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Abstract

Let ` be a prime and G a pro-` group with torsion-free abelianization. We produce group-theoretic
analogues of the Johnson/Morita cocycle for G — in the case of surface groups, these cocycles appear
to refine existing constructions when ` = 2. We apply this construction to the pro-` étale fundamental
groups of smooth curves to obtain Galois-cohomological analogues of these cocycles, which represent
what we call the “modified diagonal” and “Johnson” classes, and discuss their relationship to work of
Hain and Matsumoto [HM05] in the case the curve is proper. We analyze many of the fundamental
properties of these classes and use them to give two examples of non-hyperelliptic curves whose Ceresa
class has torsion image under the `-adic Abel-Jacobi map.

1 Introduction

Let X be a smooth, projective, geometrically integral curve over a field K of genus ≥ 3, and let x ∈ X(K) be
a rational point. One can embed X in its Jacobian Jac(X) via the Abel-Jacobi map P 7→ [P −x] and let X−

denote the image of X under the negation map on the group Jac(X). The Ceresa cycle is the homologically
trivial algebraic cycle X−X− in Jac(X). A classical result of Ceresa [Cer83, Theorem 3.1] shows that when
X is the generic curve over C of genus g ≥ 3, the Ceresa cycle is not algebraically trivial.

Via the `-adic cycle class map, the Ceresa cycle gives rise to a Galois cohomology class

µ(X,x) ∈ H1(Gal(K̄/K), H2g−3
ét (Jac(X)⊗ K̄,Z`(g − 1)))

which only depends on the rational equivalence class of the Ceresa cycle. Hain and Matsumoto [HM05]
reinterpret this class in terms of the Galois action on the pro-` étale fundamental group of X, and describe
an analogous class ν(X) which is basepoint-independent.

We define two classes MD(X,x) and J(X) in Galois cohomology (the latter of which is basepoint-
independent), called the modified diagonal and Johnson classes, which capture aspects of the action of
Galois on the pro-` étale fundamental group of X. Under the assumption that X is smooth and projective,
these classes are closely related to µ(X,x) and ν(X). The main novelty of our construction is that it proceeds
via abstract group theory. In particular, it works for any pro-` group with torsion-free abelianization —
for example, we do not require our curves to be proper, and many of our results hold for general Demuskin
groups. Even in the case of pro-` surface groups, our analysis appears to refine existing results when ` = 2;
for example, the classes MD(X,x) and J(X) appear to give slightly more information than the classes
µ(X,x), ν(X) if ` = 2 (if ` 6= 2, one may recover our classes from those in [HM05] and vice versa).

The Ceresa class is well-known to be trivial if X is hyperelliptic and x is a rational Weierstrass point;
likewise, the class ν(X) of [HM05] is trivial for any hyperelliptic curve. In Section 3.3 we use properties of
the Johnson class to give what is, to our knowledge, the first known example of a non-hyperelliptic curve
where J(X) (and hence ν(X)) is torsion. This curve is of genus 7.
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Moreover, in Section 3.4, we show with Theorem 3.7 that any curve dominated by a curve with torsion
Johnson class has torsion Johnson class as well. This can be viewed as a generalization of the fact that
any curve dominated by a hyperelliptic curve is itself hyperelliptic. Use this property, we construct a non-
hyperelliptic genus 3 curve with torsion Johnson class.

Theorem 1.1 (Proposition 3.4, the Fricke-Macbeath curve, and Corollary 3.8). Let C be a genus 7 curve
over a field K of characteristic zero, such that CK has automorphism group isomorphic to PSL2(8). The
Johnson class of C (that is, J(C) and hence the basepoint-independent Ceresa class ν(C) defined in [HM05])
is torsion.

If ι ∈ Aut(C) is any element of order 2, then the quotient C/ι is non-hyperelliptic of genus 3 with J(C/ι)
and ν(C/ι) torsion.

It is well-known that such curves C exist (see e.g. [Mac65]).

Remark 1.2. It was apparently a folk expectation (see e.g. [JSE]) that torsion Ceresa class implies hyper-
ellipticity; our examples show this expectation fails. Clemens has asked [Hai87, Question 8.5] if, for C a
curve of genus 3, having trivial Ceresa cycle modulo algebraic equivalence is equivalent to hyperellipticity.
Our example (Corollary 3.8) provides evidence that this question has a negative answer, at least if one inter-
prets triviality in the rational group of algebraic cycles modulo algebraic equivalence; the curve discussed in
Corollary 3.8 is a natural candidate for a counterexample. Note that triviality modulo algebraic equivalence
neither implies nor is implied by triviality of J(C) or ν(C).

Remark 1.3. After we posted this paper to arXiV, Benedict Gross explained to us that this result verifies
a prediction following from the Beilinson conjectures. Namely one may utilize the interpretation of the
Fricke-Macbeath curve C as a Shimura curve to compute the L-function of C3; the L-value controlling the
rank of the group in which the Ceresa class lives is non-zero and hence this group has rank zero.

Remark 1.4. Chao Li pointed us to J. Top’s thesis [Top89, Section 3.1], which mentions an example of a
non-hyperelliptic curve of genus 3 with torsion Ceresa class, constructed by Chad Schoen — the example
seems never to have been published. In personal communication, Schoen has indicated to us that he does
not recall the example. It would be interesting to know if our genus three example (Corollary 3.8) is the
same as Schoen’s unpublished example.

1.1 Outline of the paper.

In Section 2, we give a group-theoretic construction of the so-called modified diagonal and Johnson classes
associated to a finitely generated pro-` group with torsion-free abelianization. In Section 2.3, we specialize
this construction to the pro-` fundamental group of a curve and compare it to the classes µ(X,x), ν(X) of
Hain-Matsumoto [HM05]. In Section 3 we study properties of this construction and apply them to give a
proof of the fact that hyperelliptic curves have 2-torsion Johnson class, and we show that any model of the
the Fricke-Macbeath curve has torsion Johnson/Ceresa class. We also show that any curve dominated by
a curve with torsion Johnson class has torsion Johnson class itself; hence a genus 3 non-hyperelliptic curve
which is a quotient of the Fricke-Macbeath curve has torsion Johnson class as well.
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2 Group-theoretic Ceresa classes

Let ` be a prime and G a finitely generated pro-` group with torsion-free abelianization Gab. Define the
`-adic group ring of G as

Z`[[G]] := lim←−
G�H

Z`[H].

