H (k) — D(AbY, (k)) is symmetric monoidal.

Proof. This follows from Corollary 4.4, Lemma 4.5, and Lemma 4.6. 0
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5. SPANIER—WHITEHEAD CELLULAR COMPLEX

5.1. Definitions and basic properties. Recall we defined SW!(k) := # (k) [(P")® ]
in Section 3.2. Since C¢! is a symmetric monoidal functor and the cyclic permulation of
P'®P'®@P' is the identity in H(k),, the cyclic permutation of Ce!(P") & Ce!(P') & Ce!(P')
is the identity in D(AbY, (k)). Denote the corresponding Spanier-Whitehead category (as in
Definition 2.5) by

DSY(Ab, (k) := D(Ab?, (k))[CM(PN)= 1],
By [MS20, Corollary 2.51], the complex C&!(P') ~ Cff“(IP’lr) is represented by the complex
KW 47,
Thus éien(IP”) ~ K"W[1] and we have
(12) DSV (AbY, (k)) = D(AbY, (k) (K™ [1))#].
Definition 5.1. Define
CSW—COH . choll(k) - DSW(AbK] (k))

to be the symmetric monoidal functor obtained by applying Proposition 2.6 to the symmetric
monoidal functor Ce : H (k)e! — D(Ab}, (k)) of Proposition 4.7.

Corollary 5.2. Let X be smooth and projective over a field k and suppose that X admits a
cellular structure. For any endomorphism @: X — X and any integer m > 1, we have

Tr(CSW—cell((pm)) — CSW_CeH(TI"((pm)).

Proof. We may assume m = 1. By Proposition 3.6, X is dualizable in SW" (k). The result
follows by applying Proposition 2.4 to the symmetric monoidal functor CSW-cell, 0

Proposition 5.3. The morphism
(13) CSW_CCH . EHd(]Schll(k)) — End(1DSW(AbZ1 (k)))
is an isomorphism, and both sides are isomorphic to GW(k).

Proof. We compute CSW‘CCHUSWCCu(k)) = CW-eell(Speck,) = Z. By the identification (12),
we obtain

End” DSW( Abp x)) )

= cohm Endpa,; o) (KW em)

= cohm Endp(ab,, (x 0 (KMYM])  (by [Morl12, Theorem 3.37])

= cohm Endap , ( 0 (KMW) (since KMW is projective by [Mor12, Theorem 3.37])
= col>1(1;n GW (k) (by Lemma 2.7)
= GW(k).

We have End(1gyeen()) = colimn>o End(S?™) = GW(k) by [Mor12, Cor 6.43]. Since H‘f
respects the GW (k)-module structure on End(S*™"), so does CSW-c¢Il . Thus the map (13)

becomes the identity map on GW (k) under the given isomorphisms. O
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5.2. Endomorphisms, traces, and characteristic polynomials. Given an endomor-
phism ¢ of a dualizable object in DSW(AbK1 (k)), we can use the categorial trace of ¢ and
its powers to define a logarithmic characteristic polynomial of ¢, which, using Proposition 5.3,
is a power series with coefficients in GW (k).

Definition 5.4. The logarithmic characteristic polynomial of an endomorphism ¢ of a dual-
izable object in DSW(AbX] (k)) is the power series defined by

dlog P Z Tr(e™)t™" € GW(K)[t].

We use the convention that dlog indicates a formal logarithmic derivative, while % log
denotes the derivative of the logarithm.

This definition is motivated by the usual definition of the characteristic polynomial of a
square matrix.

Definition 5.5. For any commutative ring R and endomorphism ¢ of R™ represented by a
matrix A, the characteristic polynomial P, (t) is defined as P, (t) := det(1 — At).

We then have the following elementary relation.

Lemma 5.6. Let R be a commutative ring and let A: R™ — R™ be an endomorphism. Then

d 1
< los(Palt Z Tr(A™)t™

Proof. We will show that these two power series agree by comparing each coefficient. The
coefficient of t' on each side is a polynomial (with integer coefficients) in the entries of the
matrix representing the endomorphism A. To show that these integer polynomials agree, it
suffices to prove that they take the same value on every complex number. In other words, it
suffices to prove the theorem when R = C. In this case, we may assume that the matrix of
A is upper-triangular with diagonal entries cy,...,c, (since trace is independent of a choice
of basis). We have Pao(t) =[], (1 —tci) and Tr(A™) = Y | ¢, which gives

i=1

= i —Tr(A™)t™ . O

Let C, in Chso(Aby (k) be a bounded complex such that C, = (KMW)®n for some non-
negative integers b,. For example, we may take C, = C!(X) for a smooth simple cellular
scheme X (Remark 4.1). Let N be an integer. Let t be a nonnegative integer such that
C,, =0 for n > t. Define

D(C,, N) == HomChzo(Ab(k))(CME\AW[’C])»—t— NJ.

By Lemma 2.7, D(C,, N) is a representative for an object in DSW(AbK1 (k).
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Proposition 5.7. The object D(C,, N) is a dual object to (C,, N) in DSW(Abzl (k) in the
sense of Definition 2.1.

Proof. Define €: D(C,,N)® (C,,N) — (%, 0) to be the map in DSW(Abzl (k)) associated to
the natural evaluation map

elt] : HomAb(k)(C*,Eyw[t]) ® Cy — K?AW[’C] = E]]vlw[”@t

in Chao(Ab(K)).
Define a map Hom ) (Cr,y Cr) ® KM — Hom p 1) (Cry Cr @ K'Y by ¢ ® a — g
where ¢q(c) = ¢(c) ® a. Since C, = (KY)or, KM @0 K™ = KNMY [Mor12, Theorem

3.37], and Hom (KW, Kﬂ/ﬁ]) K™ by Lemma 2.7, we find that Hom 1) (Cry Cr @ KYW)
is strictly Al-invariant. (Note that t —m > 1 by construction.) This deﬁnes a map

f HOIIlAb (Cn, C ) ®Al K — HOIIlAb (CTI.) C ®Al K )
By similar reasoning, we have a map
On - HO_mAb(k)(Cmﬁivlw) @ Cp — HO_mAb(k)(CmEItVIW ®Ra Cn)

Since t > n, the map g is an isomorphism. (This can be seen using the isomorphisms

Ch 2= (KMW)bn Hom (KMW KMWY) = KMW "and KMV @0 KMW = KMW ete.) Let

Ry KMY 5 Homyy g (Cry Co) @ KMW

denote the map defined by a — T¢, ® a.
The composite T(n,t —n) o g,.' ot(n,t) o f, o h, defines a map

ELVLW — HO_mAb(k)(Cm Ch)® EE/IW
1 )nt

(—-
— Homyy 4 (Cny Cn @1 Kf™Y) —————— Hom g (Co, KW @0 Cp)

(—(=mntm)
- HO_mAb(k)(CmKiVIW) Qg Cp ——— G Qp HO_mAb(k)(CmEiVIW)

where T(1,j) is the swap a®b +— (—(—1))Ub® a. The sign comes from the graded (—(—1))-

commutativity of KMV, See [Mor12, Corollary 3.8].
Taking the product of the T(n,t—mn) o g;' ot(n,t)of, oh, over n defines a map

nitl: KMt — C, ®@ch(Ab,; (k) Hom(C,, KMV[t]).

Let n: (Z,0) — (C,,N) ® D(C,, N) be the associated map in DSW(AbX] (k)). We leave
checking that these maps satisfy the desired properties as in Definition 2.1 to the reader. [

Let C, in Chsy(Aby (k)) be a bounded complex such that C; = (KM")® for some non-
negative integers b;. Let ¢ : C, — C, be a morphism in D(Abu(k)). As in the proof
of Corollary 4.4, the morphism ¢ is represented by a map of complexes, so we have maps
@i 1 (KMWYbe — (KMW)Pi - Such a @; is determined by an b; x b; square matrix of elements
of Hom (KMW KMW) = GW (k) (Lemma 2.7). The trace of such a matrix is denoted Tr and
defined to be the sum of the diagonal entries.

Proposition 5.8. Let C, in Chso(Aby (k) be a bounded complex such that C,, = (KMW)bn

for some nonnegative integers b,. Let @ : C, — C, be a morphism in D(Abgy(k)). The
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categorical trace of the corresponding map @ in DSW(AbX] (k)) is computed as

o0

Tr(@) = Y (—1)"Tr(@s).

Proof. Let €,m be the evaluation and coevaluation maps as in Proposition 5.7, and T the
symmetry isomorphism in the category DSW(AbX] (k)) as in (7). Then Tr(¢) is the compo-
sition

15 (C.yN) @ D(C,, N) 22 (C,,N) © D(C,,, N) 5 D(CoyN) @ (Coy N) =5 1.

This map is represented by a map

1
KMVt — C, ®Ch(Ab,; (k) Hom(C., KM[t]) ¥% C, ®ch(Ab,; (k) Hom(C., KMV [t])
— Hom(C,,, K}'"™It]) ®cn(ab,, 1) C — K™ It]

in Chx(Aby (k)), where t is as in Proposition 5.7 and its proof. This map is concentrated
in degree t. The degree t sheaves of the complexes C. ®ch(an, () Hom(C,, KMV[t]) and
Hom(C,, KM[t] )®cn(Ab,; (k) C« are isomorphic to a direct sum over n of C;, @y Hom(Cy, KMW),
leading to an expression for Tr(¢@) as the sum over n of maps

(14) EZL\AW — Gy Qi HO_mAb(k)(CmE{\/IW) &91 Ch ®u HO_mAb(k)(CmKItVIW)
= Hom gy (Coy KMV @0 € — KM,
Tracing through the definitions of Proposition 5.7, the composite (14) is

(=)™ (=) (=) Tr(n) = (=1)" Tr(@n).
Thus Tr(@) = > 22 _ (—1)'Tr(¢n) as claimed. O

n=

5.3. Cellular Grothendieck—Lefschetz trace formula. Hoyois [Hoyl5] proves a qua-
dratic refinement of the Grothendieck—Lefschetz trace formula in the setting of stable mo-
tivic homotopy theory, in the sense of relating the trace of an endomorphism ¢ : X — X of
a smooth proper scheme to the fixed points of @. The machinery of Morel-Sawant and the
above give an expression for the trace in terms of traces of matrices of elements of GW (k)
for simple cellular X:

Theorem 5.9. Let X be a smooth projective scheme over a field k and suppose that X admits
a simple cellular structure. Let @: X — X be an endomorphism, and let C<! () : Ce(X) —
Cell(X) be any representative of the canonical chain homotopy class. We have the equality

Te(@) = ) (=1)' Tr(C* (@)
in GW(k).
Note that with our notational conventions, Ce(X) ~ Cell(X, ) ~ CSW-cell(X),

Proof. By Lemma 3.6, the scheme X is fully dualizable and Tr(¢) is a well-defined element

of GW(k). By Proposition 5.3, there is an equality Tr(¢@) = C3W-l(Tr(¢)). By Corol-

lary 5.2, CSW-cell(Tr(@)) = Tr(C3W-eell(p)). By Remark 4.1, C3W-cell(X) ~ C¢!(X) satisfies

the hypotheses of Proposition 5.8. Applying Proposition 5.8 proves the theorem. O
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Classical Lefschetz trace formulas in algebraic or topological categories take the form
S (T ) = Tr(@) = Y indy
i x:@(x)=x

under appropriate hypotheses. For simple cellular schemes, Theorem 5.9 gives a quadratic
refinement of the left equality. We will combine this with Hoyois’s enrichment of the right
equality later in Section 8.2.

6. RATIONALITY OF THE ZETA FUNCTION

In this section, we prove that the logarithmic zeta function of an endomorphism of a
scheme with a cellular structure is computed via CSW-I(X) (Theorem 6.1). When the
cellular structure is moreover simple, we more explicitly show that the logarithmic zeta
function is computed by the action on the terms C£!(X) of Morel-Sawant’s cellular complex
(Theorem 6.2). This, in turn, proves that dlog C%LP is dlog rational (cf. Definition 1.2) in this
case.