Here the inverse limit is taken over all finite groups H which are continuous quotients of G. Let I ⊂ Z`[[G]]
be the augmentation ideal.

Proposition 2.1. The map φ : G→ I /I 2 given by

φ : g 7→ g − 1

is a continuous group homomorphism and induces an isomorphism

Gab ∼→ I /I 2.

Proof. This is [RZ10, Lemma 6.8.6(b)].

Let Z(G) denote the center of G. The action of G on itself by conjugation gives a short exact sequence

1→ G/Z(G)→ Aut(G)→ Out(G)→ 1

of continuous maps of profinite groups.

Definition 2.2. The modified diagonal class, denoted by

MDuniv ∈ H1(Aut(G),Hom(I /I 2,I 2/I 3))

is the class associated to the extension of continuous Aut(G)-modules

0→ I 2/I 3 → I /I 3 → I /I 2 → 0. (2.0.1)

The existence of MDuniv follows from the fact that I /I 2 is a Z`-module (as Gab is torsion-free by assump-
tion). An explicit cocycle representing MDuniv will be given in Section 2.1.

Remark 2.3. We call this class the modified diagonal class because we expect that when G is the pro-` étale
fundamental of a curve, the Galois-cohomological avatar of MDuniv (Section 2.3) may be written rationally
as a multiple of the image of the Gross-Kudla-Schoen [GS95, GK92] modified diagonal cycle under an étale
Abel-Jacobi map. See e.g. [DRS12] for a Hodge-theoretic analogue of this fact.

We now proceed to find an avatar of MDuniv in the cohomology of the outer automorphism group of G,
Out(G). Geometrically this will correspond to removing the basepoint-dependence of the class MDuniv in
the case G is the pro-` étale fundamental group of a curve.

2.1 Descending to Out(G), and the Johnson class

We first analyze the pullback of MDuniv along the canonical map G → Aut(G). We will use this analysis
to construct a quotient A(G) of Hom(I /I 2,I 2/I 3) such that MDuniv |G vanishes in H1(G,A(G)); hence
MDuniv will induce a class in H1(Out(G), A(G)), which we will term the Johnson class.

Note that I /I 2 is a free Z`-module by Proposition 2.1 and our assumption that Gab is torsion-free.
Tensoring the short exact sequence 2.0.1 by (I /I 2)∨ yields

0 → Hom(I /I 2,I 2/I 3) → Hom(I /I 2,I /I 3) → Hom(I /I 2,I /I 2) → 0.
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The last term admits a natural map Z` ↪→ Hom(I /I 2,I /I 2) (sending 1 to the identity map), and pulling
back along this inclusion gives a G-module extension

0→ Hom(I /I 2,I 2/I 3)→ X → Z` → 0, (2.1.1)

where G acts trivially on Hom(I /I 2,I 2/I 3) and Z` but non-trivially on X. The extension is characterized
by a group homomorphism:

G→ Hom(Z`,Hom(I /I 2,I 2/I 3)) ' Hom(I /I 2,I 2/I 3)

g 7→ (v 7→ g(ṽ)− ṽ)

where ṽ is any lift of v ∈ Z` to X.
This map factors through Gab ∼= I /I 2 as Hom(I /I 2,I 2/I 3) is abelian.

Definition 2.4. For the rest of the paper, let

m : Gab → Hom(I /I 2,I 2/I 3)

be the map coming from the extension class of (2.1.1) described in the paragraphs above.

We now give a more explicit description of the map m.

Lemma 2.5. Consider the commutator map

(I /I 2)⊗2 → I 2/I 3

x⊗ y 7→ xy − yx.

Then the map m in Definition 2.4 is the same as the map induced by adjunction:

m : I /I 2 → Hom(I /I 2,I 2/I 3) : x 7→ (y 7→ xy − yx)

under the identification between Gab and I /I 2 from Proposition 2.1.

Proof. Let X be as in Sequence 2.1.1. Let s ∈ X ⊂ Hom(I /I 2,I /I 3) be an element reducing to the
identity modulo I 2. Then we define maps

m1,m2 : G→ I /I 2 → Hom(I /I 2,I 2/I 3)

by
m1(g) = (y 7→ gs(y)g−1 − s(y)),

m2(g) = (y 7→ (g − 1)s(y)− s(y)(g − 1) = gs(y)− s(y)g).

The map m1 is by definition the same as the map in Definition 2.4. The map m2 is an explicit formula for
the map in the statement of the lemma. Neither map depends on the choice of s. We wish to show they are
the same.

For any g ∈ G, we have

g−1 =
1

1 + (g − 1)
= 1− (g − 1) + (g − 1)2 mod I 3.

Hence for g ∈ G, y ∈ I /I 2 and s(y) ∈ I /I 3 being a lift of y, we have modulo I 3:

((m1 −m2)(g))(y) ≡ gs(y)g−1 − s(y)− gs(y) + s(y)g

≡ gs(y)(g−1 − 1)− s(y)(1− g)

≡ gs(y)((1− g) + (g − 1)2)− s(y)(1− g)

≡ (g − 1)s(y)(1− g) + gs(y)(g − 1)2

≡ 0,

as g − 1 ∈ I and s(y) ∈ I /I 3 above. This shows that m1 = m2 as desired.
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Definition 2.6. Let A(G) := coker(m : I /I 2 → Hom(I /I 2,I 2/I 3)) be the cokernel of the commutator
map defined above.

Using the quotient map Hom(I /I 2,I 2/I 3) → A(G) and the inclusion G/Z(G) → Aut(G), we get a
map

H1(Aut(G),Hom(I /I 2,I 2/I 3)) → H1(Aut(G), A(G)) → H1(G/Z(G), A(G)).

Proposition 2.7. The image of MDuniv under the composition above is zero.

Proof. AsG acts trivially by conjugation on I /I 2 and I 2/I 3, it also acts trivially on Hom(I /I 2,I 2/I 3).
This means H1(G,Hom(I /I 2,I 2/I 3)) = Hom(G,Hom(I /I 2,I 2/I 3)). By Lemma 2.5, the pullback
of class MDuniv in H1(G,Hom(I /I 2,I 2/I 3)) maps to the homomorphism m under this identification.
But by the definition of A(G), its restriction to G/Z(G), and hence to G, is trivial.

We now define the universal Johnson class.

Proposition 2.8. There exists a unique element Juniv in H1(Out(G), A(G)) whose image in H1(Aut(G), A(G))
under the inflation map

H1(Out(G), A(G))→ H1(Aut(G), A(G))

is the same as the image of MDuniv under the map

H1(Aut(G),Hom(I /I 2,I 2/I 3))→ H1(Aut(G), A(G))

induced by the quotient map Hom(I /I 2,I 2/I 3)→ A(G).

Proof. The definition of A(G) implies that the G/Z(G)-action on A(G) is trivial. This means we have the
following the inflation-restriction exact sequence in continuous group cohomology:

0→ H1(Out(G), A(G))→ H1(Aut(G), A(G))→ H1(G/Z(G), A(G))Out(G).

By Proposition 2.7, the image of MDuniv in H1(G/Z(G), A(G))Out(G) is zero, and thus there exists a unique
element Juniv in H1(Out(G), A(G)) whose image in H1(Aut(G), A(G)) is the same as the image of MDuniv.

Definition 2.9. We call the element Juniv ∈ H1(Out(G), A(G)) constructed in Proposition 2.8 the universal
Johnson class.

Remark 2.10. We call this class the Johnson class because in the case where G is a discrete surface
group, our construction is closely related to the Johnson homomorphism studied in [Joh80] and the cocycle
constructed by Morita in [Mor93].

2.2 The coefficient groups for the Modified Diagonal and Johnson classes

The goal of this section is to identify a natural Aut(G)-submodule W of the group I 2/I 3 such that MDuniv

lives in the image of the natural map

H1(Aut(G),Hom(I /I 2,W ))→ H1(Aut(G),Hom(I /I 2,I 2/I 3)),

for ` 6= 2. Similarly, we will find a natural submodule AW (G) ⊂ A(G) so that Juniv is in the image of the
natural map

H1(Out(G), AW (G))→ H1(Out(G), A(G)).

For ` = 2, we will prove similar results for 2i MDuniv and 2iJuniv, where i = 1, 2 depending on the
group-theoretic properties of G.
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2.2.1 Preliminaries on free pro-` groups

Lemma 2.11. Let G be a free pro-` group, freely generated by g1, g2, . . . , gr, and let I be the augmentation
ideal of the completed group ring Z`[[G]].

1. For each of the generators gi, let xi := gi − 1 ∈ Z`[[G]]. Then I /I 2 is a free Z`-module of rank r
generated by the images of x1, x2, . . . , xr and I 2/I 3 is free of rank r2 with basis the images of xixj.

2. Let H be another finitely generated free pro-` group, and let fab : Gab → Hab be an isomorphism. Let
h1, h2, . . . , hr be any set of lifts of fab(g1), . . . , fab(gr) from Hab to H. Then f(gi) = hi defines an
isomorphism f : G→ H.

3. Let G̃ be a finitely generated pro-` group with torsion-free abelianization. Let π : G→ G̃ be a surjection
such that the induced map πab : Gab → G̃ab is an isomorphism. Then any automorphism σG̃ : G̃ → G̃
lifts to an automorphism σG : G→ G.

Proof.

1. Since G is free and Z`[[G]] is complete with respect to the augmentation ideal, there is by [Ser73,
Proposition 7, pg. I-7] an isomorphism

Z`[[G]]
∼−→ Z`〈〈x1, x2, . . . , xr〉〉nc, (2.2.1)

where Z`〈〈x1, x2, . . . , xr〉〉nc is the non-commutative power series ring in r variables, such that gi is
sent to xi + 1. The claim follows.

2. Since h1, h2, . . . , hr are elements of H whose images topologically generate Hab, by [NSW08, Propo-
sition 3.9.1] it follows that h1, h2, . . . , hr also generate H. This shows that f is a surjection. We
will now show that these elements in fact freely topologically generate H, which proves that f is an
isomorphism.

Note that fab also induces an isomorphism

fab : Gab/(Gab)` → Hab/(Hab)`.

Combining this with [NSW08, Proposition 3.9.1] applied to G and H, we get that the cardinalities of
the minimal generating sets for these two groups are equal, since they are equal to dimF`

Gab/(Gab)` =
dimF`

Hab/(Hab)`. Since g1, g2, . . . , gr is a minimal generating set for G, it follows that h1, h2, . . . , hr
is a minimal generating set for H. By [NSW08, Proposition 3.9.4], there are thus no relations between
the hi; hence f is injective as desired.

3. Choose any homomorphism f : G→ G lifting σG̃. That it is an isomorphism follows from the previous
part applied with G = H and fab = (πab)−1 ◦ σab

G̃
◦ πab.

Definition 2.12 (Alternating tensors). Let G be a finitely generated pro-` group with torsion-free abelian-
ization, and let V := I /I 2. Let

ι : V ⊗ V → V ⊗ V

be the natural involution of the Aut(G)-module V ⊗ V that acts on a simple tensor v1 ⊗ v2 as ι(v1 ⊗ v2) :=
v2 ⊗ v1. Let Alt2 V ⊂ V ⊗ V be the Aut(G)-submodule of alternating tensors, i.e., the maximal submodule
where ι acts as multiplication by −1.

Let W ⊂ I 2/I 3 be the image of Alt2 V under the natural surjective multiplication map V ⊗ V →
I 2/I 3, and let AW (G) := coker(m : I /I 2 → Hom(I /I 2,W )) be the cokernel of the commutator map.

Proposition 2.13. Let W ⊂ I 2/I 3 be as in Definition 2.12. Suppose that there exists an element σ ∈
Aut(G) which acts on Gab as multiplication by −1. Then the class 4 MDuniv lies in the image of the natural
map

H1(Aut(G),Hom(I /I 2,W ))→ H1(Aut(G),Hom(I /I 2,I 2/I 3)).
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If
H0(Aut(G),Hom(I /I 2,I 2/I 3)⊗ Z`/2) = 0,

then 2 MDuniv has a unique preimage under this map.

We will prove this proposition at the end of this section. Note that if ` 6= 2, the proposition implies that
MDuniv itself is in the image of the map in question with a unique preimage.

Note that by Lemma 2.5, since x⊗ y − y ⊗ x is skew-symmetric, the image of the map

m : I /I 2 → Hom(I /I 2,I 2/I 3)

x 7→ (y 7→ xy − yx)

in Definition 2.4, is contained in Hom(I /I 2,W ). The next proposition follows immediately from this
observation and Proposition 2.13.