Let X be a cellular scheme over a field k (cf. Definition 3.5) with an endomorphism ¢@: X —
X. Since C5W-eell i5 a functor, we obtain an endomorphism

CEW—Cell((p) . CEW—cell (X) — CEW—cell (X) .
Using Definition 5.4, we define

dlog PR ! (t) = dlog Pesw-cangy (1) = Y —Tr(CIV!(@)™)t™

to be the logarithmic characteristic polynomial of the endomorphism C3W-c¢ll(¢).

Theorem 6.1. Let X be a smooth projective cellular scheme over a field k and let @: X — X
be an endomorphism. Then

dlog ¢4, (t) = —dlog PE¥W-l(t),

Proof. We compute

dlog C Z Tr(@™)t™! (by definition)
m>1
= Z CEW-cell (Ty(pm))t™ ! (by proof of Proposition 5.3)
m>1
= Z Tr(COW-cell(m))t™ ] (by Corollary 5.2)
m>1
=Y Tr(CVel(@)m)tm! (by functoriality)
m>1
= —dlog PSW cell(¢) (by definition). O

We can make dlog PSW cell(t) more explicit when the cellular structure is simple. Assume
this is the case. Let

0C Q(X) C - S QX) =X
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be a simple cellular structure on X. Write X; := Q;(X) ~ Q; 1(X). Then

(KMW)be >0

SW-cell . cell cell ~
C; (X) :== (C{(X), 0) and Ci(X) = {Zbo Lo

See Remark 4.1. By Corollary 4.4 or [MS20, Corollary 2.43], there is a canonical chain
homotopy class of endomorphisms C%(¢p) of C®"(X). Choosing a representative, we obtain
an endomorphism
Ce(p): CE(X) — € (X)

of each term in the complex C(X). Since C{(X) ~ (KMW)®: the endomorphism C¢ (o)
is determined by a b; x b; square matrix of entries in Hom (KM, KMW) = GW(k), which
is a commutative ring. We therefore have the usual notion of the characteristic polynomial
chell((p)(t) of C¢'(¢@) in the polynomial ring over GW k), namely

PCice“((p)(t) = det(] — tcfell((p))‘

Theorem 6.2. Let X be a smooth projective simple cellular scheme over a field k and let
@ : X = X be an endomorphism. Then

[eo]

1 . d
dlog Gy = Y —(=T) 71 108 Pgn ) (1).
Proof. We have
dlog CQ:@(’E) = Z Tr(CIVeell(@™))t™ (by Theorem 6.1)
m>1
= —D) Ty (CEWeell(m))t™ ] (by Proposition 5.8)
K 1
m>1i=—o0
= Z Z (—1) Te(C{ (™))™ (by construction)
m>11i=—oco
= Z Z (=)' Te(C{M (@) ™t™ ! (by Corollary 4.4)
m>1i=—o0
[e¢] . d )
= Z —(=1) at log Pecenn(gy (t) (by Lemma 5.6). O

o
I

—00

Remark 6.3. If a power series @(t) is dlog rational in the sense of Definition 1.2, it is
tempting to write ® = dlog ]_[j P].C ', where the power operation should be a suitable power
structure on the Grothendieck—-Witt ring. In fact, the ring GW (k) is endowed with a natural

pre-A-ring structure
A : GW(k) = 1+t GW(K)[[t]

sending each generator (a) to 1+ (a)t (it is induced by sending a quadratic space to its
successive alternating powers). By [GZLMHO6], this endows GW (k) with a power structure

such that
-l T
(ﬁ) =M(r)
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for every r € GW (k). In particular, we have
(1—1)" =1+ (a)t.

Taking logarithmic derivatives, we get

dlog ((1—1)"@) = #‘Xm

We conclude from this that this power structure is not compatible with logarithmic deriva-
tives, in the sense that in general for r € GW(k) and f € 14+t GW(k)[[t]] we do not have

dlog f" = rdlog f.

Thus, this natural power structure with GW(k) does not provide us with a way of lifting
our definition of dlog rationality to a notion of rationality.

7. A'-LOGARITHMIC ZETA FUNCTIONS AND REAL POINTS

Let ™® : SH(R) — SH denote the real realization functor from the stable A'-homotopy
category over R to the topological stable homotopy category [Bacl8, Section 10] . As above,
we use the isomorphism End(lgpr)) = GW(R) given by the Al-degree of Morel. This
Al-degree has the beautiful property (see, e.g., [AFW20, Prop 3.1.3]) that it encodes the
topological degree of the corresponding map on real points:

(15) sign degA] (f) = deg™® r®(f),

where deg'® denotes the topological degree of a self map of a sphere, and sign : GW(R) —
Z is the signature homomorphism, which takes the class of a bilinear form over R to its
signature. So sign(a(l) + b(—1)) = a —b for all a,b € Z. In other works, the map
™™ (End;) induced by the real realization on endomorphisms of the corresponding unit objects
™ (Endy): GW(R) = End(Tspr)) — End(1sg) = Z is sign : GW(R) — Z.

Lemma 7.1. Suppose that @ : X — X is an endomorphism of a smooth scheme X over R.
Let X(IR) denote the real points of X, viewed as a real manifold, and @(R) : X(R) — X(R)
the corresponding endomorphism. Then

sign Tr(¢@) = Tr(@(R)).