Proposition 2.14. Let AW (G) be the cokernel of the commutator map defined in Definition 2.12. Suppose
that there exists an element σ ∈ Aut(G) which acts on Gab as multiplication by −1. Then the class 4Juniv

lies in the image of the natural map H1(Out(G), AW (G))→ H1(Out(G),Hom(I /I 2, A(G))). If

H0(Out(G),Hom(I /I 2,I 2/I 3)⊗ Z`/2) = 0,

the class 2Juniv has a unique preimage under this map.

Before proving Proposition 2.13, we first prove a lemma.

Lemma 2.15. Let G be a finitely generated pro-` group with torsion-free abelianization, let V := I /I 2,
and let W ⊂ I 2/I 3 be as in Definition 2.12. Let S be the image of the natural map Aut(G) → Aut(V )
and let T := ker(Aut(G)→ S). Then

1. Assume that −idV is in S. Then the group Hi(S,Hom(V,U)) is 2-torsion for any Aut(G)-submodule
U of V ⊗ V and any i ∈ Z≥0.

2. Assume that −idV is in S. Then we have

H1(S,Hom(V,U)) ' H0(S,Hom(V,U)⊗ Z`/2)

for any Aut(G)-submodule U of V ⊗ V .

3. The image of the class MDuniv under the restriction map

H1(Aut(G),Hom(V,I 2/I 3))→ H1(T,Hom(V,I 2/I 3))

lies in the image of the natural map

H1(T,Hom(V,W ))→ H1(T,Hom(V,I 2/I 3)).

Remark 2.16.

1. The assumption in Lemma 2.15(1) is satisfied by finitely generated free pro-` groups and pro-` surface
groups (i.e. the pro-` completion of the fundamental group of a genus g Riemann surface). Indeed,
Lemma 2.11 (2) implies that S = Aut(V ) in the first case and [AK87, Proposition 1] shows that
S ∼= GSp2g(Z`) in the second case.

2. By the above remark and direct computation, the hypothesis that

H0(Aut(G),Hom(I /I 2,I 2/I 3)⊗ Z`/2) = 0

in Propositions 2.13 and 2.14 are satisfied for finitely-generated free pro-` groups and for pro-` surface
groups.
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3. Note that the statement of Lemma 2.15(3) is a pro-` version of Johnson’s theorem [Joh80] on the
mapping class group of a Riemann surface with a marked point.

Proof of Lemma 2.15.

1. The proof is the same as [HM05, Lemma 5.4].

2. This is again similar to [HM05, Lemma 5.4]; it is immediate from the Bockstein sequence associated
to the short exact sequence

0→ Hom(V,U)
·2→ Hom(V,U)→ Hom(V,U)⊗ Z`/2→ 0.

3. We first prove the result in the case that G is a finitely-generated free pro-` group. Then we will reduce
to this case.

The case that G is a finitely-generated free pro-` group, generated by g1, · · · , gr.
Let

∆: Z`[[G]]→ Z`[[G]]⊗ Z`[[G]]

denote the comultiplication map of the group ring Z`[[G]], i.e. the map defined by

∆ : g 7→ g ⊗ g

for g ∈ G, and extended linearly. By Lemma 2.11(1), the set

{x1, . . . , xr, x
2
1, x1x2, . . . , xrxr−1, x

2
r}

is a Z`-basis for I /I 3. As any σ ∈ T preserves I and fixes I /I 2, there exist unique elements
bkli (σ) ∈ Z` such that

σ(xi) = xi +
∑
kl

bkli (σ)xkxl mod I 3. (2.2.2)

From the following commutative diagram:

Z`[[G]] Z`[[G]]⊗ Z`[[G]]

Z`[[G]] Z`[[G]]⊗ Z`[[G]],

∆

σ σ⊗σ

∆

for every i we have
∆(σ(xi)) = (σ ⊗ σ)(∆(xi)). (2.2.3)

We now compute both sides of this equality. Since ∆(gi) = gi ⊗ gi for all the generators gi, we can
compute that

∆(xi) = ∆(gi − 1) = (xi + 1)⊗ (xi + 1)− 1 = xi ⊗ xi + 1⊗ xi + xi ⊗ 1, (2.2.4)

for the corresponding generators xi = gi− 1 of the augmentation ideal I . Since ∆ is a ring homomor-
phism, we also have

∆(xkxl) = ∆(xk)∆(xl), (2.2.5)

for every pair of indices k, l. Combining (2.2.2), (2.2.4), (2.2.5) with (2.2.3) and comparing coefficients
of xkxl on both sides gives

bkli (σ) + blki (σ) = 0 if k 6= l (2.2.6)

2bkki (σ) = 0 if k = l (2.2.7)
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or equivalently by Definition 2.12 that∑
kl

bkli (σ)xkxl ∈W for every i. (2.2.8)

Finally, explicit computation gives that

MDuniv |T ∈ H1(T,Hom(I /I 2,I 2/I 3))

is represented by the cocycle

σ 7→ (xi 7→
∑
kl

bkli (σ)xkxl) mod I 3. (2.2.9)

Combining this with (2.2.8), we get that the explicit cocycle (2.2.9) representing MDuniv restricted to
T is visibly in the image of the map

H1(T,Hom(V,W ))→ H1(T,Hom(V, V ⊗ V )).

Reduction to the case that G is free pro-`. We now let G̃ be an arbitrary finitely-generated pro-` group
with torsion-free abelianization. Let G be a free pro-` group and

π : G→ G̃

as a surjection inducing an isomorphism on abelianizations. Let TG ⊂ Aut(G) be the subgroup
consisting of automorphisms of G which descend to automorphisms of G̃ and act trivially on Gab. Let
TG̃ ⊂ Aut(G̃) be the subgroup acting trivially on G̃ab. By Lemma 2.11(3), the natural map TG → TG̃
is surjective.

Since TG̃ acts trivially on Hom(V,I 2
G̃
/I 3

G̃
), we may rewrite

H1(TG̃,Hom(V,I 2
G̃
/I 3

G̃
)) = Hom(TG̃,Hom(V,I 2

G̃
/I 3

G̃
));

we wish to show that the homomorphism in question factors through Hom(V,WG̃). But this is imme-
diate for the analogous fact for G, combined with the fact that WG surjects onto WG̃, by definition.

Proof of Proposition 2.13. Let S, T be as in Lemma 2.15.
Using the inflation-restriction sequence for the exact sequence of groups

0→ T → Aut(G)→ S → 0,

we get the following commutative diagram of exact sequences:

H1(S,Hom(V,W )T ) //

��

H1(Aut(G),Hom(V,W )) //

��

H1(T,Hom(V,W ))S //

��

H2(S,Hom(V,W )T )

��
H1(S,Hom(V,I 2/I 3)T ) // H1(Aut(G),Hom(V,I 2/I 3)) // H1(T,Hom(V,I 2/I 3))S // H2(S,Hom(V,I 2/I 3)T ).

Lemma 2.15(1) shows that Hi(S,Hom(V,W )T ) and Hi(S,Hom(V, V ⊗ V )T ) are 2-torsion. Moreover, if
Hom(V,U)⊗ Z`/2 = 0, Lemma 2.15(2) implies that

H1(S,Hom(V,W )T ) = H1(S,Hom(V,I 2/I 3)T ) = 0.

Now a diagram-chase finishes the proof.

As a consequence of Remark 2.16, we have:

Corollary 2.17. Suppose G is a finitely-generated free pro-` group or a pro-` surface group. Then 2 MDuniv

(resp. 2Juniv) has a unique preimage M̃D (resp. J̃) under the natural map

H1(Aut(G),Hom(I /I 2,W ))→ H1(Aut(G),Hom(I /I 2,I 2/I 3))

(resp.
H1(Out(G), AW (G))→ H1(Out(G), A(G)).)
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2.3 Ceresa classes of curves in `-adic cohomology

Let X be a curve over K, and let ` be a prime different from the characteristic of K. For x̄ a geometric
point of X, let

o` : Gal(K̄/K)→ Out(π`1(XK̄ , x̄))

be the map coming from the natural outer action of Gal(K̄/K) on πét
1 (XK̄ , x̄); here π`1(XK̄ , x̄) is the pro-`

completion of πét
1 (XK̄ , x̄). Note that Out(π`1(XK̄ , x̄)) is independent of x̄. If y ∈ X(K) is a rational point

and ȳ the geometric point obtained by some choice of algebraic closure k ↪→ k, we let

a`,y : Gal(K̄/K)→ Aut(π`1(XK̄ , ȳ))

be the map induced by the canonical Galois action on πét
1 (XK , ȳ).

Definition 2.18. The modified diagonal class MD(X, ȳ) of the pointed curve (X, ȳ) is the pullback a∗`,y MDuniv

of the group-theoretic modified diagonal class MDuniv for the group π`1(XK̄ , ȳ) defined in Definition 2.2; it
depends on the choice of the rational base point y. The Johnson class J(X) of the curve X is the pullback
o∗`Juniv of the group-theoretic Johnson class Juniv for the group π`1(XK̄ , x̄) defined in Definition 2.9; it is by
definition independent of the choice of geometric point x̄.

Remark 2.19. Similarly, one may define classes M̃D(X, b), and J̃(X) by pulling back the classes M̃D, and

J̃ of Corollary 2.17. Note that in general some 2-torsion information is lost when passing from MD to M̃D
(resp. J to J̃).

2.3.1 Comparison to the Ceresa classes in [HM05]

For the rest of Section 2.3.1, we consider the case where X is a smooth, projective, and geometrically integral
curve of genus g over a field K, with a rational point b ∈ X(K). We let G be the pro-` étale fundamental
group π`1(X⊗K, b) and let I be the augmentation ideal in Z`[[G]], as in the previous section. The purpose of
this section is to compare the classes MD(X, b) and J(X) to the classes µ(X, b) and ν(X) defined in [HM05]

arising from the Ceresa cycle. Explicitly, we show M̃D(X, b) = µ(X, b) and J̃(X) = ν(X). For a comparison
between the extension classes of mixed Hodge structures arising from the modified diagonal cycle and the
Ceresa cycle, see [DRS12, Section 1].

Lemma 2.20. There are canonical isomorphisms of Galois-modules:

I /I 2 ' Gab ' H1
ét(XK̄ ,Z`)∨. (2.3.1)

Proof. See Proposition 2.1 for the first isomorphism, [Mil80, Example 11.3] for the second isomorphism.

Lemma 2.21. Let H := I /I 2, and let

ω : Z`(1)→ H⊗2

be the map dual to the cup product

H1(XK ,Z`)⊗H
1(XK ,Z`)→ H2(XK ,Z`) ' Z`(−1)

under the identification from Lemma 2.20. Then we have an exact sequence

0→ Z`(1)
ω→ H⊗2 → I 2/I 3 → 0,

where the rightmost map is the natural multiplication map.
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Proof. This is presumably well-known; we give a sketch of how to deduce it from existing literature. The
analogous theorem for compact Riemann surfaces is immediate from [Hai02, Corollary 8.2]. Now the result
follows by taking pro-` completions of the sequence in [Hai02, Corollary 8.2] and comparing (1) the pro-`
completion of the group ring of a Riemann surface to Z`[[G]], and (2) the singular cohomology of a compact
Riemann surface to the `-adic cohomology of XK . (Strictly speaking, the comparison above goes as follows:
if necessary, lift X to characteristic zero. Then spread out, embed the ground ring in C, and analytify. These
arguments are lengthy and standard, so we omit them.)

Recall from Definition 2.12 that W ⊂ I 2/I 3 is the image of Alt2 H ⊂ H⊗2 under the multiplication
map H⊗2 → I 2/I 3.

Lemma 2.22. Restricting the multiplication map H⊗2 → I 2/I 3 to Alt2 H induces an isomorphism

(Alt2 H)/Im(ω)
∼→W.

Proof. It suffices to show that the map ω of Lemma 2.21 factors through Alt2H. But this is immediate from
the fact that the cup product on H1(XK ,Z`) is alternating.

In [HM05, Section 5 and 10], Hain and Matsumoto define classes m(X, b), n(X) in Galois cohomology,
which control the action of the absolute Galois group of K on the quotient of π`1(XK , b) by the second piece of
the lower central series. In [HM05, Theorem 3 and 10.5] they compare these classes to classes µ(X, b), ν(X)
arising from the Ceresa cycle under the cycle class map. We briefly compare our classes to theirs, when X
is smooth and proper.

Proposition 2.23. Let µ(X, b) and ν(X) be the classes in [HM05, Section 4] constructed from the image of

the Ceresa cycle under a cycle class map. Recall from Remark 2.19 the classes M̃D(X, b), J̃(X) constructed

from 2 MD(X, b), 2J(X). Then M̃D(X, b) = µ(X, b) and J̃(X) = ν(X).