Proof. The real realization functor ™ is symmetric monoidal by [HO16, Section 4]. Thus
™ Tr(@) = Tr(r®(@)) = Tr(@(R)) by, e.g., Proposition 2.4. Then ® Tr(¢) = sign Tr(¢) by
(15). O

Proposition 7.2. Suppose that @ : X — X is an endomorphism of a smooth projective
scheme X over R. Then in Z[[t]] there is an equality

top

) d Cyid
sign dlog Cf’(p = alogH(Pw(R)\Hi ()

where P(P(R)IHh)p(t) denotes the characteristic polynomial

Pomme (t) = det(1 — to(R)IH;,, (X(R); Z))

top

of the action of @(R) on the singular cohomology of X(R).
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Proof. Let Ci,, : H— D(Z) denote the singular cochain functor from the homotopy category
of topological spaces to the derived category of Z-modules, which is symmetric monoidal.
Since D(Z) admits a tensor inverse to C;‘Op(SU, there is an induced symmetric monoidal
functor C},, : SW — D(Z) from the topological Spanier-Whitehead category (see Proposi-

tion 2.6). We compute

sign dlog CQLP Z Tr(p(R)™)t™! (by Lemma 7.1)

m>1

= Z Clop IT ™y (Clop s End(Tsw) — Z is an isomorphism)

m>1

= Z Tr(Ci,p (@ )™))tm! (Clop 18 symmetric monoidal)
m>1

- Z Tr top ))tmi]

m>1

=y Z ) Tr(HE (@(R)™)t™!

m>1i=—oc0

= Z —(=1¢ (;1 log Pymyme (1) (by Lemma 5.6). O
For a Z[1/d] scheme X and a point z : Spec L — SpecZ[1/d], let A1 denote the pullback
XL =X ® L of X along z. Similarly, given an endomorphism ¢ : X — X, let @ : AL — AL
denote the corresponding pullback.
Note there are pullback map on Grothendieck—Witt groups

W(zZ[1/d]) - GW(F,) and ng: GW(Z[1/d]) - GW(R).

Moreover, for d = 1, the map 1} is the isomorphism GW(Z) = GW(R), which allows us to
map elements of GW(R) into GW(Z[1/d]). Let Z[(—1), (p) : p prime dividing d] denote the
polynomial ring in infinitely many variables over Z, where each of (—1) and (p) are viewed
as variables. The notation defines an evident map Z[(—1), (p) : p prime dividing d] —

W(Z[1/d]), which is a surjection by [BW20, Lemma 5.6]. By a slight abuse of notation, we
will also apply the maps z* and nj to elements of the ring Z[(—1), (p) : p prime dividing dJ.

Proposition 7.3. Let X — SpecZ[1/d] be smooth and proper for d =1 or d even and let
@ : X — X be an endomorphism. Let z be a closed point of Z[1/d] with residue field IFy.
Then there is a a power series C in Z[(—1),(p) : p prime dividing d][[t]] such that

T]]RC dlog Z’XR PR and 4 C dlog CX]F »PFp

Proof. The scheme X is dualizable in SH(Z[1/d]) by [DD@ZQ Theorem 3.4.2]. For d even,
we have a Hermitian K-theory spectrum KO € SH(Z[1/d]) with [1z7,q4, KOl = GW(Z[1/d])
[Hor05], and f*KO = KO for f = z*,n}(and more generally) [P\\ 18]. Let w: Tzp/q — KO
denote the unit map of the ring spectrum KO. Then uA\Tr(¢™) € [121/a,k0] = GW(Z[1/d]).

Choose preimages (uw/\ Tr(e™)) in Z[(—1), (p) : p prime dividing d] of uw /A Tr(¢e™) under
the surjection
Z[{(—1), (p) : p prime dividing d] — GW(Z[1/d]).
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Define ¢ by

(=Y (WATi(m))t™!
m=1

Let f : SpecL — SpecZ[1/d] denote either of the maps z : SpeclF, — SpecZ[1/d] or
Nr : SpecR — SpecZ[1/d]. The proposition then follows from the following equalities in
GW(L):

FFuNATr(e™)) = Ffu AN (Tr(e™)) (f* is symmetric monoidal)
=uATr(f"e™) (f*KO ~ KO and Proposition 2.4)
= Tr(f*e™) (1, 1) = 0y, KO)). O

Corollary 7.4. For @ : X — X an endomorphism of a smooth and proper Z-scheme.
1 * 1
dlog® Caior, = 2" dlog® Cay e

Proof. Follows from Proposition 7.3 and the isomorphism ng : GW(Z) = GW(R). O

Example 7.5. If ¢ : X — X is the relative Frobenius of a smooth proper toric variety X
over [, the Frobenius lifts to ¢ : X — X with X smooth and proper over Z (see, e.g.,
[BTLM97, Section 3.4] or [Bor(09, Section 2.4]). (The criteria for smoothness and properness
of toric varieties shows that the lift X’ given in the references is indeed smooth and proper.)
Combining Corollary 7.4 with Proposition 7.2 and (1) computes the logarithmic A'-zeta
function of these varieties.

When the Frobenius does not lift, we wish to use Theorems 6.1 and 6.2 to relate the
logarithmic Al-zeta function to the real points of a lift over a ring with a real place.

Let X be a strictly cellular scheme over R. By Remark 4.1, the complex C¢!(X) is quasi-
isomorphic to a complex of the form

(16) o= 0 = ZP0 o (KYW)P1 o (KDWY e (KMWYPR 0 L

Proposition 7.6. Let X be a strictly cellular scheme over R and let by be as in (16). Then
there is a complex C, in Chso(Z) with C; = Z" and a quasi-isomorphism

C. >~ CIP(X(R);Z)
between C, and the singular chains on the real manifold X(R).

Proof. Let ) = Q 1(X) € Qo(X) € Q1(X) C -+ C Qn1(X) C Qu(X) = X denote a strictly
cellular structure on X, in the sense of Definition 3.1. So Q;(X) C X is an open subscheme
and
Qi(X) N Qi 4(X) = H AN
By
is a finite disjoint union of schemes isomorphic to affine space A™ ' indexed by the set ;.

By Remark 4.1, the cardinality |B;| = b; of B; is b;. For each 1i, there is a cofiber sequence
of topological spaces

Qi 1 (X)(R) = Qi(X)(R) = Qi (X)(R)/Qi1 (X)(R) =~ Viep, Thyn-i(r) Va
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where v, denotes the normal bundle of the component of Q;(X) ~ Q; ;(X) indexed by « in
Qi(X)(R). Since A™*(R) is contractible, we may choose weak equivalences Thyn—i(g) Vo = S*.
Applying singular cochains C'P gives a distinguished triangle

CIP(Q 1 (X)(R)) — CP(Qu(X)(R)) — CLP(V3,SH)

in Ch>¢(Z), where éi‘)p denote the reduced singular chains. The reduced singular chains on
the wedge are quasi-isomorphic to a complex concentrated in degree i, namely

CloP(\/g, S ~ ZPi[i].
The claim follows by induction on 1. U

Note that the definition of a strict cellular structure (see Definition 3.1) makes sense over
an arbitrary base scheme. Given a smooth proper strictly cellular scheme X — Spec A over
a ring A and a real point 1 : SpecR — A, define X,(R) to be the real manifold associated
to the real points of X xA R.

Proposition 7.7. Suppose X — Spec A is a smooth projective strictly cellular scheme with
points z : SpecFqy — A and n : SpecR — A. Let X := X xa Fq denote the pullback of X
along z. Let @ : X — X denote an endomorphism of X. Then

(1) There is a complex C, in Chxo(Z) of the form
= 02 = I =T =2 = 0
which is quasi-isomorphic to the topological chains on X, (R)
C. = CP(X, (R); Z).

(2) The Al-logarithmic zeta function of @ is given by the formula

A1 ad i d
dlog &, = iZ —(=1) 4 1og Pegn g (1)

where

chell((p)(t) — det(] - tCiCCH((p)).
and CSY (@) is a square matriz of elements of GW(F,) of size by x b;.

Proof. Let C, denote the complex of Proposition 7.6 applied to the strictly cellular scheme
X xR over R. The condition of (1) is satisfied by Proposition 7.6. Moreover, b; is the
cardinality of (3;, which is defined to be the set of connected components of Q;(X) ~\ Q; 1(X)
in the decomposition

Q) ~ Qua(X) = [T A

aEPy

The formula (2) then follows from Theorem 6.2. O
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8. COMPUTING A'-LOGARITHMIC ZETA FUNCTIONS AND EXAMPLES

In this section, we describe two methods to explicitly compute examples of A'-zeta func-
tions. First, for schemes with a strict cellular structure over a finite field, we explicitly
compute the enriched logarithmic zeta function of Frobenius endomorphisms using Theorem
6.2; this gives examples of the enriched logarithmic zeta function for varieties like projective
space and Grassmannians.

Then over a finite field, we also use Hoyois” enriched Grothendieck—Lefschetz trace formula
and Mobius inversion to obtain the coefficients of the enriched logarithmic zeta function of
the Frobenius from those of the logarithmic derivative of the classical zeta function. We may
use this method to compute the enriched logarithmic zeta function for non-cellular schemes,
such as elliptic curves.

8.1. Al-zeta function of Frobenius endomorphisms using Theorem 6.2. Let k be a
finite field IFy and X be a smooth proper k-scheme with a strict cellular structure

(17) =L (X)X cL(X)Cc---CcLis(X)cL.(X)=X

defined over k. As above, we set Q;(X) := X\ Z._i_1(X).
Following [Morl12, Lemma 3.14], for a positive integer n, let n. € GW(k) denote

Ne:=()+ (1) + () +...4+(=1),

the class of the rank n diagonal form with alternating 1’s and —1’s along the diagonal. Note
that nem. = (nm)..

Proposition 8.1. Let X be a smooth proper scheme over ¥y with a strict cellular structure
defined over Fq, and let @ be the relative Frobenius. Then Cell( ) is the map of compleves
which in degree i

Ci() : € (X) — €
is multiplication by qL.

Proof. We use the above notation for the strict cellular structure (17) on X. Since the relative
Frobenius ¢ gives an endomorphism of the smooth pair (Q;(X), Q;(X) \ X;), it determines
a map @ : Thy, (vn) — Thx, (vn) by purity [MV99, Theorem 2.23]. The map of complexes
Cell() in degree i is given by HA (@) : HA (Thy, (vi)) — HA' (Thy, (vi)).

For each m € M, choose an [Fq-point p, in the corresponding connected component of
Xi = [ L nem, Xim and Xip = A™'. The inclusion

Thpm Vi — Thxim Vi

is an A'-weak equivalence.

Since X has a strict cellular structure, the Krull dimension of X is n. By [sga03, Théoreme
I1.4.10], we may choose a Zariski open subset U C X containing p, and an étale map
VP : U — A" such that

XimNU—Q;(X)NU

| g

Anfi Am
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is a pullback, and the bottom horizontal map is the natural map Speck[yii1,...,Yyn] —
Specklyry ..., Yynl given by (Yir1y..-yYn) — (0y...,0,Yis1y..-,Yn). We obtain maps of
Thom spaces
Th‘pm Vi — ThXimﬂU Vi — ThAn—i NAn—iAn
whose composition is an A'-weak equivalence.
Purity [MV99, Theorem 2.23] defines a canonical A'-weak equivalence
Thyn-i Ngn A" ~ AM/A™ — AM

The map Specklyy, ...,yi] — Specklyy,...,yn] given by (y1,...,Yi) — (Y1,.-+,Yi,0,...,0)
determines an A'-weak equivalence
Ai/Ai_AO ~ An/An_Anfi
and excision determines an Al-weak equivalence
Al/AY — A® ~ PL/PUT,
Composing in the homotopy category, we obtain a canonical (zig-zag) A'-weak equivalence
Thy, (vi) ~ P'/P"
where the relative Frobenius acts compatibly on both sides. The claim is thus equivalent to
showing that the map
~ ‘I ~ ‘I . . ~ ‘I . .
HY (@) - HY (PY/PTT) — HE (P/PY)
induced by ¢ is multiPlication by qL. By Morel’s Hurewicz theorem, this map ljl{*] () is
multiplication by deg® . The relative Frobenius is the map
Pi/]:[])i—] — Pi/]:[])i—]
Yj = Uf
for j =0,...,1, which is homotopy equivalent to the i-fold smash product of P'" — P' map-
ping y; — y]q. The degree of this map is qi. (To see this, first note that the smash product
multiplies degrees [Mor(04] so it suffices to prove the claim for i = 1. The computation for
i =1 follows in a straightforward manner from computing the Bézoutian [Caz12, Definition

3.4] which computes the Al-degree [Caz12, Theorem 3.6 and Theorem 1.2].) The degree and
the claim follows. O

Using Proposition 8.1 we can give an explicit description of the enriched logarithmic zeta
function of a smooth projective scheme over F, equipped with an [Fj-rational strict cellular
structure. Recall that in this case, for each i,

CE(X) = (KM
for a nonnegative integer b; > 0. We call the integer b; the rank of C{!(X).