Proof. We give a sketch for M̃D(X, b); the case of J̃(X) is identical. Let

G = L1G ⊃ L2G ⊃ . . . , where Lk+1G = [G,LkG]

be the lower central series filtration of G. By [Qui68, Corollary 4.2], we have the following commutative
diagram of exact sequences, where all maps are compatible with the induced Aut(G) actions.

0 L2G/L3G G/L3G H 0

0 I 2/I 3 I /I 3 I /I 2 0.

'

Here all the vertical maps are induced by sending a group element g to g − 1. Note that the middle vertical
inclusion is only a set theoretic map, not a homomorphism.

Let
s : H → G/L3G, where v 7→ s(v)

be a set-theoretic section to the quotient map G/L3G→ H, and let

s′ : I /I 2 → I 2/I 3, where v − 1 7→ s(v)− 1

be the induced map. Let T ⊂ Aut(G) be the subgroup acting trivially on H. From the top sequence,
following [HM05, Section 5.1], we get the Magnus homomorphism ε̃ ∈ Hom(T,Hom(H,L2G/L3G))GSpH :

ε̃ : g 7→ (v 7→ g(s(v))s(v)−1 mod L3G).

By [HM05, Proposition 5.5], there is a unique class m ∈ H1(AutG,Hom(L2G/L3G)) whose image under

H1(AutG,Hom(L2G/L3G))→ H0(GSpH,H1(T,Hom(L2G/L3G)))
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is 2ε̃ under the canonical identification

Hom(T,Hom(H,L2G/L3G))GSpH ' H0(GSpH,H1(T,Hom(L2G/L3G))).

By [HM05, Theorem 3], the pull-back of m by G(K̄/K)→ AutG induced by b agrees with the Ceresa class
µ(X, b).

Now let us rewrite g(s(v))s(v)−1 − 1 modulo I 3:

g(s(v))s(v)−1 − 1 = g(s(v))(s(v)−1 − 1) + g(s(v))− 1

≡ g(s(v))(1− s(v) + (1− s(v))2) + g(s(v))− 1

= g(s(v))(1− s(v)) + (g(s(v))− 1)(1− s(v))2 + (1− s(v))2 + g(s(v))− 1

≡ g(s(v))(1− s(v)) + (1− s(v))2 + g(s(v))− 1

= g(s(v))− s(v) + (g(s(v))− s(v))(1− s(v))

≡ g(s(v))− s(v).

Here we use the substitution

s(v)−1 − 1 = 1− s(v) + (1− s(v))2 mod I 3

and the fact that
(g(s(v))− 1)(1− s(v))2, (g(s(v))− s(v))(1− s(v)) ∈ I 3

(because g(s(v))− s(v) ∈ I 2 by the definition of T ).
But the cocycle representing the MDuniv |T is

g 7→ (v − 1 7→ g(s(v)− 1)− (s(v)− 1) = g(s(v))− s(v))

which proves that the two classes are the same under restriction to T . Now comparing the diagram chases
in the proof of Proposition 2.13 and [HM05, Proposition 5.5] (using the identification from Lemma 2.22)
completes the proof.

2.3.2 Stability under base change

We finally observe that the property of the Johnson or modified diagonal class being torsion is in fact a
geometric property — that is, it descends through finite extensions of the ground field.

Proposition 2.24. Let K be a field and X a smooth, geometrically connected curve over K. Let ` be a
prime and J(X) the associated Johnson class; if b ∈ X(K) is a rational point we let MD(X, b) be the modified
diagonal class. Let L/K be a finite extension. Then J(XL) (resp. MD(XL, bL)) is torsion if and only if
J(X) (resp. MD(X, b)) is torsion.

Proof. Choose an algebraic closure K of K (and hence of L). Let iL/K : Gal(K/L) → Gal(K/K) be
the natural map; then it follows from the definition that i∗L/KJ(X) = J(XL) (resp. i∗L/K MD(X, b) =

MD(XL, bL)). This proves the “if” direction.
To see the “only if” direction, suppose J(XL) (resp. MD(XL, bL)) is torsion. Then iL/K∗i

∗
L/KJ(X)

(resp. iL/K∗i
∗
L/K MD(X, b)) is torsion (where here iL/K∗ denotes the corestriction map). But iL/K∗i

∗
L/K is

simply multiplication by the index of Gal(K/L) in Gal(K/K), which completes the proof.

3 Curves with torsion modified diagonal or Johnson class

3.1 Aut(X)-invariance

Let X be a smooth geometrically connected curve over a field K, and ` a prime different from the charac-
teristic of K. Choose a geometric point x of X and let G = π`1(XK , x).
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In this section, we show that AutK(X) places restrictions on the Johnson class J(X); analogously,
AutK(X, b) places restrictions on MD(X, b) for b ∈ X(K).

Proposition 3.1. Let B ⊂ AutK(X) be a finite subgroup such that H0(B,A(G)) = 0. Then the Johnson
class J(X) is torsion with order d | #B. Likewise, for b ∈ X(K), if B′ ⊂ AutK(X, b) is a finite subgroup
with H0(B′,Hom(I /I 2,I 2/I 3)) = 0, then class MD(X, b) is torsion with order d | #B′.

Proof. We first prove the statement for J(X).
We apply the inflation-restriction sequence to the group extension

1→ B → Gal(K̄/K)×B → Gal(K̄/K)→ 1,

which gives

0→ H1(Gal(K̄/K), A(G)B)→ H1(Gal(K̄/K)×B,A(G))

→ H1(B,A(G))Gal(K̄/K).

Since B is a finite group, its cohomology Hn(B,M) has exponent dividing #B for any finitely generated
B-module M and any n > 0. The pullback of the Johnson class Juniv via

B ×Gal(K̄/K)→ Out(π`1(XK̄))

lives in H1(Gal(K̄/K))×B,A(G)). So multiplying this class by #B gives a class in H1(Gal(K̄/K)), A(G)B).
But by assumption, A(G)B = 0 and we conclude.

The proof is the same for the class MD(X, b) with the coefficients A(G) replaced by Hom(I /I 2,I 2/I 3)
and B replaced by B′.

3.2 Hyperelliptic curves

Proposition 3.2. When X is a hyperelliptic curve, class J(X) is 2-torsion. Moreover, if X has a rational
Weierstrass point x, class MD(X,x) is also 2-torsion.

Proof. Let ι ∈ AutK(X) denote the hyperelliptic involution on X. Then ι acts on H1(X,Z) ∼= I /I 2 as
multiplication by −1, and hence on I 2/I 3 as the identity. Thus Hom(I /I 2,I 2/I 3)ι = 0. Now the
statements follow from Proposition 3.1, applied with B = B′ = 〈ι〉.