Corollary 8.2. Let X be a smooth projective scheme of dimension 1 over Fq equipped with
a strict cellular structure defined over Fq. Let by be the rank of C{(X). Then

n

d .
dlog &' (t) = —<—1>1a log(1 — git)t.
i=0

Proof. Let @ denote the relative Frobenius endomorphism. By Theorem 6.2, it suffices to

show that chell((p)(t) = (1 — qgit)®. This follows from the fact that C!(¢) is a by x by

square matrix, which by Proposition 8.1 is multiplication by . U
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Remark 8.3. We think of Corollary 8.2 as morally saying
1 "
“O ) = . .
X Hi odd(1 - qle)bi<7]> Hi even(1 - qle)bi
As explained in Remark 6.3, this does not make literal sense because there is not a A-ring
structure on GW (Fq)(t) compatible with the logarithmic derivative.

Corollary 8.2 yields many examples of enriched logarithmic zeta functions for varieties of
natural geometric interest.

Example 8.4 (Enriched logarithmic zeta function of P™). Projective space P™ has a strict
cellular structure with a single copy of A for each 0 < i < n. Applying Corollary 8.2 shows
that the logarithmic zeta function of P™ is given by

] 1 d 1
dlog {aa (t) = — 4+ (—1)—log —
’ IT0 -4t dt = TT 0 —div

0<i<n 1<i<n
i even iodd

4
at &

Remark 8.5 (Functional equation for projective spaces). We record here that the A'-
logarithmic zeta function of projective spaces of odd dimension satisfies a functional equation.
When n is odd, we have

o A+
X B = " (1) 4 (1))
(see [Lev20, Example 1.6]). By Example 8.4, we have
d d 1 d 1
—1 = 1 —1)—1
dt OgC ( )= 08 H0<1<n (1— qlt) + < >dt 08 H]<i§n (1 qtt)

i even i odd

For any 1 such that 0 <1 <m, we have
T qnt gt
1— qi# qi (qnfit _ 1) 1— qnfit'
Combining the last three equations, we see that
d d 1
1 (1) = PYt+ —1
Q& OgC]P’() X ( ) +d OgC (Cl t)

The functional equation for the regular zeta function is a consequence of Poincare duality
for the {-adic étale cohomology groups. Morel and Sawant have interesting conjectures on
Poincare duality for their cohomology theories for general smooth projective varieties X. It
would be interesting to know if an analogous functional equation of the logarithmic zeta
function can be deduced from such a statement for general smooth projective varieties.

Example 8.6 (Enriched logarithmic zeta function of G(1,3)). The Grassmannian G(1,3) of
lines in P? has a strict cellular structure composed of the Schubert cycles, as we now recall.
Fix a full flag Vo, € V; C V, C V3 = P? of linear subspaces, where V; has dimension i. For
0<b<ac<2 let L1 denote the locus of lines in G(1,3) that meet V,_4 in a point and
V3_p in a line. Let 2o, denote the complement of all other Schubert cycles in X,p. Then,
as in [EH16, Section 3 3 1], we have Z,1, ~ A* 9 and the filtration by closed subsets

D C Xy CLy C(EpULy) CLipC Lop=G(1,3)
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gives a strict cellular structure as in Definition 3.1(1). Hence we have b, = 2 and all other
b;=1fori=0,1,3,4. Thus

1 d 1
B TR N ey

d
Al _
dlog G (t) = g 1o8 T —qzorti — gty

Example 8.7 (Enriched logarithmic zeta function of P! x P'). The product P' x P' has
a strict cellular structure with a single copy of A° two copies of A' and one copy of AZ.
Applying Corollary 8.2 shows that the logarithmic zeta function of P! x P! is given by

d 1 d 1

Al - —)= T 2
dlog Cp1, pi1 (t) = dtlogﬂ—t)ﬂ—q%t) + 1>dt10g(1—qet)2'

8.2. Al-logarithmic zeta functions via Hoyois’s trace formula. In [Hoy15, Theorem
1.3], Hoyois provides a quadratic refinement of the Grothendieck—Lefschetz trace formula in
the setting of stable motivic homotopy theory, which gives us a procedure to compute the
coefficients of the enriched logarithmic zeta function dlog CQ@ from those of dlog (x(t).

We introduce some notation first. For an endomorphism ¢ : X — X of a scheme X, we
denote by X® its scheme of fixed points. Given a finite separable field extension L/K, the
classical trace map Tryx : L — K induces a Transfer

by sending a bilinear form b : V. x V. — L to the form Trix ob : V x V — K of rank
[L: K]rank(b) (see [Morl2, The cohomological transfer, Chapter 4] [CF'17, Lemma 2.3]).
Hoyois” main theorem then has the following consequence:

Proposition 8.8. [Hoy15, Corollary 1.10] Let k be a field, let X be a smooth proper k-scheme,
and let @ : X — X be a k-morphism with étale fived points. Then

Tr(@) = Z Trex)/x(det(Id — d@y)).

xXeX®

This result gives a computation of the A'-logarithmic zeta function of a smooth proper
scheme over a finite field in terms of its point counts.

Theorem 8.9. Let X be a smooth proper scheme over Fq and let @ : X — X be the relative
Frobenius morphism. Letu denote a non-square inFy. Then the A'-logarithmic zeta function

dlog Cﬁicp is computed by the following formula:

dosc, =3 [ | X {13 w@ix®e)l | - 1001+ fw)

m im dii
i even

1
+ | 2 | £ 2 X Ewa)l | i) | [
ilm dli
i odd
Proof. For X a smooth proper scheme over Fq and ¢ : X — X the Frobenius morphism, we

apply Hoyois’ formula to @™. We can write X®" as a disjoint union over all of the points of
31



degree X of degree dividing m:

(19) X“’mzl_l |_| Spec Fgi.

ijm degree i
points of X

Denote by «(i) the number of points of degree i on X. Since d@™ = 0, we obtain that
(20) N (X) = Tr(@™) = > «(i) T w, (1)-
ijm

It is classical that

B (1) if 1 odd
(21) e rg (1) = { (i—1)(1) + (u) ifieven
(see e.g. Lemma 58 in [KW21]). It remains to show that

o1
(22) afi) = ) wdIX(Fgvall,

dli

This follows from Mo6bius inversion since for every 1 > 1, we have

X(Fq)l = ) a(d)d. O

di

Remark 8.10. The quantity [X(F;i/a)| in Theorem 8.9 can be computed from the eigenvalues
of the Frobenius morphism on étale cohomology groups of X. More precisely, choose a prime
{ coprime to q. For i such that 0 <i <2dimX, let {Ai1,...,Aip,} denote the eigenvalues of
the Frobenius morphism on Hét(XE, Q¢). Then the Grothendieck—Lefschetz trace formula

([Pool7, Theorem 7.1.1(ii), Section 7.5.7]) tells us that

2dim X b
X(Fga)l = 3 (=17 | DAY
j=0 1=1
Remark 8.11. From (21) and (22), we see that only the case where q is odd will be
interesting, and that the only contributions to disc N,(X) come from i | m with 1 even.
In particular, disc N, (X) is trivial for all odd m and we have the expression N, (X) =
IX(Fqm)I(1) for all odd m.
For even m, we have the formula

(23) discNm(X) = ) (i)
) im

in Z/27, and therefore, using (22) again, that

(24) discNp(X) = ) %Z w(d)IX(Fgira)l.

ilm dii
i even

Example 8.12 (Enriched logarithmic zeta function of SpecFq2). Since SpecFq2 has exactly
one closed point of degree 2, it follows from Theorem 8.9 that

0 if m odd

Nin(SpecFq2) = { (1) + (u) if m even °
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and hence

dlog CSpeCIF' o = Z (1) 4+ (W) t™ " = (u) dlog %W + dlog

m even

14+t

Example 8.13 (Enriched logarithmic zeta function of a twisted product of the projective
line). Let X = Resr_, /r P'. The difference between the cellular structure of P! x P! as

in Example 8.7 and that of X is that X;(X) \ Ly(X) is AL |_|A1CI for P! x P! whereas it is
A" xg, SpecF for X.
We will prove that
N (X) = 1+ gt if m odd
T T4 g+ () + W) (—(=T)q) if m even.
Once we have this, a direct calculation will then show that
d 1 d 1 d 1
—1 1 1H—1 .
at 8 (1—1)(1—q2t) +iu >dt BT gt —qe(u)t = >dt &7 + qet
Since P! = SpecFy | JA", Ny (P') =1 —(—1)q™, N, (Spec Fy) = 1 (Example 8.4) and N,
1

is a motivic measure (Proposition 9.1), it follows that N,,(A') = —(—1)q*. Once again
using the fact that N, is a motivic measure, we get that

dlog ¢&, =

0 if m odd
(1) + () (—(=1)ql) if m even
We also have L,(X) \ &;(X) = Res]qu/]Fq Al = A?) and £;(X) \ Zo(X) = SpecF,. Since

N (A?) = N (A"?, and X = Z%(X), putting the last few lines together, and once again
using the fact that N, is a motivic measure, we obtain the formula above for N, (X).

N (AT x SpecFg2) = N (A!) x N (SpecFg2) = {

Remark 8.14. It is easy to write down equations for the variety in Example 8.13 explicitly.
A smooth quadric Q in P* over F, is isomorphic to P! x P! over Fy if the discriminant of the
corresponding bilinear form is a square in F (equivalently when the two rulings are defined
over Fg), and is isomorphic to Res]Fq2 /Fq P! otherwise (equivalently when the two rulings are
defined over F,. but not over Fy).

For example, the quadric with defining equation 11x§ + x} + x3 + x3 = 0 has nonsquare
discriminant over F3 and is isomorphic to Resp,r, P', whereas it has square discriminant
over F5 and hence is isomorphic to P' x P! over Fs.

Remark 8.15. The calculation in Example 8.7 and Example 8.13 illustrate the connection
with the topology of the real points of a lift of Reslpq2 /Fq P' to characteristic 0 as in Proposi-
tion 7.2. As we remarked in the introduction, when q is congruent to 3 modulo 4, we have
u = —1 and the extension Fy C Fg. is given by Fg2 =, [v/—1] and the R-schemes P' x P!
and Resc/r P! are lifts to characteristic zero of the varieties P' x P' and Res]Fq2 /Faq P' over
IFq respectively. These varieties have natural lifts to Z-schemes, and the Frobenius endo-
morphism also lifts, so Proposition 7.3 applies with d = 1. The former R-scheme has two
1-cells, Whereas the latter has no 1-cells, which is illustrated in the calculation below as an

additional — log o2 in sign dlog CP] WP when compared to sign dlog CRCSF g Pl

Since q is odd, we have sign . = 1 and sign g2 = 1. Since q is congruent to 3 modulo 4,

we have u = —1 and sign{(u) = —1. Combining these with the calculations in Example 8.7
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and Example 8.13, we get that
1 d 1

. 1 d

sandlon G = o Ty a B a—oe
, o a ] F O Y
sign dlog CRese , sy B0 = log G-o00-0 a log o7+ (g los

_d, 1
@ -0 —-1v"

8.3. The logarithmic zeta function of non-cellular schemes. Observe that Theo-
rem 8.9 applies to any smooth projective scheme X, not necessarily cellular. One may
hope to directly prove that the enriched logarithmic zeta function of any smooth projective
scheme is dlog rational from the formula in Theorem 8.9, without appealing to any good
underlying cohomology theory.