Remark 3.3. The method used in Proposition 3.2 cannot yield similar results for superelliptic curves,
using the cyclic group Aut(C/P1), as we now explain. For a degree n cyclic cover of the projective line,
pick a prime p | n so that we have µp ⊂ Aut(C/P1) (here µp is the set of p-th roots of unity). Given a

primitive root of unity ζp ∈ µp, its action on H = H1
sing(C,C) gives a decomposition H = ⊕p−1

i=1 Vi where

ζp acts on Vi as multiplication by ζip. Then we have dimVi = 2g
p−1 , which in particular does not depend

on i [Moo10]. Similarly, H ⊗ H also decomposes into eigenspaces for the ζp action, and all the Vi for
i = 1, . . . , p − 1 appear with nonzero multiplicity in this decomposition. Therefore, we cannot rule out
nontrivial Aut(C/P1)-equivariant maps between H and H ⊗H using this isotypic decomposition alone.

3.3 The Fricke-Macbeath curve

The Fricke-Macbeath curve C is the unique Hurwitz curve over Q of genus 7. Its automorphism group is
the simple group PSL2(8) of order 504 [Mac65, pg. 541]. Simplicity of PSL2(8) implies that there is no
central order 2 element in AutQ(C) and, in particular, C is not hyperelliptic. By analyzing the action of the
automorphism group on the homology of curve, we show the following.

Proposition 3.4. Let X/K be a curve over a number field with XQ isomorphic to the Fricke-Macbeath
curve C above. The class J(X) is torsion.
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Proof. By Proposition 2.24, we may without loss of generality assume AutK(X) ∼= PSL2(8), by replacing
K with a finite extension.

We now choose an embedding K ↪→ C and analyze the induced representation ρ of AutK(X) ∼= PSL2(8)
on H1

sing(X(C)an,Q). By standard comparison results the representation of AutK(X) on H1(XQ,ét,Q`) will
be isomorphic to the representation obtained from ρ by extending scalars from Q to Q`.

Hodge theory tells us H1
sing(C,C) decomposes as the direct sum of two complex-conjugate 7-dimensional

PSL2(8)-representations χ, χ. As PSL2(8) in fact acts on H1
sing(C,Q), it follows that the action of every

element of PSL2(8) on H1
sing(C,C) has trace in Q. Furthermore, the action of PSL2(8) on H1

sing(C,C) is
faithful since the genus of X is greater than 1.

We now decompose H1
sing(C,C) = χ⊕χ as an AutK(X) ∼= PSL2(8) representation using character theory.

In the following table, ζn is a choice of primitive n-th root of unity and ζ̄n its complex conjugate.

class 1 2 3 4 5 6 7 8 9
size 1 63 56 72 72 72 56 56 56

order 1 2 3 7 7 7 9 9 9
χ1 1 1 1 1 1 1 1 1 1
χ2 7 -1 -2 0 0 0 1 1 1

χ3 7 -1 1 0 0 0 −ζ9 − ζ̄9 ζ2
9 + ζ̄2

9 ζ4
9 + ζ̄4

9

χ4 7 -1 1 0 0 0 ζ4
9 + ζ̄4

9 −ζ9 − ζ̄9 ζ2
9 + ζ̄2

9

χ5 7 -1 1 0 0 0 ζ2
9 + ζ̄2

9 ζ4
9 + ζ̄4

9 −ζ9 − ζ̄9
χ6 8 0 -1 1 1 1 -1 -1 -1

χ7 9 1 0 ζ7 + ζ̄7 ζ2
7 + ζ̄2

7 ζ3
7 + ζ̄3

7 0 0 0

χ8 9 1 0 ζ3
7 + ζ̄3

7 ζ7 + ζ̄7 ζ2
7 + ζ̄2

7 0 0 0

χ9 9 1 0 ζ2
7 + ζ̄2

7 ζ3
7 + ζ̄3

7 ζ7 + ζ̄7 0 0 0

Table 1: Character Table for PSL2(8). See [CCN+85, pg. 6].

First note that if the 7-dimensional representation χ has a trivial subrepresentation, then this forces χ
itself to be trivial (since the smallest nontrivial irreducible representation of PSL2(8) has dimension 7). If
this happens, then χ, and in turn χ are trivial PSL2(8)-representations. This contradicts the faithfulness
of H1

sing(C,C) = χ⊕ χ as a PSL2(8)-representation; hence χ is irreducible. So H1
sing(C,C) decomposes as a

sum of an irreducible 7-dimensional representation and its complex conjugate.
Of the four 7-dimensional irreducible representations χi, i = 2, · · · , 5, of PSL2(8) in the character table

below, the only one that has the property that χ⊕ χ has all its traces in Q is χ2. Hence

ρ ∼= χ2 ⊕ χ2
∼= χ2 ⊕ χ2.

Now we compute the inner product

〈χ2 ⊗ χ2, χ2〉 = 7 · 49− 63− 2 · 4 · 56 + 56 + 56 + 56 = 0.

Thus χ2 does not appear in the decomposition of χ2⊗χ2 into irreducibles. Hence there can be no PSL2(8)-
equivariant map from χ2⊕χ2 to (χ2⊕χ2)⊗2, which means H0(PSL2(8),Hom(I /I 2,I 2/I 3)) = 0. Thus
H0(PSL2(8), A(G)) = 0, and by Proposition 3.1, the class J(C) is torsion. Indeed, if AutK(C) = PSL2(8)
then the class has order a divisor of 504.

Corollary 3.5. Let X be as in proposition 3.4. Then the Ceresa class ν(X) as defined in [HM05] is torsion.

Proof. This is immediate from Proposition 2.23.

Remark 3.6. This is, to the authors’ knowledge, the first known example of a non-hyperelliptic curve such
that the image of the Ceresa cycle under the (`-adic) Abel-Jacobi map is torsion. An analogous argument
(with the mixed Hodge structure on the Betti fundamental group) shows that the Hodge-theoretic analogue
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is also torsion. It is natural to ask if the Ceresa cycle itself is torsion in the Chow ring of the Jacobian of X
modulo algebraic equivalence. Benedict Gross has explained to us that this is a prediction of the Beilinson
conjectures.

3.4 Curves dominated by a curve with torsion modified diagonal or Johnson
class

In this last section we prove the following:

Theorem 3.7. Let X be a curve over a finitely-generated field k of characteristic zero, and let f : X → Y
be a dominant map of curves over k. Then:

1. If x ∈ X(k) is a rational point and MD(X,x) is torsion, then MD(Y, f(x)) is torsion.

2. If J(X) is torsion, then J(Y ) is torsion.

We view this as analogous to the fact that any curve dominated by a hyperelliptic curve is hyperelliptic.
As a corollary we have:

Corollary 3.8. Let ι ∈ PSL2(8) be any element of order 2. If X/K is a curve of genus seven over a number
field with AutK(X) ' PSL2(8), then X/〈ι〉 is a non-hyperelliptic curve of genus three with J(X/〈ι〉) torsion.

Remark 3.9. Note that curves X as above exist — for any model of the Fricke-Macbeath curve over a
number field K, the base-change to a finite extension of K over which all the automorphisms are defined
will suffice.

Proof of Corollary 3.8. The statement that J(X/〈ι〉) is torsion is immediate from Theorem 3.7 and Propo-
sition 3.4. So we need only verify that such curves are genus 3 and not hyperelliptic.

To see that X/〈ι〉 has genus 3, note that PSL2(8) has a unique conjugacy class of order 2, whose trace
(by the discussion in the proof of Proposition 3.4) on H1(X) is −2. Hence by the Lefschetz fixed point
theorem, ι has 4 fixed points. Now Riemann-Hurwitz gives the claim.

To show that X/〈ι〉 is not hyperelliptic, first we note that PSL2(8) has a unique conjugacy class of order
2. Hence for any two elements ι1, ι2 in this conjugacy class, the quotient curves X/〈ι1〉 and X/〈ι2〉 are
isomorphic. Now in [TV18, Section 2], the authors give a model for one of the quotient curves — it is a
smooth quartic curve in P2. Thus this isomorphism class of curves is non-hyperelliptic.

We now give the proof of Theorem 3.7. We require the following lemmas.

Lemma 3.10. Let G be a group and let

0→ U → V →W → 0

be an extension of G-representations over an algebraically closed field of characteristic zero, with U,W
semisimple. Then the extension splits if and only if the unipotent radical of the Zariski-closure of G in
GL(V ) is trivial.

Proof. If the extension splits, then V is semisimple. Hence the Zariski-closure of the image of G is reductive,
and we are done.

On the other hand, assume the sequence does not split. We may without loss of generality replace G with
the Zariski-closure of its image in GL(V ); we now wish to argue that G is not reductive. Let H ⊂ G be the
kernel of the natural map G→ GL(U ⊕W ); H is evidently unipotent and normal, so it suffices to show that
H is non-trivial. By semisimplicity of U ⊕W , it follows that G/H is reductive; hence inflation-restriction
shows that H1(G,Hom(W,U)) → H1(H,Hom(W,U)) is injective (using the assumption of characteristic
zero). But H1(G,Hom(W,U)) is non-trivial by assumption. Hence the same is true for H1(H,Hom(W,U))
and thus H is non-trivial, as desired.
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Lemma 3.11. Let G be a group and let

0→ U → V →W → 0

be an extension of G-representations over an algebraically closed field k of characteristic zero, with U,W
semisimple. Let S ⊂ G be a subgroup acting trivially on U,W , and let m : S → Hom(W,U) be the induced
map. Then the image of the extension class of this sequence under the natural map

H1(G,Hom(W,U))→ H1(G,Hom(W,U)/im(m))

vanishes if and only if the unipotent radical of the Zariski-closure of G in GL(V ) equals the Zariski-closure
of the image of S in GL(V ).

Proof. Without loss of generality we may replace G with the Zariski-closure of its image in GL(V ) and S
by the Zariski-closure of its image.

Let N ⊂ G be the kernel of the natural representation G → GL(U ⊕W ); this is a unipotent normal
subgroup with reductive quotient (by the assumption that U,W are semisimple) and hence equals the
unipotent radical of G. By definition we have S ⊂ N . We wish to show that the given vanishing holds in
H1(G,Hom(W,U)/im(m)) if and only if S = N .

Consider the short exact sequence

0→ Hom(W,U)/im(m)→ V ′ → k → 0

induced by our element of H1(G,Hom(W,U)/im(m)). Then by definition, the kernel of N → GL(V ′) is
exactly S. Thus by Lemma 3.10 this extension splits if and only if N ⊂ S. This completes the proof.

Proof of Theorem 3.7. We first prove (1). Let IX be the augmentation ideal in Z`[[π`1(Xk, x)]] and let IY

be the augmentation ideal in Z`[[π`1(Yk, f(x̄))]].
Let UX = I 2

X/I
3
X ⊗ Q`, VX = IX/I 3

X ⊗ Q`,WX = IX/I 2
X ⊗ Q`, and similarly let UY = I 2

Y /I
3
Y ⊗

Q`, VY = IY /I 3
Y ⊗ Q`,WY = IY /I 2

Y ⊗ Q`. Note that by Faltings’s proof of the Tate conjecture for
Abelian varieties [Fal83, Satz 3], it follows that WX ,WY are semisimple Galois representations; as VX , VY
are quotients of W⊗2

X ,W⊗2
Y , respectively, they are also semisimple.

By the observation on semisimplicity in the previous paragraph and Lemma 3.10, the Zariski closure of
the image of Galois in GL(VX) is reductive. Hence the Zariski closure of Galois in GL(VY ) is reductive, as
a quotient of a reductive group is reductive. Now we conclude by 3.10.

To prove (2), we proceed identically, using Lemma 3.11 in place of Lemma 3.10. Let GX be the Zariski-
closure of the image of πét

1 (X, x̄) in GL(VX), and similarly let GY be the Zariski-closure of the image of
πét

1 (Y, f(x̄)) in GL(VY ) (note here that we are not taking geometric fundamental groups). Let SX be the
Zariski-closure of the image of πét

1 (Xk, x̄) in GL(VX) and let SY be the Zariski-closure of the image of
πét

1 (Yk, f(x̄)) in GL(VY ).
Unwinding the definition of J(X), J(Y ) and applying Lemma 3.11, we see that J(X) (resp. J(Y )) is

torsion if and only if SX (resp. SY ) is the unipotent radical of GX (resp. GY ). By assumption this is true
for GX ; now we conclude by the functoriality of GX , SX . That is, GY /SY is a quotient of GX/SX , hence
reductive.
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