We illustrate Theorem 8.9 in the first interesting example of a non-cellular scheme, namely
the case of an elliptic curve E. We will use the connection with the eigenvalues of the
Frobenius endomorphism on the {-adic étale cohomology groups as in Remark 8.10. The
cohomology groups Hgt(EE, Q) and Hét(EE> Q) are 1-dimensional, and the eigenvalues of
the Frobenius endomorphism are 1 and q respectively, and that Hgt(Eﬂ, Q¢) is 2-dimensional

with the two Frobenius eigenvalues A, A that satisfy A+A = a for some integer a and AX = q
(see [Pool7, Section 7.2]). These imply

B(F{Y) =1— A+ X)) + g,
and in particular, that
E(Fy)=1—a+q, and, E(Fp)=1-(a’—2q)+q"
In particular, by Theorem 8.9 the coefficient of t' in dlogjé] (t) is

a—a’+q+q’ 2—a—a*+3q+¢’
LS AN RS

This coefficient has nontrivial discriminant if and only if % is odd, or equivalently,
when ¢ =3 mod 4 and a = 2,3 mod 4, and similarly when ¢ = 1 mod 4 and a = 0,1
mod 4 .

Continuing this way, for the elliptic curve with Weierstrass equation y? = x3 + 2x + 3 over
7, which has a = 2, we find

dlog?' (1) = 6(1)t° + (59(1) + T(u))t! + 378(1)t2
+2400(1)t> + 16566(1)t" + (117179(1) + T(u))t> + - - -

9. MOTIVIC MEASURES

For k a field, we denote by Ko(Vary) the modified Grothendieck ring of varieties over X,
defined to be the quotient of the free abelian group on classes of algebraic varieties over k
by the following relations:

(25) X=-Y-U
for every variety X over k and every closed subscheme Y of X with open complement U, and
(26) X=Y
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for all varieties X,Y over k such that there exists a radicial surjective morphism f: X — Y.
Recall that a morphism is said to be radicial surjective if it is bijective and if it induces purely
inseparable extensions of residue fields.

For X a quasi-projective variety over a field k, Kapranov’s zeta function [[Kap00] is defined
to be the power series with coefficients in the (modified) Grothendieck ring of varieties
Ko(Vary) given by

Z™ (1) = ) [Sym" (X",

n>0

where Sym™(X) is the n-th symmetric power of X. When k = Fy, it specializes to (x(t)
via the counting measure #p,. It is therefore natural to ask whether one could also recover
our enriched zeta function from Zgap. We do not see an immediate way of doing this. The
natural candidate would be to apply the A'-categorical trace Tr(¢) where @ denotes the
Frobenius

Tr(@) : Ko(Varg,) — GW(F,)

(See Proposition 9.1 to see that this is a motivic measure.) However, this gives the classical
zeta function, with all coefficients in Z C GW(Fq) by [Hoy15, Example 1.6]. On the other
hand, this motivates the question of determining whether our enriched trace and enriched
zeta functions define motivic measures in some appropriate sense, and the aim of this section
is to answer this question in full.

In this section, the endomorphism ¢ will be the Frobenius.

9.1. The A'-trace as a motivic measure. Recall that for every m > 1, there is a motivic
measure

#r,m  Ko(Varg,) — Z,

called the counting measure, given by sending the class [X] of a variety X over [F, to its point
count |X(Fym)|. For every m > 1, define N, (X) = Tr(@™) € GW(F,) to be the Al-trace of
the Frobenius endomorphism on X.

Proposition 9.1. The assignment X — N (X) induces a motivic measure
Nm : Ko(VaI'Fq) — GW(Fq)
enriching #wm, in the sense that we recover #pm by taking ranks.

Proof. We first show that N, is well defined. For this, note that through the group isomor-
phism GW(F,) = Z x Z/27Z, we have N (X) = (|X(Fq)|, disc(Nm(X))), with disc(Ny (X))
given by formula (24), and therefore it passes to the quotient with respect to both the
cut-and-paste relations (25) and the relations (26).

To prove multiplicativity, note that the Frobenius on XX Y is given by the product @x x @v.
The trace is multiplicative with respect to smash product [PS14, Corollary 5.9], giving the
equality

N (X X Y) = N (X)Np, (Y).

We may thus conclude that N,, defines a motivic measure. O
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9.2. The enriched zeta function as a motivic measure. Associating to a variety X
over [y its zeta function (x(t) induces a motivic measure

C . KO(Val"]Fq) — R]

where Ry ={f € C(t), f(0) =1} C 1 + tCI[t]] is equipped with the Witt ring structure (see
[Ram15, Theorem 2.1]). The logarithmic derivative

dlog : 1+ tC[[t]] — C[[t]]

sends the Witt ring structure to the ring structure where addition is addition of power series,
and multiplication is coefficient-wise multiplication. In particular, composing it with , we
get a motivic measure

dlog ¢ : Ko(Varg,) — C".
Proposition 9.2. The assignment X — dlog Cﬁjw(t) defines a motivic measure
dlog ¢*' : Ko(Varg,) — GW(k)[[t]]
lifting dlog C.
Proof. Follows from Proposition 9.1. O

Remark 9.3. The Kapranov zeta function Z?ap(t) of any curve X over [y is a rational

function. On the other hand, the Kapranov zeta function is usually not rational for varieties
of higher dimensions [LLO03]. There is reason to believe that Morel and Sawant’s conjec-
tures [Mor22] on Al-cellular homology for general smooth projective varieties would have
consequences for rationality of the Al-logarithmic zeta function analogous to Theorem 6.1.
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